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The Parametric Representation of the Tetrahedroid 
Surface. 


By Derrick N. LEHMER. 


1. Weber* has discussed the 16-nodal Kummer Surface by means of the 
i double theta functions. The tetrahedroid surface is a special case of the Kum- 
mer Surface noticed by Cayley,} and discussed by him by its representation in 
tetrahedral coordinates. Study{ has expressed the surface parametrically by 
means of certain ©-functions defined by him and closely related to the 3-functions 
of Jacobi. He derives also the Cartesian equation in a very elegant form. 

Cayley has observed that the tetrahedroid is a homographic projection of 
Fresnel’s Wave-Surface. The latter has been discussed by Lacour|| who repre- 
sents the surface parametrically using the sn, cn and dn elliptic functions. 


4 


2. We may represent the tetrahedroid surface parametrically as follows :§ 


Ly =OUGY, 
L = 
Lo = 
= 030. 


Xp, ©, %, L, are the four homogeneous coordinates of a point in space. wand v 
are independent parameters o, o, are the o,-functions of Weierstrass built on 


* Weber, Crelle’s Journal, Vol. 84, p. 349. 

+ Cayley, Collected Works, Vol. I, p. 302, Vol. V, p. 431 and Vol. X, p. 487. 

t Study, ‘‘Spharische Trigonometrie, Orthogonal Substitutionen und Elliptische Functionen, ” 
p. 225. 

|| Lacour, Nouvelles Annales, XVII (8), p. 266. 

§ See Hutchinson’s Thesis On the Reduction of Hyperelliptic Functions, p. 36. Also Bricard, Nou- 
velles Annales, 8d series, Vol. 18, p. 197, 1899. 
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independent invariants. To ou belong 4, é, e,, and the periods 20, 2u'. To ov 
belong &, and the periods 20, 2a’. 
We shall further use the notations 
@ 
a! = @ = 


a" = — 


= — &, €3 — 


3. If we put — =a, 
0 


x 
we 
a” = (pu —e,)(pv — &), 
= (pu — &)(9v 
(pu — e)(pv — 
whence solving for pu, pv and gu gu we get 
pu = 2); 
pv = y, 2), 
2), 
where @, , and y are functions of a, y, z of the form 
Ax’? + By + C2 + D. 
The equation of the surface is then 
The surface is thus seen to be of the fourth degree. The Cartesian equation may 
be obtained in a simpler way by using the results of §6. If is fixed while v 
varies the point (x, y, 2) lies on the intersection of two quadrics, and similarly 
when v is fixed while wu varies. The ‘“ parametric lines’’ are therefore elliptic 
twisted quartics. 


4. It is important to determine the region in which wu and v are to vary in 
order to obtain the whole surface. In other words we must determine what 


* See Schwarz, Formeln und Lehrsitze, Art. 18. 
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values of u, » correspond to a given value of x,y,z. From the preceding para- 
graph 
pu (x,y, 2); 
pu = w(x, y, 2), 
so for given values x, y), % of x, y, 2 we get two sets of values ; 
U= + UW + 2uo + 
+ 2a + 
where u,v are any pair of values of w, v which give a, y, % while uw, uw’, v, »’ 


are integers. It is not necessary to consider values of wu and v outside the four 
parallelograms as shown 


because 4a, 4a! and 4, 4a’ are periods for all the coordinates. Now @ andy 
were functions involving only the squares of 2, ¥, z, so all the values 

+ Uy + + 


of w and v will give correct values of 2, %,% to sign pres. It is found that by 
applying formule 7 of article 18, Schwarz “ Formeln,” that if we take any one 
of the eight possible values of w and combine it with all the eight possible values 
of v lying in the four parallelograms above we get all the eight possibilities of 
sign, We may thus arbitrarily choose our wu in the lower half of the first parallelo- 
gram and allow v all the four parallelograms. As to the points on the bounda- 
ries in the v plane the usual conventions apply and we may omit the upper and 
right hand boundaries altogether. In the uw plane the only boundary necessary 
is from the origin up to and including the points » and a! and from oa! up to and 
including o + =a». 


4a 
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4, It is important to note the effect of certain transformations of the form 


u=u+ 
=v + ea, + 2xa,, 


e=Oorl, A=1, 2,3, t1=1, 2,3,x=an integer. Restricting ourselves to 
the range of values indicated in the preceding paragraph we have the following 
sixteen transformations: 


wag, 
3°. 


me, 


5. wauta,, 


6°. uw =ut+a,, 
w=uta,, 


8. =v+a,4+ 20;, 


>. wu =ut as, =v+ a, 
2a, 
11. w=utea, + 


12. w=ut+ea, a + 20;, 


13. w=uteo, 

14, wo=uteoa;, + 
15° =v+o;+ 20, 
16. w=u+a;, 20s, 


The effect of these transformations on the coordinates is exhibited in the follow- 
ing table which is easily constructed by applying formule (2) of article 22, and 
formule 6 of article 18, Schwarz, ‘‘ Formeln.” 


v=», 

=v + 20,, 
a 
=v+0,4+ 2a, 


a 
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Xo 
2° — Be Lo 
3° = Xo — X3 
4° — X% xy Ie 
5° Ly — bbec xp CC bb x5 
6° — bbce x, CC bb 
— — bbcc x, — CCH, bb x, 
8° — bbcc x, CC 2X5 — bba, 
9° CC — Xo aa x; 
10° — — CCH, 2; 
11° — CC 25 CCAM aa 
12° — CC — Xp — aan 
13° bb x, aa aabb x, 
14° — — ad x; — aabb xy 
1 5° X3 bb Xo aa aabb Xo 
16° — Xz bb x, ad 2, aabb x5 


5. It is not difficult to see that the above sixteen transformations form a 
group, and it follows that when we have found a relation between any or all of 
the coordinates we can at once derive sixteen other relations by operating on 
these coordinates with these transformations, 


The relations thus found need 


4 
a 
i 
a 
Be 
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not necessarily be distinct. Thus the equation of the surface will, of course, 
be invariant under all these transformations. 


6. THEOREM. The intersection of the surface with each of the planes of reference 
ts a patr of conics. The three vertices of the tetrahedron of reference in any refer- 
ence plane furnishes a triangle which is self-polar to both the conics in that plane. 

To prove this, put x=0. This gives w=0 or v=0. Taking u=0, we 
have 
= 0 ’ 
x = Ov, 
= 
Sy 
whence 
+ + = aoiv + + = 0 


(Schwarz, ‘‘Formeln,” article 24.) Our conic is thus 
+ + = 0, 

The other conic in this plane is obtained by putting v = 0 and turns out to be 
Pat + = 0. 


The sections by the three other coordinate planes are obtained by operating on 
the above with the transformations of our group. The sections by the four planes 


are 


0, + + + Bad + = 0, 
0, + + + + cx?) = 0, 
t= 0, + Gat + x3) + + ca?) = 0, 
0, (beak + + + + = 0, 


These conics are seen to be referred to their self-polar triangles. 


7. By means of the intersections of the surface with the planes of refer- 
ence given above we may easily derive the equation of the surface in tetrahedral 


coordinates. 
From paragraph 3 we note that the equation is of the form 


= 0. 


i,j=0, 1, 2,8 


4 
: 
4 
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Put successively x = 0, x, =0, x, = 0, x = 0 in this equation and identify with 
the above intersections. The equation of the surface thus obtained is 

q + + af + at 

+ aa? + af ai 

+ BB? (ae + ac?) 

+ (Ba? + Ba*) 22 23 

+ (ab? + 22 

4 + (Be + Be?) 


Study has expressed this in a somewhat more elegant form by writing 


—Vaabbce x, 
q Vbb x, 

VCC 

aja=a, 

b/b=b, 

cje=xe 

“a 


We thus get, dropping accents, 


b 9 9 
ah + af + af + af + + + aed) 


| + (2 + ©) (ated + 


+ (2+ + = 0. 


From this, the equation of Fresnel’s ‘Wave Surface” may be easily derived by 
the transformation 


Xo 
4 y= /—be —; 
4 
-*. 
4 
3 : 
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8. Singular Planes. Starting from the identities (Schwarz, ‘ Formeln,” 


article 24), 


+ = — Cov, 


and using the well-known formula 
(P? + + = (PR + QS) + (PS— QRY, 


we get 
(aac,ucyv + bbo,uo,v)? + (abo uo. — abo,vo,u)’ = 


or — (aacuoy + = (abo,uo,v — abovo,u)’, 
whence, 
— — + aacjuoy + bbo,uc,v) 


= (abo — abovo,u)’. 


Now, the identity which we started with holds also when o,w is changed to 
—o,u. We thus get the identity 


— + yo 4+ — bbo,ud,v) 
= (abo,u0,v + abo,vo,w). 
Multiplying these last two equations together, member by member, we have 
— aaa, — (C02, + ada, + bbx,)(cox, — ada, + bbaz) (ccas + — bba,) 
= — b’ajvozu)’. 
We may identify this equation of the tetrahedroid with that given in para- 
Putting the right side of this last equation in the form 


(Apap + Ajai + + Aas)? 


graph 7. 


we get, comparing coefficients, 
A? A? —atat 


—= = = = etc.= 0. 


By using the relations a’?+0?+c?=0, a+ 0, itis not difficult 
to obtain the value of p in the simple form 
_ 40° 


be?) ’ 


: 
i 
4 
ag 


LeHMER: The Parametric Representation of the Tetrahedroid Surface. 9 
whence, = 
° Be — Be ’ 


Be + Be 


A, = 


A? = BB? ca" + 
7 
— 
ab? + 
bc? — bre 


We have thus thrown the equation of the surface in the form 


= 


where aart+ + ccxs, 
= —aax, + + 
= — ada, — + céx;, 
aax— bba, + 
and Q,= [2 C EL + (Be + Be) a? 
Be — Be 


+ + ca’) x5 
+ + a®b?) 


From the general theory of surfaces, each of the planes g; = 0 is tangent to 
the tetrahedroid along its intersection with the quadric surface Q,=0. We 
have, in fact, found four singular tangent planes which touch the tetrahedroid 
along a conic counted twice. 

Apply, now, the operations of the group. We thus derive sixteen singular 
tangent planes, all of which touch the surface along a conic counted twice. 
Writing, in general, g(a, 6, c, d) for the plane ax, + ba, + cx, + dxzz;=0, our 
singular tangent planes are 


q( 0, aa, +bb, + ce), 
q (aa, 0, +1, + 1), 
q(bb, +1, 0, + 1), 
£1, +1, 0). 


Be? 
4 
bat 
"3 
= 
4 
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The four quadric surfaces Q), Q,, Y2, Q; are seen to be referred to their self- 
polar tetrahedrons. They are: 
= VV + (BE + BE) x? 
+ (cha? + ca’) 
+ + x3 = 0, 


+ a? (Bc? + BC) a2 
+ (ea? + a’) a5 
+ (a*b? + «3 = 0, 


+ (Bee? + Be") a3 
+ + a2 
+ (a*b? + a’b*) 0, 
22°C + (Be? + Be) a3 
+ + ca’) aj 
+023 + ab) = 0. 


The above method of obtaining the singular planes of the surface is used by 
Lacour in his treatment of Fresnel’s ‘‘ Wave Surface” (Nouvelles Annales, third 


series, Vol. XVII, p. 266). 
A glance at the equation of the tetrahedroid shows that 


The tangent plane to the tetrahedroid is therefore given parametrically as 
follows: 
= x Qo, 
py = 
= Qe, 
pus = x3 


q 
q 
?.= q 
4 
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or in terms of uw and v, 7 
pu, = — 
pu, = — 
pulls = — 
By using the formule of art. 24, Schwarz, “ Formeln,”’ these equations may 


be written 
pu) = — 


pu; = — 


These equations give us the parametric representation of the reciprocal surface. 
Treating the w’s as point-coordinates, we find the trace on the plane w= 0 is 


the pair of conics 

2 2 
Us 


with similar results for the other coordinate planes. The equation of the recip- 
rocal surface is found to be 


+ + + (got sin) 


a a 


a3 
+ (5 Ca 2 27 + = 


This is again a tetrahedroid surface. It may be obtained from the first by 


the transformation 7 
u, = aa bbce xy, 


= aa x, 
Ub, = bb 
Ug == CC 


9. Singular Points. The singular points of the tetrahedroid may be found in 
the usual manner by obtaining the values of w and wv, for which we have simul- 
taneously u,;=0 (¢=0, 1, 2, 3). They may be more readily found, however, 
by making use of the fact that. singular planes reciprocate into singular points, 


AN 
a 
x 
0. 
¥ 
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and vice versa. Reciprocating our sixteen singular tangent planes, we obtain at 
once the sixteen singular points 
i, £4, 
+ 
0, taa, 
+ aa, 0. 


10. It is seen that there are four singular points in each plane of reference 
just as there are four singular planes through each vertex of the tetrahedron of 
reference. 

Tt is easily verified, moreover, that the four singular points in any plane of 
reference are the points where the two conics in that plane intersect. Also the 
line joining any two of these points in a plane of reference passes through a vertex 
of the tetrahedron of reference. By reciprocating, we find that the four singular 
planes, through any vertex of the tetrahedron of reference, intersect along lines 
which lie two in each of the planes of reference through that vertex. These four 
planes also cut the opposite plane of reference in the four common tangents of 
the two conics in that plane. Their points of tangency lie by twos on straight 
lines which also pass through a vertex of the tetrahedron of reference. These 
theorems, of course, are easily established directly by using the equations of the 


planes. 


11. The singular point (0, 1, 1, 1) lies in each of the six singular planes, 
q (aa, 0, +1, —1), 
q (aa, 0, —1, 
q(bb, +1, 0, 
q (bb, —1, 0, 
q (cc ’ + 
q(cc, —1, +1, 


Making use of the transformations of the group of paragraph 3, we have the 
theorem : 

Through every singular point pass six singular tangent planes. 

Also, by reciprocation, or directly from the coordinates of the singular 


points ; 
There are six singular points in every singular tangent plane. 


i 
4 
¥ 
x 


A convenient notation for the sixteen singular planes is the following: 
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la=q(0, +aa, + bb, + cc), 
lb=q(0, +aa, +6b, —cé), 
Ie=q(0, +aa, —bb, +28), 
Id=q(0, +aa, —bb, —ce), 
Ila = q (aa, 0, +1, +1); 
IIb = q (aa, 0, +1, —1); 
IIe = q (aa, 0, —1, +1); 
Id = q(aa, 
Illa = q (bb, +1, 0, +1); 
IIIb = q (bb, + 1, 0, —1); 
IIIc = q (bb, —1, 0, +1); 
Ild=q(bb, —1, 0, —1); 
IVa=q(ec, +1, +1, 0); 
IVo=q(cc, +1, —1, 9); 
IVe=q(ecc, —1, +1, 0); 
IVd=q\(cc, —1, —1, 0); 
and similarly for the singular points: 
la=(0, 1, +1, +1); 
1b=(0, 1, +1, —1); 
etc. 
Qa=(1, 0, +c¢ +65); 
etc. 
3a = (1, +cc 0, aa); 
etc. 
bb aa 0); 
etc. 


With this notation we may write down the six singular points in each singular 


plane as follows: 


la: 2b, 2c, 3b, 3c, 46, 4e; 
Ib: 2a, 2d, 3a, 3d, 4b, 4c; 
Ic: 2a, 2d, 36, 3c, 4a, 4d; 


: 2b, 2c, 8a, 3d, 4a, 4d; 


4 
i 
a 
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Tla: 


Ilb: 


Ile: 


Illa: 
LIIb: 


36, 


3b, 


Ac, 
4c, 
4a, 
4a, 


4d, 1b, 
4d, la, 
4c, la, 


4c, 1b 


1d, 
ie, 
be 


b, 1d, 


le; 
1d; 
1d; 
2d ; 
2c ; 
2d ; 
2c ; 


Representation of the Tetrahedroid Surface. 


2d, 

3b, Sc, 
Sd, 3a, 
2b, 3a, 


IVa: 
IVb: 
IVe: 
IVa: 


ld, 
1d, 
1, 
1d, 


la, 
la, 


le, 2a, 


The six singular planes through each singular point are: 


Tb, Ile, Tb, IVe; 
Ila, Wa, IVb, 
Ila, Ild, Tle, IVa, IVa; 


Illd, IVb, IVd, Ib, I; 
Ila, Ile, IVb, IVd, Ia, Ta; 
IVa, IVe, Ia, Id; 
Illa, IlIe, IVa, IVe, Ib, Ic ; 


IVc, Ib, Id, Ila; 
IVce, IVa, la, Ic, Ile; 
IVa, IVb, Ia, Ic, Hb, Ilda; 
IVa, IVb, Ib, Id, Ita, Ile; 


Ic , Id, Ie, Id, Ile, Illd; 
Ta, Ib, Ila, Ib, IIe, Tilda; 
4c: da, Ib, Ile, ld, WWla, 
4d: Ic, Id, Illa, IIb, Ita, 


12. A number of theorems may be obtained by inspection from these two 
tables. In the first place, no three singular points lie in more than one singular 
plane, and no three singular planes pass through more than one singular point. 
This means that no three singular points are collinear and no three singular 
Again, there are two points common to any pair 
This means that the 


la: 
1d: 
ke: 
ld: 


2a: 
2b: 
ae: 
2d : 
3a: 
36: 
3c : 
3d: 


4a: 
4b: 


planes pass through one line. 
of planes, and two planes common to any pair of points. 


8a, 3c, 4b, 
40, 
3a, 3c, 4a, 
4d, 1b, 2b , 4 
4d, la, 2a, 
4b, la, 2b , 
4b, 2c, 
2c , 3d; 4 
2u, 3d 
| Qc , 3b ; 
3b, 
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120 lines joining the sixteen points are precisely the 120 lines in which the six- 
teen planes intersect. 

The four planes Ja [6 Ic Jd all pass through the vertex v= (1, 0, 0, 0) of 
the tetrahedron of reference. Therefore their six lines of intersection do also. 
Now, by looking at the table, we see that the points 


2b and 2c lie in the intersection of Ja and Jd; 
36 and 3c lie in the intersection of Ja and Ic; 
4b and 4c lie in the intersection of Ja and Jb. 


These six points, therefore, lie by twos on three straight lines through the 
vertex v. Now, these six points all lie on the conic in Ja, and we have the 
theorem : 

In each singular plane the six singular points are three pairs in involution, and 
the center of involution is a vertex of the tetrahedron of reference. 

We have shown the above theorem for only one singular plane. It follows 
for the others by using the transformations of the group of paragraph 3. 

To write the reciprocal theorem, it is necessary to see that the six planes 
through any singular point are tangent to a quadric cone. Consider, in fact, the 
six planes through la. They are by the table //b, Llc, IIIb, IIc, IVb, IVe, 
or, written at length, 

q (aa, 

q (aa, 0, 

q (bb, 2, 

git, 4, 

q(ce , 

q(ec, —1, 

The traces of these planes on the plane x, = 0 will give the six lines 

AG Xe Xz = 
bb Xo 0, 
CC = 0. 


It will suffice if we show that these lines are all tangent to the same conic. 
This requires the vanishing of the determinant 


aa’, aa, —aad, 


aa, 
— bb, 

bb, 

0, 

Q, 


4 
& 
3 1 
a —] 
| 
4 0 — 
| 0 


16 Lexamer: The Parametric Representation of the Tetrahedroid Surface. 


Subtract the first row from the second, the third from the fourth, the fifth from 
the sixth and the determinant is seen at once to be equal to zero. 

The reciprocal theorem of the one last written reads therefore : 

The six singular planes through any singular point are tangent tua quadric 
cone and are three patrs in involution. The intersecting pairs meet in a plane of 
reference, 

13. Consider any pair of singular points not in the same face of the tetra- 
hedron of reference, e. g. 1c, 4d, we see by the table that these lie in the intersec- 
tion of the two singular planes JJa and I//b. The other four points in JJa are 
3b, 3d, 4b, and 1b. The other four in J/Jd are 4c, 1a 2a, and 2c. Now, the line 
joining 36 and 3d meets the line joining 1a and 4c, since these two lines are in 


IIc. In general, 
15, 36 meets la, 2c in 1Ve, 
1b, 3d meets la, 2a in IVb, 
16, 46 meets 2a, 2c in JI/d, 
3b, 3d meets la, 4c in IIc, 
3b, 46 meets 2c, 4c in Ja, 
3d, 40 meets 2a, 4c in Jb. 


Naturally these lines intersect on the line 1c, 4d. Thus the six lines of the 
complete quadrilateral in [Ja meet the line 1c, 4d in the same points in which 
that line is met by the six lines of the complete quadrilateral in J7Jb. A similar 
state of affairs exists when the two points selected lie both in the same face of 
the tetrahedron of reference except that here one vertex of the complete quadri- 
lateral in each of the two singular planes will lie in the line joining the two 
chosen singular points, being in fact the vertex of the tetrahedron of reference 
lying in that line. From these considerations we have the theorem : 

Every line joining two singular points meets twelve other such lines in stax 
points which are in involution. If the two singular points lie in the same face of the 
tetrahedron of reference, two of these six points coincide with a vertex of the tetrahe- 
dron of reference, which is a double point of the involution. 

This theorem is its own reciprocal. 


UNIVERSITY OF CALIFORNIA, August, 1901. 
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On Ternary Monomial Substitution-Groups of Finite 
Order with Determinant + 1. 


By Ernest Brown SKINNER. 


INTRODUCTION. 
The finite ternary linear substitution-groups generated by the two elements 
S: T: d=em, 


i= 1, 2, 3, a,a,a; = 1 and 7 + 1 is taken mod 3, have been studied by Professor 
H. Maschke under the title “On Ternary Substitution-Groups of Finite Order 
which leave a Triangle Unchanged.”* 


Substitutions of the form 
= Az; (é, j= 1, 2, 3) 


he has called monomial substitutions and the groups containing only such substi- 
tutions monomial groups. In what follows it is proposed to investigate all ter- 
nary monomial groups of finite order with determinant + 1. 

It is shown first, that the groups composed of multiplicative substitutions 
with determinant + 1 may be generated by at most two substitutions, and con- 
versely. The form of these independent generators is given explicitly. It is 
further shown that the ternary monomial groups with determinant + 1 may be 
generated by at most three independent generators, one of which is of order 2, 
and conversely. It follows directly that the various types of groups to be 
studied are known. If 7;, 7; and ¢ denote the generators of the ternary multi- 
plicative group with determinant + 1, and S =(1, 2, 8), s=(12), these types 
are found by taking every possible combination of the substitutions 7,, 7,, S, 8, ¢ 
as generating operations. 

In the second place, the sets of invariant forms of these groups have been 


* American Journal of Mathematics, vol. XVII, No. 2. 
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4 
a 
x 
4 


18 SKINNER: On Ternary. Monomial Substitution- Groups 


determined in all cases, and the full systems have been worked out in all except 
certain exceptional cases (see §§6 and 12 below), for which only what Professor 
Maschke has has called ‘‘ reduced systems,” have as yet been found. In these 
exceptional cases, while the full systems have not been found in general terms, it 
is shown how in any case given numerically, the forms of the full system may 


readily be picked out. 
Finally, the orders of the various groups are given in terms of the auxiliary 


quantities which occur in the solution of the problems to determine the invariant 


systems, 
CHAPTER I. 


TERNARY MoNoMIAL Groups witH DETERMINANT +1. 
§1.—Definitions and Notation. 


A multiplicative ternary substitution is a monomial substitution of the form 
cH aim; ’ 
a, a root of unity and a,a,a; = 1. 
Such substitutions may be denoted conveniently by 
T= (on ’ w3*), 
or more briefly by 
(ee), 
where m= L. C. M. of m,, mz, ms, and @,, is a prim- | 
itive with root of unity. 


The subscript m is then the order of J and the determinant is w%* = + 1. 


If the determinant is + 1 
>k,=0, (mod m). (3) 


If itis + 1 

> 2k; =0, (mod m). (4) 
No two of the exponents &; have a common divisor, which is, at the same time, 
a divisor of m. Two or more multiplicative substitutions 7,, 7, .... are said 
to be independent if there exists no relation of the form 


a,@.... not multiples of the respective orders of 7,, T,.... 
The necessary and sufficient conditions for the equality of two multiplica- 


q $4 
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tive substitutions 7* = (af )*and 7/* = (a*’)* of order m and both of determinant 


+1, are 
koa —kiG=0, Sug 
(mod m) 1,j=1,2,3 (5) 
J 


§2.— Groups of Ternary Multiplicative Substitutions with Determinant + 1. 


Groups of multiplicative substitutions are evidently Abelian. 

THeorEM I.— The necessary and sufficient condition that two ternary multiplica- 
tive substitutions T,;= (ay) and T, = (wy) are independent, is that the two-rowed 
determinants of the matria 

ky, 
key, 
are prime tod =[M,, Nz]. 

If one of these determinants is prime to d, the other two are also by reason 
of the two relations 

Sh, = =0, (mod d). 


Suppose first that V, The conditions for 


Tf =1 
are kya == 0 d 
kya + =0, 
If (hy kf) = A, then Aa =0 (mod d). 
aps 


If [A, d] #1, there exists a solution of (6) such that a and @ are both less 
than d. If [A, d] =1, there exists no solution of (6) except a=@8=0 (mod d). 
The condition is therefore necessary and sufficient when NV, = Nj. 

If let Ny=rd, Te =(o%) and Ty = (ak); then 
hk; =k, (mod d) and k{ (mod d). The condition that are inde- 
pendent is that A= (k, &}) is relatively prime to d. But 

A=A+d (int. fen. k;, k,). 


If, therefore, [A, d| =1, [A, d] = 1, and conversely. Q. E. D. 
Corollary. If N, is a divisor of N,, the condition that T, = (a'x,) and T, = (a's) 


are independent is 
[A, N,] =1. 
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THEOREM IT.—Every group of ternary multiplicative substitutions with determi- 
nant + 1 may be generated by at most two independent generators, and conversely, 
every Abelian group that can be generated by two generators is holoedrically iso- 
morphic with a group of ternary multiplicative substitutions. 

First, let G be a group of order p", p a prime, and let 


T, ny n 


be a substitution of maximum order in the group. If G is exhausted by the 
powers of 7;, the group is cyclic. If G contains yet other operations, let 


T; = 


be a substitution of maximum order among the remaining elements which are 
independent of 7;. The group | 7%, 7;} will then contain every ternary multi- 
plicative substitution whose order is a divisor of p™. For the conditions that 


)* = T= 


T arbitrary and of order p™ or less are 


hiya + kG=m, (mod p"). (7) 


kya + 138 = Mo, 


The congruences (7) have a solution whatever m, and m, may be since, by 
Theorem I, [(4,43), p*] =1. There cannot then be a third independent gen- 
erator. 

The converse is easily shown to be true. For, let [ be any Abelian group 
of order p" with two independent generators. Its ‘‘ Weber invariants ’’* are then 
p" and p™ where n,+n,=—n. Let 

= 


be any substitution of order p™. It is possible to find a set of numbers B, 
which, together with A,, satisfy the conditions of Theorem I, and for which 
>B;=0 (mod p™). Moreover, the notation may be chosen so that n, > np. 

To prove the theorem in the general case, let Gy be a ternary multiplica- 


tive group of order 
N= pt pp ...- pha, p; prime. 


* Weber, “‘Algebra,”’ vol. II, §12. 
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Let 7 and 7{ be the generators of the subgroup of order pi‘ which exists 
in Gy. Further, let 


Gz TP, ...., 
and Gy, ={ TP, TP, ..-- , TP, 
whose orders are 
A A 
N,=[[ and (8) 
1 1 
respectively. Moreover, 
MN, =. N. (9) 


The orders of 7; are relatively prime. Hence, 
Gy = where 7f.... 
Similarly, 
Gy, {7} where 7%, = .... 
If n for every i, N,| = 
T, and T, are independent, for suppose 7 = 77, m and n any positive 
integers ; then 


mN, nN, 
ni” 
= TP 
reduces to 
nN, 
ni? 
\p 
Te TY 


Consequently m contains p™ and n contains p””. Therefore, m contains N, and 


n contains N,. Conversely, let 'y be any Abelian group of order N which can 
be generated by two generators so that 


ry= {6,, 6,. 


Among the Weber invariants of !'y, not more than two powers of any prime 
p; can be found, viz. one which is a divisor of the order of @, and the other a 
divisor of the order 6,. But the Weber invariants of the most general group of 
ternary multiplicative substitutions are 


n® mn® mn? 2) (A) (A) 
pee, par, pam, 


* Weber, ‘‘ Algebra,’’ vol. IT, §12. 
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and among the possible values of n{ and n? may be found every bipartite parti- 
tion of a;, 1. e. among the groups Gy will be found groups isomorphic with all 
possible Abelian groups that may be generated by two generators. Q. E. D. 


§3.—The Forms which remain Invariant with respect to the Substitutions of the 
Group {T,, 


Let 7,=(@5,) and 7,=(o%) be the generators of the group {7%, %} so 
chosen that [N,, V,] = 
The invariant forms of { 7,, 7} are rational integral functions of monomial 
forms of the three types: 
I. 2s, i=1, 2,3, 
Il. t,7=1, 2,3, (10) 
III. 


The conditions for the invariance of z¢ are 


=0 (mod ™),} 
kia =0 (mod N,). 


By Theorem I, [(4,4;), N,] =1. Hence, 


a=0 (mod 
and let N, = N,. (12) 
Also let [%,, N] ,; then 
(13) 


(14) 


A any positive integer. 
The conditions for the invariance of the form z{z/ are 


ka. + =0 (mod (15) 
kia + ki8=0 (mod M,). 


The least value of a is therefore - 
N_ YM, 
a=a,.— 
The forms of type I are then given by 
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Let — kik; =A; then, since N, contains N,, 
Aa =0 (mod N,), 
AG =0 (mod N,). 
But [A, N,] =1, by Theorem I, so that 
a (mod M,). 
The congruences (15) then reduce to the single congruence 
kyo, + (mod XN). (16) 
For NW, = N, and consequently V = 1, (16) has no meaning, but in this case 


the solution of (15) is 
a =P=0 (mod M,). 


For >1,leth,=gk,, t=1, 2, 3, where g, = [h,, Nj, and 
N= 4.9; N'. (17) 


From (16) it follows that a, contains g; and @, contains q,, so that (16) 
reduces to 


ka, + (mod N’), (18) 
To solve (18), put _ 
(mod N’), 
then kn+k3,=0 mod (19) 


Let v be the least positive solution of the congruence 
vk; =— k, (mod N’). (20) 
From (19) and (20) it follows that 
nv (mod N’). 
Let v, be defined by : 
Un = nv (mod N’). 
The general solution of (18) is then 
=n +AN! 


—’ +A, uw integers, 


whence the solution of (15) is 
+25) 
B= + uN’). 
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We have then the proposition : 
THEOREM III.—The invariant forms of the group {T,, T,} are ration! integral 
Junctions of the following forms : 


I. 2% 
i,j =1, 2, 3. (22) 
III. 2%, 2%, 


where N, and N, are the respective orders of T, and T,, g;=[k, M+ Np], n ts a 
positive integer << i and v,, is defined by the congruences 


2919; 
N, N, 
k; k;=0 d nv ( mod 
+ (mo Naz) ( 
The full system* is easily found. The forms 2%; t= 1, 2,3 and %% 2 
belong to the full system. It remains only to examine the forms 


gn gam ( ye 3) 


obtained by allowing x to run through the set of values 1, 2, .... N/—1, where 
is defined by (17). 
Recurring to the definition of N’, it is seen that there are 


N 
+ 4+ —3 
9: 9295 (1 + % qs) 


forms of the type (23). These forms, together with the four forms af i= 1, 3,3 
and 2% %, include the full system and, in some cases, coincide with it. This 
N 
192 Ys 
Suppose it be possible that for some partition of m for n << N’, 


system of (11 + G2 + 93) + 1 forms is called the ‘‘ reduced system.”’+} 


* The full system is defined to be a set of forms, the fewest possible in number, in terms of which 
every other form of the system is rationally expressible. 
t See Professor Maschke’s paper where the expression is used in a slightly different though strictly 


analogous sense. 
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hold simultaneously. It is evident that all forms 2% z)%, for which relations 
similar to (24) hold simultaneously, do not belong to the full system. It follows 
that the full system of the group { 7,, consists of the forms i= 1, 2,3, 
% %%z and those forms 2/4%%* 2%, for which the relations (24) are not simulta- 
neously true. 


§4.—The Invariant Forms of the Group {T,, T,, S}. 


The group {7,, 7,, St, where S denotes the cyclic substitution (z, 2), is the 
most general ternary monomial group with determinant + 1. 

Since every invariant form is unchanged by S, the following types are 
admissible : 


Il, 22, 


(25) 


If p be the least of the three integers a, @, y in type III, the form is divisible by 
the invariant (%, 2,23)’, while the remaining factor is either of type I or of 
type IL. 

For I, we may write (2{) and for II (224). It follows directly that the 
forms which remain invariant with respect to the group {7,, 73, S} are rational 
integral functions of z, zz, and of forms of the types (z{) and (zz). 

The forms (2{) go into (a}*2{) by the substitution 7,, whence it follows that 
a ==0 (mod X,) is a necessary condition. This condition is also sufficient, since 
N, contains N,. The invariant forms of the type (z{) are then all given by (2), 
where A is any positive integer. 

The conditions that a term zz} of (2{ 24) shall be invariant are 

ka + k= 0 (mod (26) 
ka + k8=0 (mod 


But these congruences are identical with (15) and consequently reduce to the 
single congruence 


ka, + (mod 


with notation the same as in §3. Giving to 7 and 7 all possible values, and 
remembering that >4,=0 mod N, we find 


+ = 0 } mod (27) 
— + kp) By == 0 
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Let c= [k,, &], and as before g,=[k;, N], then [c,g,]=1 by reason of 
(mod NV). Let cx,, ky = then the congruences (26) show that 


a = 8 =0 (mod 91 9 
Let Y, N= Qe, dy = = (28) 
When the factors q,, 9,, g; and ¢ are divided out, (26) takes the form 


The coefficients of (28) are relatively prime to R. Let 
t=[(A, A=st, (30) 
It follows that « and @ contain the factor 7 and the congruences (29) reduce to 
— (ky + kp) =0> 
where Gg vay, (32) 


The first congruence of (31) is identical in form with (18). Its solution is there- 


fore 


ag +At, 
Bs = Un + ut, (33) 
Uke + x,=0 (mod 2), 

v, =nv (mod 7 


It is easy to show that this solution satisfies the second of (31), It is therefore 


the general solution of (31). Let 
+=, Qr, (34) 


then, by reason of (27), (31) and (32), the solution of (26) is 


a=Sd(n 
B=3(,+ut), 
+ k, =0 (mod ¢), 

Un = nv (mod 2), 


wheren=0, 1, 2,....¢—1. 
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If the solution had been found by making @;=n(mod £), it would have 


taken the form 
a =3(w, + 12), 


B=3(n 
wx, + x, = 0 (mod 2), (36) 
W, = nw (mod 
The results obtained in the present section may be summed up as follows: 
TueorEM [V.— The invariant forms of the group |T,, Tz, 8} are rational inte- 
gral functions of the following forms ; 
I. (zi), A a positive integer. 
TI, 2, positive tegen | (37) 
IIT. (2 % 23), 
where the following definitions are to be observed: N, and N, are the orders of 
t= [R, R=rt, 


§5.—The Quantities v, w and t. 


In the paper referred to above, Professor Maschke has given some relations 
between v, w and ¢ which will be found useful in later investigations. The 
proofs, which are simple, will be found in Professor Maschke’s paper. 


1). vw=1 (mod 2). (38) 
2). (39) 
3). vand w satisfy the congruence 

(40) 


4). vand w are always distinct except for t= 3, in which case v= w= 2. 
5). ¢as a number of the form 


PY pe Or pr’, (41) 
where p,; is a prime number of the form 3h +1. To these properties two others 
may be added. 


* The solution of the congruences (26) occurs in a slightly different form in Professor Maschke’s 


paper. 
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6). The solution of the congruence (40) is possible for those and only those 
numbers = 3°p} p}}....,d6=0 or 1. 
For, since [¢, 4] = 1, (40) is equivalent to 
4a” — 42 + 40 (mod £) 
(2a + 1)? + 30 (mod 


Making y = 2x + 1, we have 
+ 30 (mod £). 

If D be any number, the divisors of y? —D are identical with the divisors 
of 2 — Du’.* The divisors of 2? + 3u” are those and only those prime numbers 
of the form 3h +1. From the existence of these solutions we may infer the 
existence of solutions of the form 

.... 
6=0 or 1. 


7). Finally, for ¢=0 (mod 8), 
[v—w, = 8 
and for ¢ = 0 mod 3 
[v—w,t]=1. 
For, from (38) and (39), one finds 
(v — + 350 (mod 2). (42) 


6.—The Full System for the Group |T,, T,, S}. 


If one makes in (37) the substitution 2? —y,, the invariant forms of the 
group become rational integral functions of the forms 


I, (y*), Il. et), III. (48) 


The cases t= 1 and ¢>1 are treated separately. For ¢=1 the congruences 
(29) are satisfied by any positive integral values for a; and @;. Since a= 3a, 
and 8 = 383, the forms (y{ y$) are invariant for every positive integral a and @. 


We have 
(yt y8) + (y? yz) = S,, a symmetric function ; 


(yi — (yi yz) = SM, an alternating function, 


* Dirchlet-Dedekind, ‘‘ Zahlentheorie,’’ $52, ed. 1894. + Ibid. §70. t Ibid. §35. 
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where S, is a symmetric function and A is the discriminant of y,y,y;. We 
have then 


S, + SA 
= 
from which it follows immediately that the full system consists of the four 
forms 


(Yr Ye); V9; and A. (44) 


Between these four forms there exists the relation 


A’ = 18 (Yr Ye) (Yr YoYs) — 4 Yr Yo Ys 4 (YM Yo)? 


+ (41 — 27 (Yr (45) 
Case II. t>38. 


If y,, be defined by = y;”), there are ¢ — 1 forms which are obtained 
by allowing n to run from 1 to¢—1. Professor Maschke has proven the follow- 
ing theorem: 

TuEeorEM V.—Ift> 1, every invariant form of the system (48) is expressible 
rationally in terms of the ‘reduced system,” consisting of the t+ 1 forms (yi), 
B,, n=1, 2, 3,....t—1* 

A general expression for the full system of such a reduced system has not 
been found, but in any given case the forms of the full system may be picked 
out by means of the following theorem: 

TurorEeM VI.—The full system of the group { T,, T,, S}, t >1), consists of the 
forms (yi), Y2 and those forms for which the relations 


are not both true. 
Let y, be a J of minimum order in the set of ys for which the property in 
question is true. Then 


Vn, Yng — Y2 Ys)" B, (47) 


where ¥® is a function of the forms y. According to hypothesis, the form ¥ can- 
not contain any ~ for which the property in question is true. Let ¥,, be another 
function of the set and of the next higher order, then 


vn = Vn’ vn, — AMD, 


* Maschke, loc. cit., p. 179. 
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¥ cannot contain y,,, and if it contains functions of the set J, of lower degree 
they may be eliminated by a relation having the form (47). This process may 
be carried on so long as any of the ’s having the property (47) remain. It is 
easy to show that it cannot be carried farther. Hence the theorem is true. 

Cor. For t>3 the number of forms qd, belonging to the full system cannot 
exceed 4 (t —1) when t = 0 mod 3 or 4 (t— 5) when t=0 (mod 8). 

w may be taken less than v. If be any positive integer such that 


w+ket—1, 
then by (38), Vip = Vy H 
Consequently the number of )’s belonging to the full system is less than w. But 
by (39), 

Therefore, for > 3, w<t(t—1). 
For t=0 (mod 3) we have, by §5, 7), 

v=w-+ 3m, ma positive integer, 

and 2w = 3m. 


The least value of m is 2, whence, ~ 
w<4(¢— 5). 


CHAPTER II. 


TERNARY MoNoMIAL GROUPS WITH DETERMINANT +1. 


§7.—Groups of Ternary Multiplicative Substitutions with Determinant + 1. 


In any ternary multiplicative group with determinant + 1, those substitu- 
tions with determinant + 1 form a subgroup with index 2. Let G,, be a group 
with determinant +1 and G, the subgroup with determinant +1. If the 
Weber invariants of G, are 

Pe, pr, pee, 
the Weber invariants of G,, are 


(1) 1) 2) (2) 


(48) 
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But if ¢ denote one of the substitutions 
1,1), qG=(—1,—1, —1), (49) 


the Weber invariants of the group {7,, 7, 7} are precisely the numbers (48) | 
We have then the proposition : 

THEorEM VII.— The most general ternary multiplicative group with determi- 
nant + 1 is the group {T,, T,, 7}, where ¢ is a substitution of order 2 and determi- 
mant —1. The Weber invariants of the group are 


Cor. If all the numbers p are odd primes, the group {T,, Tz, r} is holoedrically 
womorphic with one of the groups {T,, Th}. 


§8.— The Invariant Forms of the Group {T,, To, 


By reason of the Corollary to Theorem VII only those groups } 7;, 7}, ct}, 
for which N, and JN, are both even, need be investigated. Let p,= 2. The 
group |7;,, 7,7} will then contain two independent substitutions 7; and 7} of 


orders 2”, Qn? respectively. Therefore, 7,” 1 and y 1 sre two of the 
substitutions 


(1, —1), 1, —1), 03 = (—1, 1). (51) 
But oo, = o;, 4,7, 4=1, 2, 3 in some order, and 


The group {7,, contains t,, t;, 7, and the invariant forms are functions 
of #, 

Let NV, = 2"Q, and N,= 2"Q,, and <A,, and Q,+ Q, then 
N= 2-9 and [h, N] contains at most Therefore, contains 
2" at least. It follows that all the forms (22) are invariant with respect to 
{7,, T,, c} except 2, 2, 

TueorEM VIII.—The invariant forms of the group {T,, T,, are rational 
integral functions of the forms 


I. 29% 1, 2, 3. | 

IL. f= 1,2,8, (52) 

TIT. 
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The problem of finding the full system is the same as that in finding the full sys- 
tem for the group { 7, as may be seen by making z7= y,, 1, 


§9.— The Invariant Forms of the Groups {T,, T,, S, c}. 


The invariant forms of the group { 7,, 7,, S} were found to be 


(37) 
or (yf), (yt (gigs 


To abbreviate the notation still further, let 


= (y7), (yit* and A= (53) 


Yn,e, 0 i8 then simply y,, and the set of forms (37) takes the form 
Va, A’, (37a) 


For the case NV, even, since } is even when J, is even, the set of forms is 


H, ’ Vn, A, (54) 


For N, odd there are two subcases, viz. a) r= 7,; 8) THY. 


a) t=%,. The invariant forms are 
n+ v,+A4+ u=0 (mod 2), 
A”, HA’, x«=p=1 (mod 2), 
Vn, rw’, +A + u=p=1 (mod 2), 
8) t#%,. Since 


the invariant forms must be functions of 2, 4, 4. They are therefore 
A, 4=v=0 (mod 2). (56) 
It remains to find the full systems. For the case N, even, we know that 


H, and ¥,,,,, are expressible rationally in terms of H,, y, and A’. It follows 
that the reduced system consists of the ¢+ 1 forms, 


H,, +, nm=1....t—1 and #. (57) 


| 
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For the case N, odd and t = 7, we note that by Theorem V the set of forms 


(55) will be included in the system consisting of the following: 


1). The even forms 4,,. | 
2). The products of two odd forms. 

3). The products H,.W, where y, is an odd form. 
4). The products A.¥,, odd. 


To show that the form H? may he replaced by Aj, or vice versa, we have 


H? = H, + 2(y\y;) 
= H, + Rat. fen. (),, A’, A’. H).* 


(58) 


That the reduction cannot be carried further in the general case is apparent 
from the case ¢= 3, since, for ¢= 83, all the forms (57) are found in the full 
system-+ In most cases, however, it will happen that the system (57) admits of 


further reduction. 


For the case VN, odd and ++ 7, the invariant forms are the set (56) and 


these may be expressed in the form 
Ay’), A’(y’)- 


We find, for the even values of n, A is even and 


n+at=2(n' +a) ni=1,2,3.... 
and for odd values of n, 4 is odd, so that 


And, moreover, by definition of v,, 


Von == 2v, (mod 


t Ibid., p. 180. 


* Maschke, loc. cit., p. 176. 
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If one makes v7 = 2;, the system (56) will take the form 
A” (a). 


But these invariants are identical in form with the system (37). The full system . 
is, therefore, found in the reduced system 


(x), (x), A(z). (59) 


TueorEM [X.—The form system of the group |\T,, T,, S, 7} is— 


1) for N, even, H., ny, 4; the full system is found by replacing A by A, 
in the full system of the group { T,, Tr, S| ; 

2) for N, odd and t = &, the form system is given by (55) and the full system 
is contained in the reduced system (58) ; 

3) for N, odd and t # 7%, the form system is 


A, (y’), A’(y’), 


and the full system is found by replacing y by y’ in the full system of {T,, T,, St. 


§10.—The Invariant Forms of the Group {T,, Ts, s}. 


If7,7, 2 be the subscripts of the #’s in 7= (o¥,) and if the transposition 
(t, 7) be denoted by s,,, the invariant forms of the group { 7%, 7, s;,,} are 
rational integral functions of the forms 


The exponent A satisfies the congruences (11). It has been found to be 


A=0 (mod (60) 


The exponent yu satisfies the four congruences 


ku = ku = 0 (mod 
kiu= kiju= 0 (mod 
(mod M), (61) 


since [k,, k,, N,] = 1. 


In order that the form (z + 27) 2? shall be invariant, a and @ must satisfy 
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the congruences 
ka +k@ =0 (mod M), 
kya + =0 (mod | 
kia + kj8=0 (mod N,), f (62) 
kia + 3=0 (mod 


It follows immediately that 
a = (mod M,), 
whence the congruences (62) reduce to 


hia, + &,3,=0 (mod N), 
kya, = 0 (mod N), 


where a, =a, N, 8 = 


(63) 


As before, put VW = 9,929; 2 = QR, where g;= 
The congruences (63) then reduce to 


+ x, 3; =0 (mod 


(64) 
xa; + x; =0 (mod 


where 


If either g; or g, contains a prime factor ¢ which is found in R, the same 
factor must occur in @; and consequently in aj. When this factor is divided out, 
the resulting congruences will differ from (64) only in that the modulus will be 


R 


>: If = contains ¢, this further factor is found in a and @ also. 


Let Q,= $= 1, 2 3. 


qi 


Also let P be the product of all the prime factors common to FR and g; and com- 
mon to # and q;, each one taken as often as it occurs in R, and let 


B= N= QPR. (65) 
The congruences (63) reduce to 


i + x; 8, = 0 (mod RF’), 
As + x; (mod 


(66) 


- 
- 
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in which the coefficients are prime to the modulus. To solve (66), let 


The congruences (66) will reduce to 


k,a3 + x; 33;=0 (mod 
k, Og + x; 0 (mod 
where Byam Pye’. 
The solution of (68) is 
a, =n (mod } 
(mod ?’), 
vx; + k;=0 (mod #’), 
V, (mod ?’). } 


The solution of (62) is, therefore, 


a (n (71) 
B= N, QPr' (vn, + ut’), 
n=0, 1, — 4. 


In order that the forms 2% 2?’ + 2 2? may be invariant, the following congruences 
must be true: 


k,a! + k, =k, a! +k, 8’ = 0 (mod (72) 
+ ki Skia! + =0 (mod 


These congruences reduce easily to 


+ k, =0 (mod gq; FP’), 
+ B,=0 (mod F’), 


where = N,Q, N,Q, 
We know that qt 9, 


so that if 


we obtain k,a3 + k, (mod g; 7’), 
k,a + k; 830 (mod g;t’). 


(67) 
(68) 
(69) 
(70) 
(75) 
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By processes similar to those already employed, we find for the solution of (72), 


a’ = N,Q; Pr'(n + 2g; ¢), ) 
I= N,Q, Pr’ (wl! + 

+ k,=0(modgq;t’), (78) 

=nv" (mod gt’), 


Let = N, Q; Py’, 2 =a,. We have then 
THEOREM X.— The invariant forms of the group {T,, T,, Sx} are rational inte- 
gral functions of 


ACL ) 
+ At’) + (n’ + At’) ) 
i l j 79 
t 
where x, 2, v, A’, are positive integers. J 


Vy and vy," are defined by (70) and (78) and 


1, 2... 


§11.— The Quantities v', v' and ?#. 


The quantity v’ is determined uniquely by either of the two congruences 


vk, =—k,; (mod ¢/), (80) 
vk, =— k, (mod #’). 


With the aid of the relation £4=0 (mod ?#) one finds 
= q,; (mod (81) 
If ¢' is odd, v! is determined uniquely by (81). If?’ is even, o’ is either 
t! 


The quantity v is determined uniquely by the congruence 


vk, k; (mod q;t'), (8 3) 
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We know that ki — ki =0 (mod 
therefore, —1=0 (mod g;?’). (84) 


The congruence (84) has at least one root for g)t/= 2 and at least two rovts for 


> 2.* 
From (84) we obtain easily 


+ (mod (85) 
and vo!’ —1=0 (mod g;). (86) 


From (85) and (86) it follows that [gq,, ¢’] is 1 or 2, while from (81), (q;, ¢’) = 2 


when ?#’ is even, 
If, therefore, [g;, 4] = 1, v” may be found from (86) and (87). It is 


where gjp + 20 (mod 


If, however, [q;, ¢] = 2, then v” is one of the two numbers 
1 + 1+4q; 
where g; is the smaller of the two roots of g;o + 2=0 (mod “’), unless ¢ = 2. 
For ¢ = 2, (86) gives at once 


1. 


These results may be stated as follows: 
For t' odd, v' and v' are given by (81) and (87). For t' even and >2, v! is 


one of the numbers or where v= (mod +) and v" is one 


numbers 1+ q9;p), 1+ 49; where p, ts the smaller of the roots of 


+ 2=0(mod?’). Fort = 2, =1. 


* Dirichlet, ‘‘ Zahlentheorie,”’ p. 88, ed. 1894. + Serret, ‘‘ Alg. Sup.’’, No. 292. 
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§12.— The Full System of the Group {T,, T,, S}. 
For brevity let 
Al = 
Pn, — + pet!’ + pt!’ an (88) 
(ape + +4) av 


d, and y, will be written for $99 and y,, 9, and where no ambiguity can arise, 
Gn, , and , will be written for 9 and 
The problem is then to find the full system for the set of forms 


x; and A! evidently belong to the full system. 

1). The form a;2; is invariant, since (a;x;«,)" and af are both invariant. It 
is easily shown that @, = 2a% a7. 

2). The forms y,, , are expressible in terms of the forms 
x, n=1,2,3....?—1 and the form 
= + 2’. For we have 


X0,1° Xn, v= +1 + 4 OE. 


1 
whence — pH. Xn,v—1° 


If, therefore, the proposition is true for A<7, it is true forA=v+1. But it is 
true for A= 1 since, by multiplication, 


If > v,, the last term contains the invariant factor (2, x23)" and the other 
factor is one of the set @,. Ifgq;n< v;, the factors of the last term are the inva- 
riant (a x2 x3)%," and one of the set y,,. 

The case g;n = v,, cannot occur since, in such case, 


— v, =n! —v’)(mod 
=nv' (mod ¢’) by (81) 
= 0 (mod ?#’). 
But, by definition, [v’.¢’] =1; then nv'=0 (mod #’) gives n=0 (mod ?#), 
which case is excluded. 
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The proposition is thus proven for all values of J. 
3). The forms ¢,,,,, are expressible in terms of the forms 


The proposition is evident for @,,,,,. To fix the ideas, let 4 >w, then, after the 
invariant factor (a{ x{')* is removed, it remains to consider the factor ¢,,, 
One finds 


so that the assertion is true for A=»v+1ifitis true forASyv. It is true for 


A = 1; hence true universally. 
Similar considerations hold for the forms @,,,  ,. 


4). The forms ¢,, and 1,9 are expressible in terms of and the 


forms ¢,. 
If one of these two forms is known, the other is known from the relation 


X0,1= Pn, 1,0 + 0° 


Let us consider the forms 9,,,, 1,9: 


a). Ifn=t, vi and breaks up into the two known forms a’ a; 


and Xo, 1° 
8). Ifn >t, we may suppose that pt! <n<(p+1)t. Then 

When v,’ —- pt’ <0, the second factor on the right of (88) is one of the forms ¢,,. 
If, however, — pt! > 0, we have 

— pl’ =(n — pt’) (mod ¢”) by (86) 
= (mod ¢”). 
For the case under discussion 
On — pl! = 


We have then 
Pox, 1,0 = Pog — 


The determination of the forms @,,,, is then made to depend upon the solution 


of the next case, viz. 


: 
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If >t, we have at once 
t’ 


If both n and »,’ are less than is of degree since n + v/ 


=n(v + 1)(mod #”) is divisible by ¢ by (84). Moreover, m and v/’ are different 


for all values of nm when ? is odd, and for all values except n= - when ¢’ 


is even, since, if nm = v!’, we have 

n (1 — v)=0 (mod g;t’). 
If ¢’ is odd, 1— v” contains g, and no other factor of the modulus. If?’ is event 
1—v’" contains g; and 2 by (85) and (86). 


‘aa? oF a according as ¢’ is odd or even. The corresponding form is 


t’ 
(x;2,)" or 2,)?. Consequently the form ¢,,,; breaks up into the two known 


factors 


(a; and or (a; 2,)? and 


If n is identical with some when n and are both less than 
t', so that we need consider only the cases where n > vj’. 
It may be shown that 


If 2v/’ — n <0, the problem is solved, but if 2v;’/ —n > 0, (90) may be written 
Pn Pn — = F (91) 
where it may be shown that vj’ >»v,’, and consequently < » and 
= —n pn. 


The proof may be completed by induction. 
5). The forms @, are expressible in terms of the first ¢ forms of the set. 
For any n one may writen=7, +Al',n, Then 


=v}! + at! (mod 2”). 


| 
| 
| 
: 
| 
| 
| 
| q 
3 | 
ai 
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It follows directly that for n >?, 


so that 5) is proven. 

The lemmas 1), 2), 3), 4), 5) give the following theorem : 

THEOREM XI.—The invariant forms of the group {T,, Th, 8;,,$ are expres- 
stble rationally in terms of the 2(t! + 1) forms 


n=1,2,3—?#, 


(92) 


where t', vj, vil, 3 and q; have the meanings assigned in §10, and x,= 2%. The full 
system will consist of the forms xi, xi’ + ax)’, the forms y,, for which n +n,=n 
and + xn,=n, are not both true and the forms for which n and n+n,=n 
and vn, + vn, =v, are not both true. 


§13.—The Invariant Forms of the Group {T7,, Ty, sx, tT}. 


The invariant forms of the group {7;, Z,, Sx, 7} are all found among the 
forms of the group { 7;, 7), s;,}. It.is clear moreover that ¢ either leaves any 
given invariant of the latter group unchanged or simply changes its sign. The 
invariant forms of the group { 7, 7%, s,, 7} will then be found by imposing 
proper conditions upon the exponentsx,”, u, A, uw’, v of the forms (79) and 
adding to the forms thus obtained certain products of forms which change sign 
with respect to 7. 

There are several cases with subcases depending upon the character of 
»', v,q; and ¢’. The results are here given without proof. 


Case I. even. 

The form system is the system obtained from (92) by excluding odd powers 
of 4/2,%2%3, and in the full system A/a, is replaced by a2;)°. 
Case II. odd, = even. 


There are several subcases depending on the character of ¢ and q; and the 
particular ¢* that enters into the group. 


* See §7 (49), above. 


4 


of Finite Order with Determinant + 1. 


1). even. 
la), OF %. 
In the forms y,,,, ™ must be even and the remaining condition to be 


imposed upon the exponents of (79) is »==0 (mod 2). Besides the forms thus 
obtained, one has also to include the forms 


There is a reduced system consisting of the forms 


, t! 


t! 
MW Hon —1 werk, Am and both odd. 
1b). OF 


n must be even in the forms ¢,,,,, and we must have also »=0 (mod 2). 

The forms 2% Odd and and n" both odd, are 
to be included. 

For a reduced system, we have 


t! 


t! 


2). # odd, g; even. 
2a). T=; OF 
The conditions to be imposed upon the exponents are x= p=v,=0 (mod 2). 


The forms 
, 
Xn, A? ° Xn, A) Un odd, Xn’, Ae 


n' and n" both odd, are to be included. 
There is a reduced system consisting of the forms 


Xn, n! and both odd, 
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2b). ¢;. 

The form-system is identical with that in the case 1b) above. 
Case III. odd and odd. 

1). 

The form-system is identical with that of the case 1a) under II. 

2). %. 

The conditions are 

x=vHn+%,+A=n+ vo, +4+ w=0 (mod 2). 

To the forms thus obtained must be added the forms 

Pn rus Pn Pn rus 


for which the conditions n + vo, +ASn-+ v,/+A4+ u=1 (mod 2) hold. There 
exists a reduced system consisting of the forms 


together with the product made up by taking two distinct factors from the 
forms 
at, An, M+ vi odd and ¢,, n + »v,! odd. 
3). T= % 
The conditions are 
+ w=0 (mod 2), 
where n/ and belong to yv,,, and @,, respectively. 

To these forms must be added the forms together with at. y, ,, 
Xn,r»+Pn, for which 

n+ + u=1 (mod 2). 
There is a reduced system consisting of the following forms: 


a”, (x, Xn NeVEN, P,, n and even, 


together with the products taken two at a time of the forms af, Wx, 2223) Xn 
n odd, ,, m and v;/ not both even. 
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§14.— The Invariant Forms of the Group {T,, T,, 8, s}. 


If S and s be the generators of the symmetric group of three elements, the 
invariant forms of the group { 7;, 7, S, s} are rational integral functions of the 
symmetric functions 

Sa", (2% 23)”. 


The exponent v is any integer, while x=0 (mod &,). 
The conditions that the form Sz{zf shall be invariant are given by six con- 
gruences of the form 
and six of the form 
kia + =0 (mod M), (94) 


in which the numbers 2 and 7 are any arrangement of two of the numbers 1, 2, 3. 
From the two congruences 


+ k; =0 (mod N;) 


and kia +k; 8=0 (mod 
one finds a =0(mod N,), B=0 (mod M,). 
Let a=N,a,, (95) 


then the twelve congruences (93) and (94) reduce to six of the form 


k; a, + k; (mod N). (96) 


By reason of the relation >4=0 (mod N,), the six congruences (96) reduce to 
four, which may be written as follows: 


Key + By = 0 (mod (97) 
ke, — (hy + hy) 3, =0 (mod N): 
hey + By = 0 (mod (98) 
(J, + he) + 3, = 0 (mod N)- 


in which the notation is identical with that in the congruences (27). 


i 4 5 
3 
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Comparing (97) and (98) with (27), one has at once the solutions sought, viz. 


For (97), 
a=N,Qr(n + At), 


B=N, Or (v, + ut) 
or a = N, Or (w, + At), 
a = N, Or(v, + At), 1 (0 
B=N,Qr(n + ut), 
a Qr(n +A’), ) 
B= N, Or (wt et). 
If one compares (a) and (d) or (b) and (c) of (99) the following condition is 
obtained for n, viz. 


and for (98), 


n(v—w)=0 (mod ?#’). (100) 
Two cases arise : 
Case I. [(v—w), ¢] = 1. 
The congruence (100) has no solution except n=0 (mod #), and, conse- 
quently, (93) and (94) have no solution except 


a =6=0 (mod M), 


The invariant forms are then symmetric functions of 2, 2”, 2%, together with 
powers of z,2,2;- The full system is 


Se, (101) 

Case II. [v—w,t]#1. 

It was shown in §§5, 7, that if [(v —w), ¢] #1, then 4] = 38. If 
v — w= 3m and t= 3s one finds 

n= 0 (mod s). 

Let 8; 
then since Un = Un, (mod 3s), 
Un, 18 divisible by s. 

Let 
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We find Vn, =v (mod 8). 


It follows immediately that the solutions which satisfy the twelve congruences 
(93) and (94), are of the form 
a=" (n + 3A), 
+ 
when }/ =N, Qrs = 38 = 
Let 2?°=£,. The invariant forms sought are then 


\n=0, 1, (102) 


SEM (EE, 199) 


where n= 0, 1, 2, and x, A, u, v are arbitrary integers. 
Furthermore, the congruence 
—x2+1=0(mod?), 
of which »v is a root, may be written in the present case 
(2a — 1)? + 3=0 (mod 3s). 
It follows that 2v — 1=0 (mod 3) 
and that v=2 (mod 3). 


Evidently », = 2 and v,=1. 
The set of forms £2+* is identical with the set 
We may then write the forms (103) as follows: 


The results may be summed up in the following: 

THEOREM XII.—ZJ/ ¢ £0 (mod 8), the invariant forms of the group \T,, T;, S,s} 
are given by 

SEN, SEP babs)”. 
If t=0 (mod 8), they are given by 
ZEN, (n= 0, 1), 
It remains to find the full system of the system (104). Let 
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We have only to examine the forms >£}*+* &+*%, since all other forms of 


the system are expressible in terms of C,, C,, Let =D, 
The forms D, , are expressible rationally in terms of C,, C,, C;and D. For, 
suppose the statement be true for all forms of order 38n in the &’s or less; then 
the n +1 relations 

— 3.n-1 t+ Don + C} Dy 


for which 4 + « =n — 1 suffice to determine the n + 1 forms of order 3 (n + 1) 
in the &’s. But the statement is easily seen to be true for n = 1 and for n + 38. 


It is therefore true generally. 
THEOREM XIII.—J// ¢ = 0 (mod 3), the full system of the group |T,, T,, 8, s} 


1 1 
is C,, CM; if t=0 (mod 8), it is Ch, CM, D. 
1 
Between the four forms of the full system C,, C,, C™:, D, there exists the 


single relation 


= 80,.D + 90, + 0,0, + 30} (20, + O,D) + 303(D+2C,). (106) 


§15.—The Invariant Forms of the Group {T,, T,, S, s, c}. 


To find the full system of the group {7;, 7%, S, s, t}, one has only to 
impose proper conditions upon the exponents occurring in the system of Theo- 
rem XII, and to add such products, two at a time, of forms belonging to the group 
{7,, T,, S, s} as undergo no change except a change of sign when operated upon 
by 
The systems of invariants of Theorem XII, written out in full, are 
for ¢ = 0 (mod 3), 


for (mod 8), 


The conditions to be imposed, as is easily seen, are given by the following 


tables: 
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I. ¢+0 (mod 3): 


1). even} T=%%, vO (mod 2), 


) v=0(mod 2), 


2). odd T=%, (mod 2), 
(mod 2). 
II. ¢=0 (mod 3): 


1). even‘ T=%, v0 (mod 2), 


) vo (mod 2). 
2). N, odd T=%, x=n+A+4+u=> (mod 2), 
B) (mod 2). 


If, as before, the substitution 2?’ = £, be made, the results obtained may be 


given by the following: 
THrorEM XIV.—T he invariant forms of the group | T,, T,, S, 8, 7} are— 


for t = 0 (mod 3), 


the exponents subject to the conditions of table I ; 


for t=0 (mod 3), 

DEN, OTM (n=0, 1), (E189 bs)’, 
the exponents subject to the conditions of Table II, and in both cases when ¢ = %,, the 
products composed of an even number of factors of odd order invariant with respect 
to the group \T,, T;, S, s} must be added. 


§16.—The Full Systems for the Group Tz, S, tf. 


In order to abbreviate the work of finding the full systems for the cases 
given above, the following notation, part of which has already been used, will 
be adopted. We put 

, Q= , | 
D=%48, F= «| 
G= ’ K = &5)™. = CM .C,,, 
L= O¥..D, S, = M= OM.D. 


Cases 1) and 2). ¢=0 (mod 3), N even, ¢ any 7. 
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The full system for both cases is clearly 
2 
C,, OM. (110) 


Case 3). N, odd, t= 0 (mod 3), T= %. 
The forms belonging to the group {7,, 7, S,s, c} are also invariant with 
respect to the group {7,, 7%, S,s}. Every invariant of the latter group is 


1 
expressible rationally in terms of C,, C,, C™:. This fact may be expressed by 
the equation 


aye 
The form C, is an invariant of the group {7;, 7,, S,s, 7}. The even powers of 


1 : 
C, and CX are expressible in terms of C,, ON: and S,= >é. It follows 


3 
immediately that @ is expressible rationally in terms of 


2 
ON, and K, (111) 


and it is apparent that these forms (111) constitute the full system. Between the 
forms of the full system there exists the single relation 


K? = OF (8, + 20,). (112) 
4). (mod 8), M odd, # 7%. 


Since the conditions are x=A=yu=—v=0 (mod 8), the system of forms is 
given by 


VERRY. 
It is at once evident that the full system is 
G, OM. (113) 
5) and 6), ¢=0 (mod 3), M even,r= 7%, or THY. 
The system of forms differs from the system of the group { 7, 7, 8, s} only 


1 
in the exclusion of odd powers of The forms 5&3", [Et +5 £2"+% are expres- 
sible in terms of C,, C,, C;, and C; is, in the present case, an even power of 
on; Therefore, the full system is 
3 


2 
O,, D, OM. (114) 
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The relation existing between the four forms (114) is the relation (106) which 
may be written in the form 


_2 \Ny 2\N; 
D?=30,D + + 0,0, + (2C, + CD) 


2\N, 
+ 3(0%)*(D+20,). (118) 
7). ¢=0 (mod 8), N, odd, r= %. 
By a process similar to that used in 3), it is found that the forms of the 
system may be expressed rationally in terms of the seven forms 


1 1 2 
C?, OD, ©,0%, D, and OM. 


Between these forms and the forms H, F', K and S,, there exist the following 
relations : 


Ci = S, + 2C,, 
(116) 
E + 20,+ 20, ™ (K+ L) + 60, 
By means of the relations (116), the forms C7, CD, D® may be replaced by 


S,, F, G respectively. No other relations of the sixth order in the &’s exist. 
We may then choose for the full system the forms 


2 


The following relations hold for the forms (117): 
2 
(8, + 204), 


N, Ni—3 
= OF. 20, + 2C? (K+ L) + 6 C$], 
8,(C? + 30}. 6C}) 


— K(3E+ &, +304) (118) 
+ 30} (303 + OJF + 202) + 3038, 


N,— 
[B+ 20,420" (K+ L) +609] 
Ni-3 
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8). t=0 (mod 3), N, odd, 
For nS 2 the n +1 equations 
A=0,1,2,3....n—1, Atu=n—1, 


suffice to determine the n + 1 forms 
of order 6 (n+ 1) in the &’s in terms of the forms of order 6n or lower. It is 


easily shown that the forms of orders 8 and 12 in the &’s are expressible in 


terms of the forms 
2 
G, #, OP. (119) 


It follows immediately that these four forms constitute the full system. 
The four forms of the full system are bound by the relation 


= + 907 + &G + 30} (2G + + 307 (H+ 28,). (120) 
The results just obtained give the following : 
THEOREM XV.— The full system of the groups \T,, T,, S,s, 7} are gwen as 


follows: 
For t = 0 (mod 38): 
2 
1) WN, even, c=%, G, 


2 
2) gta, OM. 


2 

3) N, odd, T= So, O®,, x. 
2 


For t =0 (mod 3): 
2 
5) N, even, CG, D, OM. 


6)“ Oy D, OM. 
1) N odd, r=%, S, O,, OM, E, F, K, L. 
8) &, G, BE, OM. 

where the forms C,, C,, C;, H, F, G, K, L, S, are defined by (109). 
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The relations existing in those cases where more than three forms belong to 


the full system are, for case 3), (112); for cases 5) and 6), (115); for case 7, (118); 
for case 8), (120) 


CHAPTER III. 


THE ORDERS OF THE PRINCIPAL TERNARY MONOMIAL GROUPS. 


§17.— The Order of the Group {T,, T,, S}. 


Let U; = ST,S~! = (o%,, 
The substitution U, belongs to the group {7;,, 7;}, for, from the condition 
one has for the determination of a, 8, 6 the two independent congruences 
N 
mod N,). 121 
N = hyo +N kB, ( 
The congruences (121) reduce at once to 
Kegan, + = ks , 


where a =a,N. 
By hypothesis [(4, 4:), V,] =1, so that one may find a, and @ from (122) 
whatever value may be assigned tod. We have then 
U,= T; T;, 


where a and @ are the solutions of the congruences (121) when 6 = 1. 
The conditions that U/ is found in the group { 7), 7} reduce to 
— kya = 0. 
But the solution of (123) has already been found, since these congruences are 
identical with (27). Ifwe make }= Qr, this solution is 
a= (n At), 
=— 3(v, + 
vk, +1, =0 (mod f 


v, = nv (mod 


(124) 


& 
« 
‘ 
t 
q 
4 
4 a 
# 
+ 
4 
4 
i 
“ 
“4 
J 
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c= (w, + At), 
wk, + k, =0 (mod 2), 
W,=nw (mod), 


(125) 


To find the least positive value § satisfying (123), one may put n=¢—1 and 
uz’ =1in (125). The value for § and the corresponding values for a, say a, and 
6,, are then 
a, = + At). (126) 
It may be proven that values for 4 and @ exist both < N,, which will satisfy 
the conditions for 
= Tf, 
where 6, and a, are substituted for § and a respectively. It follows that the 
order of the group 7 
Te, Uy, is NS. 
To find the order of the group { 7;, 7,, 8S}, we have 
Let 
whence = Ve 
and 
But 7,U,V;=1, since 340 (mod N,) and (mod N,). 
Therefore, Ve= 
and = Ty * 07S}. 
It follows that every element of the group { 7, 7,, S} may be put in the form 
Ty U7 8°, 
N, ’ 


-> —1, 


Therefore, the order of the group {7;, 7, S} is 
3N,N,S = 38NQr. 


o4 
or 
3 
§ = 0, 1, 2. 
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§18.— The Order of the Group {T,, To, s}. 


If by s we mean the substitution (7, 7), and if we put 
sTs=u;,, 


it may be seen that every substitution of the group {7,, Z;, s} may be put in 
the form 
Ty uy, viz 
We have then to find the lowest powers of wu, and v, that occur in the group 
The group } 7,, 7;} contains the substitution v,,, for suppose 
Ts T= 0h, 
From this condition 
+ 
( om 


If a = N,a,, the congruences (127) reduce to 


(mod J,). 128 


The congruences (128) have a solution for any value of y, since [(4,;, 4), N.] =1, 
hence for y = 1. 
To find the lowest power of u,, contained in { 7,, 73}, let 


Tt Ty = uy. 


We have then the two independent congruences 


d M). 
From (129) follow, as necessary conditions, 
k; k, =0 } 
, d NV). 3 


By (65) and (67) we have 
— k= N = QPr't. 


a 
7 
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With this notation, the solution of (130) is found to be 


y = (n+Aqt'), 
Q;Pr’ (— wy! + 
+ k,=0 (mod 
=nw" (mod g;t’). 


The least value of y and the corresponding value of a are therefore 


y = QPr’, 


These values satisfy both the congruences (130), and with them substituted in 

(129) it may be shown that there exist a set of values for wand @ both < N,, 

which will satisfy (129). It follows that uf?” is the lowest power of wu, occurring 

in the group {7}, 72, wz, vu}, and that the order of this group is N, N, Q; Pr’. 
Every substitution of the group 7,, T;, s,} may be put in the form 


Te T? uh si 

a= 6,1, Ni—1, 
B=0,1,.... 
y= 0, Q; Pr, 
0, 1. 


The order of the group } 7%, 7, s,} is therefore 
2NQ,Pr= 


§19.—The Order of the Group {T,, To, six, Tt. 


The substitutions ¢; and 7, are interchangeable with all the substitutions of 
the group {7;,, s,}, and the order of the group | 7, 7, 7} is therefore 


N 

2 
BN 
If ¢ is 7,, let 


N 


7; 4, is either 


be any substitution of the group {7,, and let s =2N 


| 
J 
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6,7; or 0,7, according as d is 0 or 1. We may then form the following table: 


v; OT; , , 


N, 
If M, is even, the first line contains one of the substitutions o,, 6,, 63, (51) viz, 7?° 


Suppose 7)? then o,and o, =s,,0;8, and, consequently, are 
found in the first line of the table. The group is then exhausted by the first 


two lines of the table. The same argument applies when . 


If T= o;, the first line contains neither o; nor o,, unless J, is also even, 
since 8,0;8,—=0;. The second line contains o,7;= 7, and 7,7, = 0; is contained 
n the first line. The group is then exhausted by the first two lines. 

If NM, is odd, the group contains 7; and s;,7;8,;—= 7, which are not found in 
the first line, and ¢;¢,= 0, which is not found in any one of the first three lines. 


N 


In this case the order of the group is 2°, N, ae 
j 


The same argument holds for t = 7;. 


The final result is, the order of the group } 7}, 7%}, sz, 7} is 2.N a , unless 


N, is odd and ¢ is either 7; or in which cases it is 
j 


§20.—The Order of the Group {T,, T,, S, s}. 


The group {7Z, 7, S} is a_ self-conjugate subgroup of the group 
{7,, T;, S, st. It follows immediately, since s is of order two, that the order of 
the latter is twice that of the former. 

The order of the group {7}, 7, S,s} is 2.3.NQr. 


§21.—The Order of the Group |T,, T,, S, t}. 


There are two cases: 


Case. tT=%. 
The substitution z, is interchangeable with every substitution of the group 


}7,, T,, S, 8}, hence the order of the group in question is 2’, 3VQr. 
8 


* 
i 
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CaselIl. 

Subcase 1). If W, is even, {7,, Z%, S, s} contains one of the substitutions o, 
namely, and, consequently, it contains 0,, Moreover, the substitu- 
tions of | 7,, 7, S, s| may be put in the forms 

T; or U%6,, 
where 6, is one of the six substitutions of the group {S, 8}. We have 
hence = 0,¢,. 
It follows that the substitutions of the group {7,, 7, S,s, 7} may all be put in 


one of the four forms R,, R,7,, R,t;, where v= 1, 2,3 .... 2.38N,N,Qr 
are the substitutions of the group { 7;, 73, S, s}. 


But 
whence Rae, = Baas 


so that the group is exhausted by the sets #, and f,7,. The order is, therefore, 
2°. 3N,N,Qr. 
Subcase 2). If is odd, the substitutions R,, R,r; are all dis- 


tinct, since otherwise one would have 

= 
whence = = 
but o, cannot occur in the set R,. Hence the order of the group is 2?.3NQr. The 
result may be stated as follows: If r=, or if 7 7, and N, is even, the order 
of the group { 72, S,s, is 27.3. NQr; 7, and WM, is odd, the order is 
.3.N.Qr. 


On the Forms of Unicursal Sextic Scrolls. 


By Vireit SNYDER. 


The study and classification of scrolls whose order is less than or equal to 5 
has been, to quite an extent, completed. The following paper will discuss some 
types of sextic scrolls. 

The literature on cubic and quartic scrolls is extensive and well known. 
The only paper on quintics with which I am familiar is that by H. A. Schwarz, 
‘Ueber die geradlinigen Flachen fiinften Grades,” in Crelle’s Journal, Vol. 67, 
pp. 28-57. Apart from incidental mention of particular cases, there has been no 
investigation of sextics. I have used the methods of Cayley, Salmon, and 
Schwarz, but the new singularities which first appear in the sextic sometimes 
require a different treatment. 

The first section is a direct generalization of the corresponding articles in 
Schwarz’s paper, and I have used his notation throughout; the remaining treat- 
ment differs widely in the details from his procedure. In the second section, 
Schwarz's method of generation is employed in part, and in the third section, the 
dual of his method. 

With the exception of the generators, all plane curves which lie upon a 
scroll which is not reducible, and which possess the property that only one 
generator passes through each point, must be of the same genus. This follows 
from the fact that the generators furnish a one to one correspondence between 
the points of the two curves. 

This principle furnishes a basis of classifying scrolls according to the genus 
of the curves which can be drawn upon them. 

When astraight line which is not a generator, a conic section, a nodal cubic 
or any unicursal curve lies on a scroll as a simple curve, then every section of the 
scroll will be unicursal, and the surface itself will be called unicursal, or p = 0. 
Similarly for p= 1,.... 


‘ 
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For the geometric construction of the various cases, it will be desirable to 


consider the surface as generated by joining corresponding points of two plane 
curves of the same genus, or, dually, by the line of intersection of corresponding 


planes of two developables. 


§1.—General Discussion of the Various Possible Types of Sextic Scrolls. 


A plane passed through any generator g of a sextic scroll will cut from the 
surface a curve of the fifth order. This curve cuts the generator g in five points. 
One of these is the point of tangency of the plane through g. In general, each 
plane is a simple tangent plane, hence the other points are double points on 
the surface, so that each generator of the scroll is cut by four other generators. 
There are, therefore, an infinity of planes which pass through two generators. 
The consideration of these planes furnishes the point of departure of the follow- 
ing discussion. 

Every plane through two generators cuts from the surface a quartic curve, 
which may be reducible. Whenever a plane section of a scroll is reducible, the 
composite curve of section must consist of a number of generators and an irre- 
ducible curve which possesses the property that at least one generator passes 
through every point, if the surface is not a cone. 

Cones will be excluded from the investigation. In case of the sextic scroll 
the irreducible curve in a plane containing two generators may be a simple or 
multiple straight line, a conic, a cubic or a quartic curve. 

A. Ifthe irreducible curve be a simple straight line, a conic, a nodal cubic, 
or a trinodal quartic, the surface is of genus 0. 

Any scroll whose order is greater than 4, cannot contain more than one 


simple conic. 
B. Ifthe curve of section be a non-singular cubic or a binodal quartic, 
then p= 1. 

C. When the curve is a quartic with one node, p = 2. 

D. When the curve is a quartic without nodes, p = 8. 

K. It is necessary to make a particular investigation of the case in which 
the surface contains a multiple linear directrix. 

(a.) Suppose the directrix be double. Then every plane through the double 
line will cut four generators from the surface, because the section of the surface 
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made by this plane cannot contain any further irreducible part than the double 
line. Through every point of the double line passes one generator (in which case 
the directrix is itself a generator) or two. In the first case, the scroll is unicur- 
sal. In the second case, the plane which contains the two generators which pass 
through a point of the double line, does not contain the double line itself. Sup- 
pose this were the case. Then every plane through the double line would contain 
two generators which cut each other on the double line, and two other genera- 
tors, neither of which can pass through the point of intersection of the first two, 
because the line was only double. 

Hence each of the latter generators must cut the directrix in some other 
point. If they intersect in different points, then through each such point on the 
directrix d must pass one other generator of the surface which cannot lie in the 
plane of the first ones, as the complete section of the surface is accounted for, 
hence the plane through the last two does not contain d. 

The only remaining alternative is that the two latter generators cut d in the 
same point. This configuration is excluded, as it would not give an irreducible 
sextic scroll. 

Hence, in general, the plane of the two generators does not contain d. Con- 
sider the section of the surface made by the plane of the two generators issuing 
from the same point of d. This plane can contain no other generator, for every 
generator must cut the double line, hence it would have to pass through the point 
of intersection of the first two, making the directrix triple, contrary to hypothesis. 
The curve of section is, therefore, either an irreducible quartic curve or a four- 
fold line. 

In the first case, p cannot be greater than 3. In the latter case, in which 
the surface has one double and one quadruple directrix, skew to each other, if a 
plane be passed through any generator, not containing either directrix, it will cut 
from the surface a quintic curve which has a triple point at the intersection of 
the generator and the quadruple directrix. If the surface does not contain any 
double generators, the quintic curve will have no other singular points, hence 
the curve, and therefore the surface, will have p = 3. 

For each double generator, the genus of the surface would be reduced by 
one, hence a (2, 4) scroll may have 3 double generators without becoming 

reducible. 
Every sextic scroll which contains a double generator contains an infinite 
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number of plane quartic curves whose planes all pass through the double gen- 
erator. 

When the surface is of type (2, 4), these plane curves must all have a double 
point at the intersection of the double generator and the quadruple directrix— 
each would then be of genus p = 2. 

(b.) Suppose the plane of the two generators cuts from the surface a triple 
line. It will also contain a generator, then every plane through the triple line 
must cut from the surface three generators, as no other irreducible curve is pos- 
sible, apart from the multiple directrix. Of these three generators, two may 
coincide with the directrix, or only one, or none. Being a triple line, three 
generators will issue from every point. If two of them coincide with the direc- 
trix, the triple line counts for simple directrix and double generator, hence the 
surface is unicursal. 

Let two generators issue from each point of the triple line apart from the 
line itself. There are now two cases to consider, according as the plane of the 
two generators does or does not contain the triple line. In the first case the 
plane through the generators would cut from the surface just one more line. 
This line would lie in the plane w and cut d; through the point in which this 
extra generator cuts d must pass another generator not lying in the plane, hence 
the plane of the two latter generators would not contain d. The case, then, in 
which the two generators lie in a plane with d, can be excluded. The only 
remaining case is when the plane through the generators which issue from the 
same point of d does not containd. The plane will then cut from the surface 
an irreducible quartic or a cubic and a generator or a conic for particular posi- 
tions, or, finally, a multiple line, which would have to be a triple line. In this 
case, d could not be a generator, but 3 generators would lie in the same plane. 

The case in which three generators issue from each point of d and all lie in 
the same plane not containing d, leads also to a new triple line. Every genera- 
tor must intersect both skew triple directrices. A plane passed through any 
generator will cut from the scroll a quintic curve having a double point on each 
directrix and cutting the generator in one more point, the point of contact of the 
scroll. 

The quintic curve has in general no further double points, hence it belongs 
to the type p= 4. As before, the type is reduced by a unit for every double 
generator, hence a (3, 3) scroll may have 0, 1, 2, 3, or 4 double generators. 
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(c.) When the irreducible curve contained in a plane passing through two 
generators is a fourfold line d, four different cases may arise. 

From every point of d passes 1, 2, 3, or 4 generators of the surface which are 
different from d itself. 

If only one generator (distinct from d) passes through each point of d, the 
surface is of genus p= 0. 

Suppose two generators, distinct from d, pass through every point of d, and 
let their plane not contain d. This plane will cut from the surface an irreducible 
quartic, or a multiple directrix, 

If the plane of the two generators always passes through the quadruple line, 
so that the two generators which any plane through d cuts from the surface 
intersect on d, then, apart from possible multiple generators, no other double 
lines exist on the surface. This is the (2, 4) case in which the two skew direc- 
trices coincide. 

If a plane be passed through a generator of a scroll of this type, the section 
made by it will be a quintic curve having a triple point at the intersection of the 
generator and the quadruple directrix, and no other multiple point, hence the 
surface will belong to the category p = 3. 

Suppose the fourfold line such that three generators, distinct from the line 
itself, pass through every point of it. Then a plane exists which contains two of 
them without passing through the fourfold line. This plane will then cut from 
the surface an irreducible quartic curve or a multiple line; the line is at most a 
double line. 

Suppose, finally, that four generators distinct from the multiple directrix 
issue from each of its points. If all four lines lie in one plane, the surface is 
of type (2, 4) and the plane cuts the surface in a double line which is not a gen- 
erator. This case has already been considered. 

(d.) Suppose, finally, that the surface has a fivefold line. Then the plane 
of two generators contains a quartic curve which has a triple point on the five- 
fold directrix, hence the surface is unicursal. 

It thus appears that sextic scrolls are to be divided into five groups, accord- 
ing as the genus is 0, 1, 2, 3, 4. 
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§2.— Unicursal Sextic Scrolls Generated by Two Developables. 


When one variable has been eliminated, the equations of the variable line 
which generates the scroll is defined as that of intersection of the two planes 


E=at" +b 4 .... pt +q 
+ bt 1+ .... =0, 


in which a, 0.... ; a’, .... are linear homogeneous expressions in a, y, 2, W. 
By eliminating ¢ between these two equations, there results an equation in 
x,y, 2, w of degree m +72, which is the order of the surface. 

When the two equations H=0, #'=0 do not represent the same plane 
for any value of ¢, the eliminant will contain no extraneous factors. Suppose 
that H=E’ when t=. Then this plane appears as factor in the scroll, 
Consider, in this case, a constant x so determined that H —xH’=0 when t=}, 
which is always possible. H—xH'=(t—t,)H". Now, replace H=0 by the 
plane #” =0. This process can be continued until no value of ¢ exists for which 
E, E™ define the same plane. For unicursal surfaces of the sixth order m+ n=6 
hence there are three cases to consider: 


+ 
n=1 HEpt +q=0. 


m=4 +b@+c?+di+e=0, 
n=2 

m=3 
n=3 


| 


IL. { 


Since the order of a scroll is not changed by duality, it is possible to think 
of it as generated by joining corresponding points of two twisted curves 
rather than by the lines of intersection of corresponding planes of two devel- 
opables, hence 

If a (1, 1) correspondence exist between the points of a straight line and the 
points of a unicursal quintic, the lines joining corresponding points generate a sextic 
scroll. 

Similarly for a conic and unicursal quartic, and for two cubics. 
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m=5,n=1. 
The equation of the scroll having a quintuple line can be written in the 
form 
Ug + ZU, + we, = 0, (1) 
in which u,, v, are binary quantics in x, y of orders. The five tangent planes 
at any point 2, w, of the quintuple line are defined by the equation 


+ = 0. 


For certain values of z,: w,, 8 in number, two roots of this equation coincide 
they define the cuspidal generators, which cut the quintuple line in the pinch 
points, The pinch-points may also be defined as the points in which the quin- 
tuple line cuts the octic torse aa5+ bat+ .... =0. 

By a suitable linear transformation, equation (1) may be reduced to 

+ + wv; = 0. 
This will be called type I. 

A simple mode of generation is obtained from the section made on the scroll 
by the plane containing two generators. The section is a quartic curve having 
a triple point. The surface is generated by the lines cutting two such quartics 
not in the same plane, and the line joining the triple points. Various subforms 
exist, when the pinch-points coincide. When zu; + wy; = 0 has a cubic factor 
two pinch-points coincide, which requires that the octic torse touch the quin- 
tuple directrix. 

When w,, v; contain a common factor, so that the equation may be written 


+ (ax + by) (zu, + wr,) = 0, 


in one position of the generator it coincides with the directrix, ax + by=0 
being the osculating tangent plane. This is type II. Subforms exist as under I. 
III. + (ax + by)(cx + dy)(zus + wv;) = 0, two such limiting generators 
and osculating planes, 
IV. + uy. (2%, + = 0, three such generators. 
V. Four such generators. 
VI. + ui (zts + = 0. In this case two of the five sheets through 
the quintuple line unite in forming a single cuspidal edge. 
VIL. a? + uz. v, (zt, + we,) = 0, cuspidal edge and limiting generator. 
VIII. x*y’u, + uj (zu + wv,) = 0, three sheets in cuspidal edge, i.e. three sheets 


have common tangent plane. 
9 
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IX. a? + ud. v, (zu, + wr) = 0. 
X.  x*yPug + (zu, + wr,) = 0. 
XI. yet, + uf (zit, + wr,) = 0. 


In forms V, IX, X and XI, the quintuple line is also fourfold generator, so 
that only one other generator can issue from each point of the directrix. These 
scrolls belong to special linear congruences. Their asymptotic lines are alge- 
braic and of order 9. 

When in I, uw, vanishes identically, the five generators which issue from the 
same point of the quintuple directrix lie in one plane, which also contains a 
simple linear directrix z=0, w= 0, skew to the first one. This is type XII. 
The surface is contained in a general linear congruence ; its asymptotic lines are 
of order 10. The forms V, [X, X, XI may also be regarded as limiting cases of 
XII, when the two directrices approach coincidence. 

Among the subforms of XII, two varieties are of particular interest, those 
which are transformed into themselves by acyclic collineation of order 5 and 
those whose asymptotic lines are reducible. The scroll 


zx — (8 — y*)(32a? — 5(7 + 3r/5) y”) 
= wy (8y? — (3 — V/52*)(32y? — 5 (7 + x”) 


is of the first kind.* 
In the scroll za + wy = 0 


there are two real fourfold pinch-points, at which all five generators coincide , 
from the other points of the multiple directrix issues but one real generator. 

The surface zx (3a*+ 5y*) + wy (52* + 3y*) =0 differs from the preceding 
by having four double pinch-points, all real, at each of which three generators 
coincide. 

The surface zx (82*— 5y*) + wy (5a‘— 3y*) = 0 has four double pinch-points, 
all imaginary. From every point of the multiple directrix issue three real and 
distinct generators. The form za*(a? — 5y’) + wy’ (5x? — y’) = 0 has also three 
generators issuing from each point, with real double pinch-points. The form 
za? (a? + 5y”) + wy? (5x? + y”) = 0 has two real and two imaginary double pinch- 
points. In all these forms, the asymptotic lines are of order 5. The necessary 


* Ameseder, in the Wiener Berichte for 1890, treats of this kind of cyclic collineation. It is a pro- 
jection of an axial rotation through 72°. 
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condition is that at every pinch-point three generators coincide, so that all of the 
pinch-points coincide in pairs.* 


[1h] 4, a= %. 
By writing 


P [p’d —r (bp — a9)] — [p (ep — ar) -- (69 — 
pe —r [p (cp — ar) —q (bp — 29)] = 

—r —r (bp — aq)] = 9s, 

pq (ge — dr) + r [r (cp — ar) — p’e] = 9, 

q (er — ep) — (dr — ge)] — — p (dr — ge)] = 9, 


the results of partial elimination of ¢ may be written 
and the equation of the surface may be written in either of the following forms: 


9:93 = 9, $293 = 0, $3 — = 0, 
— P94 0, — = 0, D295 == 0. 


Each of these equations contains an extraneous factor; these are p*, pq, pr; 
g’— pr, qr, respectively. 
These expressions are not all independent. The relation 


— + po; =0 


can be easily verified. By equating the values of ¢, 


— Os — — & t por (2) 
Ps Ps + PH 

hence, — 993 + 

and similarly, 13 — Wd, + ph; =O. 


The surfaces $,, $, do not intersect in a plane curve, hence @, passes through their 
curve of intersection; similarly for ¢,, @;, so that all the surfaces pass through the 
same curve. Again, from the form of equations (2), the non-reducible part of 


+ A similar case of a (3, 1) scroll was discussed by me in the American Journal, Vol. 22, p. 257. The 
algebraic condition is discussed in Salmon’s ‘‘ Higher Algebra,” 4th ed., p. 162. The Jacobian of u,, v; 
must be a perfect square. 
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this curve is a double line on the sextic scroll. The surfaces ¢,, $3; have the 
four lines p, 7; p, a; €, 7; p, gin common; 7, 7 is a double line on ¢;, and the 
two surfaces touch along the line py,a. The plane r= 0 touches ¢, the whole 
length of p, 7 and is an inflexional plane. The total curve of intersection of 
$2, 3 is of order 16; the common lines account for a curve of order 6, hence the 
double curve on the scroll is of order 10. The point p, q, 7 is a threefold point 
on @, and on ¢;, hence a ninefold point on their curve of intersection. The line 
p, r being a single line on @, and a double line on ¢;, has a double point at 
p,7,q. Similarly, the line g, 7 has three points at the ninefold point ; no other 
lines common to the two surfaces pass through the multiple point, hence the 
curve has a fourfold point. 

The unicursal sextic scroll of form [II] has a double curve of order 10, which 


has a fourfold point. 
This scroll will be called type XIII. 
The surface ¢} — 9,9; = 0 is the envelope of the quadratic pencil of quartic 


surfaces 
Pil + + os = 0; 
each surface of the pencil passes through the double curve; the residual curve is 
then of order 4. As the surface must always touch the scroll, the two must 
either touch along one generator and intersect in two others or touch along two. 
The same may be said of the two other pencils, 


dol? + 2st +O, =0, 
+ 29 + >, = 0. 


Every generator cuts the double curve in 4 points, hence the curve cannot lie 
on a quadric or cubic scroll, for in that case every generator of the sextic would also 
belong to the simpler surface. Through every point of the double curve pass 
two generators, each of which cuts the double line in three other points, The 
cone of order 9 having the double curve for directrix and any point upon it for 
vertex, contains two triple and one fourfold generator, the latter passing through 
the fourfold points. 

A non-reducible sextic scroll cannot have a double curve of order 10 with a 
double point of order higher than the fourth, for every line joining the multiple 
point to any other point of the curve would be a part of tbe surface, and this 
cone would be of order less than 6, hence the surface would be degraded. 
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This reasoning cannot be applied to cases in which the double curve of order 
10 is itself reducible. 

Some of the possible forms into which the double curve can break up will 
now be considered. 

Let the surface have a fourfold directrix line. If p; = 0, g,=0 be the equa- 
tions of two planes through the line, then every other plane through the line can 
be represented by an equation of the form p,A + g, = 0. 

Any plane through the directrix will cut two generators from the surface, 
which are generally distinct from the directrix. To every value of 4 correspond 
therefore two values of ¢; to every value of ¢ corresponds but one plane 
through the directrix, hence to one value of 2. 4A is therefore a rational quad- 
ratic function of ¢. 

By proper linear substitution this can always be brought to the form 

A=, or p?+q=—0, 
which, associated with 
c?+dt+e=0, 
defines the scroll. The equation of the surface is therefore 
[p (ge — pe) — gra]? + pq (pd — bq)’ = 0. (3) 


This method must be modified somewhat when one of the four generators which 
issue from each point of the multiple directrix coincides with the directrix itself 
In that case the equation at* + b+ ct? + dt +e = 0 is expressible in the form 


b?+ct+d')(t—t) +ap+ 6¢g=0. 


Corresponding restrictions must be made when two or more generators coincide 
with the multiple directrix. 

From equation (3), when p = 0, q’a” = 0; when g = 0, pe? = 0, hence the 
planes p,q are both torsal. Besides the fourfold line p,q, the surface has as 
double curve the line of intersection of the cubic scroll p (ge — pe) — g’a = 0 and 
the quadric pd — by = 0. It is a quartic curve of the second kind; the genera- 
tors of one system of the hyperboloid pd — bg = 0 meet it in three points, those 
in which they meet the cubic scroll. Those generators of the other system cut 
the curve but once, as they cut the double line which is a generator of the first 
system. The quartic cuts the fourfold line in three points. This is type XIV. 
This quartic curve may now break up into a cubic and a straight line, into a 


A 


70 SnyDER: On the Forms of Unicursal Sextic Scrolls. 


conic and two straight lines, or finally, into four straight lines. (A quartic of the 
second kind cannot be composed of two conics.) 

When the quartic curve breaks up into a cubic and a straight line, it is 
necessary that the quadric has a second generator in common with the cubic 
scroll. Let this common generator be cut from the plane pa,+ g = 0. Then the 
plane Aja + Aye + e=0 is identical with x (ba) + d) + uy gq) =0. Under 
the same hypothesis, the following identity also exists: 


P (ge — pe) — = px (bg — pd) + (Aap + cp — bp, — Mop” — qa)(pay + 9), 


which shows that the cubic curve lies on the quadrics pd — bg =0, Aap + cp 
— xbp — mp? —qa=0. It cuts the line p, g in two points. The double line 
Pr +g, 64, +d cuts p, g in one point. The three lines together constitute the 
double curve of order 10. The cubic curve cuts the line pa, +9, 64,+d in 
one point. If 

Agap + cp — xbp — np” — ga 
be denoted by uw, the equation of the surface becomes 


(bg — pd) + w (pry + + pg (pd — bg)’ = 0. 


It is type XV. The second double line is a double generator of the surface. 
The cubic curve may further break up into a conic and a straight line. In 


this case the two quadrics 


u=0, gb—pd=0 
have a generator of each system in common; the second generator lies in the 
plane pa, +g =0; then 
(Aga + — — wp) + Aja (pas +g) + uh (0A + d), 
which may be rearranged in the form 
(Aga + ¢ — xb — p — ag = (pd — gb) — (a — — pao + 9). 
The second double line is paj + g, 6A; +d, and the conic is defined by 
pd—gh=0, a—xip—nig=0. 


The configuration of multiple lines now consists of the fourfold line p, q; 
two double lines, each cutting p, q and skew to each other, and a conic which 
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cuts each of these three lines once. The equation of the surface is 


+ (pao + 9) ](pd — gb) — (a — — + + 


+ pq (pd — bq) = 0. 
This is type XVI. , 


The two double lines are double generators. 
If the two surfaces 
u=0, gb—pd=0 
intersect in four lines, two of each system, the two lines which cut p,q will be 
double generators, and that in the same system as p, q will be a double directrix. 
The surface will then have a fourfold directrix, a double directrix skew to it, 
and three double generators. The plane a — x,p —ujqg = 0 can now be written 


v=a(pm +9) +B (bu + 4)=0, 


wherein pa, + q, 6A,+d is one of the new double generators; the other lies in 


the plane 
wa. (prs q) + B (bas +d) =0, 


—Putq_—P_ party 


since 


b d 


The first line is a generator, the other the double directrix. If pa, +q=//, 
pry and since 
] 
d — gb = —.—,, [v (pa + gq) — w (pa, + = m (vp! — uq’), 
the equation of the surface may be written 


{(Ap! + Ba')(vp! — wq') — vp! (Cp! + Da')}? 
+ (up! — + Fp'd + Gq") =0. 


The line p’, g/ is fourfold directrix, v, w double directrix, and g’, v; w, p’; ba,+d, 
(Ay + (Ao + are double generators. This is type XVII. Several 
subtypes exist when the pinch-points coincide in various ways. 

The two quadrics, w, pd — qb, may touch each other along p, q; in this 


/ 
case, 9 = 0 in the expression for v, and since w= de , the equation of the sur- 
a 


face becomes 


LA(p, — 96) = (pd —- 96)’. 
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In this case the surface has a fourfold directrix, a double generator coinciding 
with it, and three other double generators. This is a limiting case of the last 
type when the two directrices approach coincidence. It is type XVIII. If the 
equation be developed, the terms 


[(%o Agus)? + 2 (uo (xo + Agus) +1) pq + [pd — 9b]? 


are infinitesimal of order 4, the other terms are of order 5 or 6 when p=0, 
q=0. Two planes, pg +q=0, po' +y=0, are tangent along p,q. Each 
cuts a fivefold line from the surface. The other two tangent planes are 
coincident with each other and with the tangent planes of pd — qb= 0 along 
p,q- The surface has self-contact along this line. Every plane through p, q¢ 
cuts two generators from the surface, which intersect on p,q. If one sheet of 
the surface be described by continuous motion of each line, the two sheets 
will pass through each other at the double generators and touch each other 
along p, 

Now, consider the case in which the sextic scroll has a double rectilinear 
directrix. This requires that all of the planes of the form aA*+ .... belong to 
the same axial pencil. The equation can be derived from the general one by 
writing a+ a+ x,b, a+ x,b for e. 

The remaining part of the double curve is of order 9; it has, as in the gen- 
eral case, a fourfold point and lies on a cone of order 5 which has the fourfold 
point at its vertex. The curve cuts the double directrix in 3 points. Every 
plane through the double directrix cuts four generators from the surface ; these 
generators intersect in the 6 points of the double curve which lie in the plane, 
not on the double straight line. This is type XIX. All the generators touch 
the cone gq? — 4pr = 0, hence the surface is contained in the quadratic congru- 
ence defined by the special quadratic complex formed by the tangents to this 
cone, and the special linear complex whose axis is the line a,b. The two 
points in which the line a, 6 cuts the cone are pinch-points or points of intersec- 
tion of double generators. 

If the coordinates of one of these points of intersection cause the ¢ discrimi- 
nant of the quartic pencil at‘+ .... to vanish, the generator of the quadric cone 
which issues from that point will be a double generator of the sextic scroll. The 
configuration of double lines consists of the double directrix, a double curve of 
order 8 cutting the directrix in two points and having a triple point and finally a 
double generator passing through the triple point. This is type XX. 
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If the coordinates of both points of intersection cause the ¢ discriminant to 
vanish, both generators issuing from these points will be double generators of 
the scroll. The double curve is now of order 7, has a double point and cuts the 
directrix in one point. This is type XXI. 

Three double generators cannot appear unless the residual curve consists of 
a fourfold line ; this case was noticed as type XVII. Asasubform of XX, the 
two pinch-points may unite without giving rise to a double generator; i. e. the 
line a, 6 may touch the quadric cone. 


m3, 
By writing 
(as — pd)(pe — ar) — (pb — aq)(sb — qd) =, 
(rd — es)(pb — aq) — (as — pd)? =h, 
(pd — as)(sh — dq) — (cs — rd)(pe — ar) = ys, 


the equation of the surface is expressed in the form 
— 0, 


which has the extraneous factor pd —as. 
From the identical relation 


(as — pd) + (pe — ar) + (ag — bp) =0, 


it is seen that y,, 2, Y; pass through the same curve, which is a double curve on 
the sextic scroll. 


4, ¥, intersect in the cubic pd —as, pb —aq and the line s, d; they touch 
along the line a, p. 

d., P; intersect in the cubic pd — as, cs —rd and the line a, p; they touch 
along the line d, s. 

v,, ~; intersect in the quartic sb — dg, pe — ar and the two lines p, a; d,s. 


The residual curve of order 10 is the double curve of the sextic scroll. The lines 
a, p; d, s are simple generators of the scroll. This curve has no fourfold points, 
but has, in general, four triple points. (Salmon’s “ Algebra,” lesson 18.) This 
scroll is type XXII. 

Next, consider the scroll with a triple directrix. Its equation can be derived 
from the last type by writing c= a-+x,b,d=a-+x%,b, since all the planes of 
10 


4 
a 


74 SNYDER: On the Forms of Unicursal Sextic Scrolls. 


the system a@® + dt? + .... =0 belong to the same axial pencil. The residual 
curve is of order 7. Every plane through the triple directrix cuts three genera- 
tors from the surface which do not in general intersect on the triple line, hence 
the triple directrix cuts the double curve in four points, This is type XXIII. 

The four points in which the line a,b cuts the quartic developable 
pi+....=0 are pinch-points; when the coordinates of one of these points 
causes the discriminant of ai?+ ....=0 to vanish, the scroll has a double 
generator which passes through a singular point of the double curve of order 6. 
This is type XXIV. 

In the same manner, the surface may have two or four double generators, 
or a double and a triple generator. These are types XXV, XXVI, XXVII. 
The last five types belong to the congruence formed by the tangents to the 
quartic developable which cut a fixed line. In type X XVI, the double curve of 
the scroll is of order 3. 

From every point of the triple line a, 6 issue three generators. Let w bea 
plane containing two generators g, g’ issuing from a point ofa, b. The plane 
will cut from the surface a quartic curve having four double points and passing 
through the intersection with a, 6. The curve cannot consist of two conics, for 
a sextic scroll can have but one, hence the section must consist of straight lines. 
The one intersecting a,6 is a generator and the others cannot be, hence they 
must all coincide. The double lines consist of two triple directrices, skew to 
each other, and four double generators. The equation of this surface can be 
most easily derived from that of type XXIII by putting r= p+A.q,s=pt+A9q 
in that equation. 

A large number of subtypes can be derived from this type by having the 
pinch-points coincide and by the appearance of a triple generator. 

Finally, the two skew directrices may coincide. The three generators which 
issue from each point of a, 0 lie in a plane passing through a, b. There are four 
pinch-points on the line a,b. This is type XXVIII. It may have a triple 
generator, type XXIX. 


§3.—Scrolls Generated by Two Curves. 


Sextic scrolls will now be studied from the dual standpoint, the locus of a 
line joining corresponding points of two curves. 
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Let = (u), t= 1, 2, 3, 4 be the equations of two unicursal 
curves, the parameters 2, u being related by the equation 


F(a, =0. 
Then (a) + Gn; (uw) 


will define a scroll which is unicursal when the function /(%, w)=0 is so. 
If &, 7 be of order m, n and f(A, uw) =0 be of degree m, in A, n in mu, & will be 
an ,-fold curve on the scroll, 7 will be an m,-fold line; the scroll will be of 


order 
mn, + MN, 


but the order will be reduced by unity for every point of intersection of &, 7, 
which is a self-corresponding point. When / is unicursal, the parameters A, u, 6 
can be rationally eliminated by a process analogous to that employed for uni- 
cursal curves. 

A scroll having a simple rectilinear directrix must be unicursal ; every 
plane which contains more than one generator must contain the directrix, and 
hence n — 2 other generators. No simple plane curve of order lower than n —1 
can exist on the surface. 

The double curve is of order 4 (n —1)(m — 2), and it cannot contain double 
generators as a component part except as one or more generators may coincide 
with the simple directrix. 

When the directrix 5 is a simple line on the surface, it cannot be cut by 
the double curve. The scroll can ‘be generated by joining corresponding points 
of the line and a unicursal curve ¢ of order n — 1 whose plane dves not contain 
dif it be a plane curve. There are n—1 fundamental types, according as 6 
passes through a x-fold point on the curve; x=0, 1,....n—2. When 6 
passes through a x-fold point on c, x generators coincide with é and any plane 
through § will contain but n —x—1 generators. When x = 1, the double 
curve intersects § in n —8 points; in general, in x(n—-2—x) points. The 


line 5 now counts as a nodal curve of order > (x -+1)+~7; the residual curve is 
of order 


— 1)(n — (x +1)—7, 


r being the number of simple coincident tangents of c at points of intersection 
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with 6. Hach generator cuts the residual curve in n —x— 2 points. In par- 
ticular, if x =n — 2, the nm — 1-fold line is the only nodal line, and the equation 


of the scroll is of the form 

tg Y) (@, + Ona (se, y) = 0, 
in which w,_,, ¥,—, have a common factor of order n —2. In case the curve c has 
an n —2-fold point and does not cut 6, a special form is one having an n —2-fold 


line and a simple line 


af, —1 (x, + w) = 0. 
In no other case can the nodal curve have a straight line other than 6 for a com- 
ponent. These scrolls all belong to a special linear complex ; in the two cases 
just mentioned they are contained in a linear congruence, the former being 
special, the latter general. The theory will now be applied when n = 6. 


§4.—Dual of (1, 5) Types. 


When the line 6 does not cut the quintic curve, every plane through 6 will 
cut five lines from the surface which intersect in 10 points not lying on 6. They 
may all coincide, giving type XII, already considered. If the quintic curve 
does not have a fourfold point, this case is excluded. A double conic, cubic, 
quartic or quintic is easily proven not to belong to the nodal curve, hence: When 
a sextic scroll contains a simple rectilinear directrix which is not a generator, and a 
quintic curve without a fourfold point, then the nodal curve cannot be reducible. 
This ¢,, must accordingly have o' four-point secants. There are two families 
according as the nodal curve has a fourfold point or four threefold points. A 
similar theorem exists for every scroll of even degree 2m. The nodal curve is of 
order (2m —1)(m—1), and contains ’ secants, each of which cuts it in 2 (m—1) 
points. Curves exist having an infinite family of secants which cut the curve 
in more than 2(m—1) points, but in that case only one such secant can be 
drawn through each point of the curve. Type XXX. 

When 6 cuts the quintic curve ¢, once, the residual curve is of order 9. 
Type XXXI. The curve may now be composite ; its factors are a sextic and a 
cubic. The scroll may be generated by a (1, 2) correspondence between points 
on 6 and a cubic which cuts 6 once, the point of intersection being self-corre- 
sponding. The cubic may be twisted, type XXXII. 

A different form exists when the cubic is plane. Type XXXIII. A simple 
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illustration is furnished by joining corresponding points of the line x = 0, y =0, 
%= and the 

The residual curve is a sextic which cuts 6 twice, and is cut twice by every 
generator. 

The sextic curve may break up into two cubics, so that the nodal curve con- 
sists of § and three (twisted) cubics. The equations may now be written by 
joining corresponding points of two twisted cubics which intersect in five points ; 
the correspondence being a unicursal (2, 2) such that four points are self-corre- 
sponding and the fifth the double element of the (2, 2) correspondence. This is 
type XXXIV. 

No other components of the residual nodal curve can exist. 

When 6 passes through a node on ¢;, 6 is a triple line and the residual of 
order 7. This is type XXXV. 

A special form exists when the sections containing a generator cut from the 
scroll a quintic having a tacnode at the trace of d; in this case 3 counts for a 
fourfold line (i. e. equivalent to a nodal quartic) and the residue is of order 6. 
This is type XXXVI. 

The sextic may break up into two (twisted) cubics, XX XVII, or finally, a 
triple conic, as is shown by the scroll 

+ ate) = 
This is type XXXVIII. The last form is generated by joining corresponding 
points ofa = 0, y=0 and =0 by a (1, 1) correspondence, 

By applying Clebsch’s method* for finding the asymptotic lines of the last 
scroll, they are found to be 

esa’, yor, 2-204 w= 210+ 


They all have a common osculating plane at the pinch-point (0, 0,1, 0). Any 
plane through 6 cuts each curve in three points besides the pinch-point on §, one 
on each generator in the given plane. Two of the generators are always imagi- 
nary. The scroll is contained in the special linear complex p,,=0 and in the 
special quadratic complex pj, + Py. 3, = 0, to which the axis 6 belongs. 

When 6 cuts c; in a triple point, the residual is a quartic of the second kind 
and § counts for a sextic. This is type XXXIX. 


* ‘* Ueber die Haupttangentencurven bei windschiefen Flichen,” Crelle, Vol. 68, p. 151. 
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For particular configurations of the triple point on ¢,, the intersection may 
count for 7, leaving only a nodal cubic. This is type XL. 
For example, in the scroll 


(y® — = ay (aw — xz — 


a plane through 6 will cut a sextic curve having a singularity of the form 


he equations of the odal cubic are = 43, y= 2 =1—A. 


The cubic may become plane, type XLI. 


E. g., the scroll 
+ ate) = 


has 2, y for a fourfold line and w=0, y® =a’ for a nodal cubic curve. The 


asymptotic lines are 


They all have four-point contact at the pinch-point (0, 0, 1, 0). 


§$5.—Dual of (2, 4) Typ . 


The scrolls, which are the dual of type (2, 4), can be generated by joining 
corresponding points of a conic section and a unicursal quartic curve. The plane 
of the conic contains four generators, one through each of the four points in 
which it cuts the quartic. The conic intersects the nodal curve, which is of 
order 10, in four points. This is type XLII. The constants may be easily 
arranged so that the plane of the conic contains a double generator, type XLITI, 
or two double generators, XLIV, without the residual nodal curve being com- 
posite. No other multiple generators can exist, nor any simple plane curve, 


except the conic, of order less than 4. 
In general, no sextic scroll except those contained in a linear congruence 
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with distinct directrices can have more than two distinct double generators, for, 

if there be three, the semi-quadric determined by them could intersect the scroll 

nowhere else ; the complete intersection of the quadric and the scroll is of order 

12, hence the residual is made up of lines of the other semi-quadric. 
Specializations of the forms of the directrices are: 


(a) a double line and a quartic; 

(8) a conic and a double conic; 

(y) a conic and a fourfold line ; 

(6) a twofold line and a double conic ; 

(e) a twofold line and a fourfold line, already considered. 


(a.) A double line and a unicursal quartic generate a sextic scroll having a 
double directrix and a residual nodal curve of order 9; there may be one 
or two double generators. These types have already been considered (XIX, 
XX, XXI). 

When 6 cuts ¢, it counts for a triple line, and the residual curve is of order 
7; this is type XLV, it is distinct from XXIII, as the line 6 was triple directrix 
there may be one double generator, type XLVI, or two, type XLVII; the 
residual curve must cut 3 in three points. 

When 6 cuts c, in a double point, it counts for a nodal curve of order 6, and 
the residue is a quartic cutting § three times; type XLVIII. Hach generator 
cuts the quartic once. The configuration of double curves is the same as in XIV, 
but the types are essentially distinct, as 6 is a double generator. There may be 
a double generator, XLIX. The residue is now a cubic or two double genera- 
tors and a conic, cutting d once. Type L. 

The last two are distinct types (compare XV, XVI). When 4 passes through 
a triple point on ¢,, there can be no other nodal line; 6 now counts for a double 
director and a triple generator. It always belongs to one of the types I to XII. 

(8.) A scroll, generated by a (1, 2) correspondence between two conics, has 
a conic and an octic for nodal curves, LI; there may be one double generator, 
type LII, or two, type LIII; lines of higher multiplicity may enter. E. g., 
consider the conics 

w=0; w=y7, «=0, 
Z=Aa, w=0. 


; 


4 
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Then the scroll becomes 
(w + 2? — 2zwy? (w + x)? + = (w + 


The line w+2=0, y=0 isa fourfold directrix and not a generator. The 
line w =0, «= 0 isa double line which is cut by any plane in a tacnode of 
the curve of section. This is type LIV. It differs from XVI by having a tac- 
nodal generator. 

(y.) A scroll may be generated by joining points on a conic to a fourfold 
line by a (1, 1) correspondence. This type has already been considered. Every 
scroll having a fourfold line contains either a double line or a conic section. If 
the line cut the conic, it is a fourfold line and simple generator; there is no 
other nodal line on the scroll. 

(6). A sextic scroll may be generated by a unicursal (2, 2) correspondence 
between a straight line and a conic. The residual curve is of order 7, type LV. 
There may be one double generator and a residual curve of order 6, type LVI. 
In case the line intersects the conic, it is also a double generator; the residual 
must consist of two double generators, as four intersections of an arbitrary gene- 
rator and the nodal curve are already accounted for. This type was found 
before (XVI). 


§6.—Scrolls having Two Double Conics. 


When two conics, which lie in different planes but which have two points of 
intersection, are put in (2, 2) correspondence in such a way that each point of 
intersection is a single self-corresponding point, the lines joining corresponding 
points will be a sextic scroll. Let the conics be 

yor", -=0, w=1, 
a=0, w=1. 


The general form of the correspondence is 
anu + + cr? + daut ev? + fat gu=0. 
The equation of the scroll can be written in the form 


bz—ax—cw (e+c)z—by—dx f eyt+gu 0 

0 bz — ax eyt+gu— fz 
We a” — 2" y 0 0 

0 w 1 0 

0 0 
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The residual curve is of order 5 and is cut by every generator in two points. 
When the surface is unicursal, a double generator exists. The latter is expressed 
by a double point not at (0, 0) nor at (#, ») on the cubic curve in”a,u. The 
plane z= 0 contains the two generators az +cw= 0, ey+gx=0. The plane 
0 contains the generators cy +/z=0, ew+6z=0. This is type LVII. 


When 


— =— andc=e 

g a 

there is a third double conic lying in the plane gx — fz =0 and passing through 
the points (0, 0, 0, 1), (0, 1,0, 0). The residual is now a twisted cubic which 
meets each generator once. Type LVIII. If the new conic touches the plane 
y = 0 or w= 0, the scroll reduces to a quintic and the common tangent plane. 


If e+te=0, f=0, b+ad=0, 


the conic is replaced by a double rectilinear directrix and a double generator. 
There is no other double generator. The equations of the directrix are 


ax=a’y+(e+tag)w, ax+adz=ew. 


The residual is a twisted quartic which cuts every generator once. Type LIX. 
A particular case of these types is when the two conics touch each other; the 
surface mentioned by de la Gournerie* as a factor of a composite form of the 
“ quadrispinale ” of order 8 is the result. 

If c= e=0, the double generator is the line joining the points of intersec- 


tion of the two conics. If, in this case, £ mm = , the third double conic breaks 


up into the double generator and the double rectilinear directrix 
bdz+y+bgw=0, gu=/fe. 


If a sextic scroll has three double conics belonging to an axial pencil, the 
common chord cannot be a double generator. 

When, instead of each point of intersection being a simple self-correspond- 
ing point, one of them is a double element, the surface can have no double gene- 
rators, nor can the surface have a rectilinear directrix. A third conic cannot lie 
in any plane passing through the points of intersection of the first two. Through 
the point (0, 1, 0, 0) pass four generators. 


*** Recherches sur les surfaces réglées,’’ Paris, 1867. See p. 156. 
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If the conics have but one point of intersection, their equations may be 


written 
eu, 2=0, w=1, 


gona’, ema, w= 
and the equation of the correspondence is 
anu? + + + da? + eau + fu? = 0. 


The residual curve is of order 6 and cuts each generator twice. Type LX. The 
surface belongs to a complex if d+ f=0 and the complex becomes special, if 
in addition,e=0. The axis of the complex is defined by 

y=0, be—az+f=0. 


The residual curve is of order 5 and cuts each generator once. Type LXI. 
When x = 0 and a correspondence of the form 


anu + ba? + cau? + dau + ew + fu? = 0 
exists, the conic in x = 0 is a triple conic and the other is a double conic. The 
residual curve is also a conic. It has one point in common with each of the 


given conics, hence the surface belongs to the unicursal (2, 2) family with one 
double element. When d=0 and f.+ 6=0, the third conic lies in the common 


tangent plane of the two given conics at a point of intersection, and touches the 
double conic. Type LXII. 


§7.—Dual of (8, 3) Types. 


Scrolls of the dual of the (3, 3) type may be generated by joining corre- 
sponding points of two twisted cubics or unicursal plane cubics by a (1, 1) corre- 
spondence, making three varieties. In case the scroll contains two plane cubics, 
it counts as a separate type, LXIII. No curve of order less than three can be a 
simple directrix of the scroll. 

A double generator may exist, type LXIV, a triple generator, type LXV. 
The scrolls may also be generated by joining corresponding points of a cubic and 
a unicursal quartic which intersects it in a self-corresponding point, and similarly 
for curves of order 5 or 6. 

One cubic curve may be replaced by a triple line, but this form has already 
been considered; every scroll containing a triple line must also contain a cubic 
curve or another triple line. When the line meets the cubic, it becomes a four- 
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fold line, and the residual curve is of order 4. It is a distinct type, LXVI. A 


double generator may be present, type LXVII, or two; the residual curve becom- 
ing a double conic, LX VIII. 


§8.—Sextic Developables. 


The forms of sextic developables are classified in the doctor dissertation of 
Professor Schwarz* according to characteristics of cuspidal edge and double 
curve. The five possible types are discussed in Salmon’s Geometry, pp. 314-318. 
The general case is a specialization of LX and its dual; two forms appear from 
the latter when one or two inflexional tangents are present. They are most 
easily studied by the methods employed in types XXII to XXIX. The develop- 
ables of order 6 are all unicursal (planar). They will not be included in the fol- 
lowing table. 


§9.— Table of Forms of Unicursal Sextic Scrolls. 


By writing xc” for x distinct curves of order n, each counting as an m-fold 
curve on the scroll, g' as an /-fold generator, any line-symbol with a bar over it 
for coincident tangent planes and [c,] for a plane cubic, the characteristics of 
the scrolls obtained may be expressed as follows: 


I. (+9), XV. 
III. (e+ 29°), XVI. cf +44 29’, 
IV. XVII. + 39’, 

V. (d+ 49°), XVII. cf cy + 39’, 
VI. + 297), XIX. Gd+c,, 

VIL. +93), XX. 
VII. (ce +’), XXI. 29’, 
IX. +9), XXII. Cio, 

XXII 

XI. (d+ 9‘), XXIV. G+e4+ 9’, 
XII. (ci +), XXV. 29’, 
XIII. ig. 4, XXVI. 3c} + 4g’, 


* ‘‘ De superficiebus in planum explicabilibus primorum septem ordinum.’’ Crelle, Vol. 


i 
i 
‘ 
| 
‘ 
‘ 
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XXVITI. 
XXVIII. 
XXIX. 
XXX. 
XXXII, 
XXXII. 
XXXII. 
XXXIV. 
XXXV. 


XXXVI. 
XXXVII. 
XXXVIII. 


XX XIX. 
XL. 


XLI. 
XLII. 
XLII. 
XLIV. 
XLV. 
XLVI. 
XLVII. 
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9", 
+ 
Cio + cl, 

(i +9) +4. 
4, 


(i+ g9)+4+ [a], 


(a+ 9) + 
(i+ 9)+4, 
+c, 
(ct + 9°) + 2¢5, 
(i + 9) +4, 
(4+ 9°) +, 
(+9) +4, 
(a + 9°) + [4], 
Go + 
Stat gy’, 
+ 2y’, 
+4, 
(i+g+at+,’, 


(cj +g) 29”, 


CORNELL UNIVERSITY, Dec., 1901. 


XLVITI. 
XLIX. 


LXII. 


LXIII. 
LXIV. 
LXV. 
LXVI. 
LXVII. 
LXVIII. 


(a+ 9’) + 4, 
i+P)+G+ 9°, 
(i +9) +4 29’, 
Gtatg’, 

+ 29’, 
29°, 
+ 

+ 9, 
265 + 

cio + [ 2c3] 

24+ 9’, 

+ [25], 
(ci + 9°) + 29’. 


L. 
LI. 

LIL. 

LITI. 
LIV. 

LV. 

LVI. 

LVII. 

LIX. 

LX. 


On the Forms of Sextic Scrolls of Genus One. 


By SNYDER. 


1. The following theorems, which were established in my previous paper 
on unicursal sextic scrolls, will be made use of: 


(1.) The complete nodal curve is of order 9. 

(2.) Every generator cuts four others. 

(3.) Every curve lying on the surface and such that a single generator passes 
through each point is of genus 1. 


The method employed throughout will be that of algebraic correspondence 
between the points of two curves. If both curves are unicursal, the correspond- 
ence must be elliptic; if the curves are elliptic, the correspondence must be 
rational. 


§1.— General Form and (3, 3) Correspondence. 


2. The general sextic scroll of genus 1 can be obtained by joining corre- 
sponding points of two binodal quartic curves by means of straight lines. The 
quartics must have the same characteristic and must intersect in two points 
which are self-corresponding in the (1, 1) relation connecting the points of the 
two curves, Varieties exist according as two, one or no plane exists containing 
three generators. 

The equations may be written in the form 


% Fe. * 
A, 9 (u) + Big! (u) 
Cp(u) + Deu)’ 


with similar expressions for y,, 2; having the same denominator. 


in which %=(u), 


This is type I. 


= 
— 
— 
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The planes of the two directrix curves may intersect in a double generator. 
The residual nodal curve is now of order 8; it has a triple point lying on the 


double generator. Type II. 


3. The line of intersection may be a triple generator. The nodal curve 
must now break up into two triple lines since any plane section which passes 
through the triple generator cuts a non-singular cubic from the surface, hence 
it cannot meet the nodal curve except on the triple generator. Two cases exist 
according as the directrices are skew or coincident. The general equation of the 


first type is 
(x,y) + (x, y) + (x, y) + = 0, 


type III, and of the second is 
xs (x, y) + (x, y)(y2 — + xp, (x, y)(y2 — axw)’ + b (yz—axw) = 0, 


type IV. The line x= 0, z=0 is the triple generator in each case. 

These two surfaces can be most easily generated as follows: Consider a line 
x —=0,y=0 and a non-singular cubic curve c;=0 lying in the plane z=0. 
Let a pencil of lines in z =0, whose vertex is not on ¢c;, be made projective with 
the points of the line. Any line of the pencil will cut c, in three points. Con- 
nect each of these points with the point on the directrix which corresponds to 
the given line of the pencil. The connecting lines will generate a sextic scroll 
having the line aw, y for triple directrix and contained in a linear congruence. 
When the vertex of the pencil is at the point in which the directrix cuts the 
plane of the cubic, the congruence becomes special. These surfaces contain an 
infinite number of non-singular cubic curves, all of which can be cut from the 


same cone. 


4, A more general correspondence may be established as follows: Let a 
series of conics be passed through four fixed basis points, three of which lie on 
the cubic. The equation of the pencil will be cu+%,—=0. Any conic of the 
pencil will cut the cubic in three points besides the basis points. Connect each 
of these three points with the point x=0, y=0, z=u by means of straight 
lines. The resulting sextic scroll will have the line z, y for triple directrix. 
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The residual nodal curve is of order 6; it cuts the triple line 3 times. Each 
generator cuts the sextic in two points.* Type V. 

When two points of intersection of the cubic and a conic are collinear with 
the origin and the correspondence is such that this conic is associated with the 
origin, a double generator exists. The nodal curve is now a quintic which Sal- 
mon has called of the first kind. It intersects the triple directrix twice and the 
double generator three times. Type VI. 


5. Finally, by making a similar correspondence between the points of a line 
and those of a binodal quartic curve, a scroll can be defined having two double 
generators. The residual nodal curve is a quartic of the second kind which cuts 
the triple directrix in one point. Type VII. 


6. Two more types, analogous to III and IV, can be obtained by setting 
up an elliptic (8, 3) correspondence between the points of two straight lines 


which may be skew or coincident. = 24 and «= = , then = 0 


must have three finite double elements. If 7= 2, — = then 


3 
Zz ¢—2, (4) u” = 0 must have three finite double elements. The former is type 
=0 


VIII and the latter is type IX. 


§2.—Scrolls containing a Multiple Conie. 


7. Let a conic and a line which intersects it in one point be put in (3, 2) 
correspondence in such a way that the point of intersection is a self-correspond- 
ing double element. 

Let the equations of the line be 

x=0, y=0, 


and of the conic 


* This curve is the cuspidal edge of the planar developable at* + bt? +...=0, in whicha,b,... 
are linear functions of x, y, z. See Salmon’s “‘ Geometry,’’ p. 296. 


+ 
A 
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A generator is then defined by 


from which 
yw— x 
The most general relation between 4 and u of the form defined is 
Nfs + + WA (u) = 0, 
from which, after removing the factor y’, 
Ss (yz, yo x”) + (yz, yw — 2x”) + (yz, yw— 2”) = 0, 
which is the general equation of the surface. Since the point of intersection, 
regarded as a point on the conic, has one non-coincident corresponding point on 
the line, the latter is a simple generator and double directrix. The triple line 
and the triple conic make up the whole nodal curve. Type X. 
If the curve and the line be put in (3, 3) correspondence having the point 
of intersection for a self-corresponding triple point, the line will be a triple 
directrix but not a generator. The equation is 


(u) + (u) + + au? = 0, 
or, after removing the factor y’, 
(y2, x") + (yz, yw — x”) + (yz, yw — x”) + = 0. 
Type XI. These are the only forms having triple conics. 


8. The next series is that in which the conic is double and the line multiple. 
Suppose 2, uw have the same meaning as above and the correspondence be (2, 2). 
The form of the equation is 

(x,y) + (yo — 2") y) + (yo — (a, y) 

The line x, y is a double generator and a double directrix. Any plane through 
it will contain two other generators which intersect on the double conic. The 
residual nodal line is an additional double generator lying in the tangent plane 
through the fourfold line and consecutive to the latter. Any plane section of the 
surface cuts from the nodal line a fourfold point which counts as seven double 
points. It is a tacnode with two simple branches passing through it in different 
directions. Type XII. 
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If the correspondence be (2, 3) with a double element, the form of the equa- 

tion is 
(A) + (A) + Adz (4) = 0, 

in which fj, fo, p, are restricted so that a double element exists. In particular, 
if p, is of the form wu? and wu is a factor of f,, the double generator lies in the 
plane of the conic. 

The triple directrix counts as single generator. The fourfold line, the 
double conic and the double generator make up the whole nodal curve. The 
equation is 


(x,y) + yh y) oi y) (yw — + (yo —2*) (x, y) = 0. Type XIII. 


Let there be (2, 4) correspondence between the points of the conic and the 
straight line such that the point of intersection is a self-corresponding double 
element and having one other double element. The directrix is now fourfold 
and is not a generator. In particular, if the nodal generator lie in the plane of 
the double conic, the equation is of the form 
(x, y) +2 (aw y) + (aw — oi y) = 0. Type XIV. 

It will be observed that the last three equations are all of the same type ; 
the scrolls, however, are essentially different. In XII, two generators issue from 
each point of the directrix, and for two different points one of the generators coin- 
cides with the directrix; in XIII, three generators issue from each point and 
only one generator coincides with the directrix ; finally, in XIV, four generators 
issue from each point, and none of them coincides with the directrix. These 
are the only types having a double conic and a multiple directrix which inter- 
sects it. 


9. Consider a (2, 2) correspondence between the points of a conic and of a 
line which does not intersect it. Let the equations of the conic be 


y=, z=0 


a 
and of the line z=0, y=0, 4= 4h. 
The equations of the line joining @ to u give 


12 
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Substitute these values in a general (2, 2) correspondence between a, u. The 
result may be written in the form 


(x, 2, w) + (x, 2, y+ any’) = xy (n(x, y, w) + yA (a, 2, 
from which the residual curve of order 6 is directly evident. The sextic cuts the 


double directrix twice and the conic twice. Each generator cuts the sextic twice. 


Type XV. 

When the values of 4 which correspond to u = 0 give points on the conic 
which are collinear with the origin the line joining these points is a double gen- 
erator. The residual quintic curve cuts the double directrix but once. The 
expression for the (2, 2) correspondence is now of the form 


2 (4) + fo(A)u + =0, 
from which the equations of the surface and of the nodal quintic can be at once 
obtained. Type XVI. 


10. Two conics lying in different planes but having two points of intersec- 
tion, generate a sextic scroll when put in (2, 2) correspondence with each point 
of intersection as a single self-corresponding point. 

Let the equations of the conics be 

em, 0, 
e=0, yor, 2=A. 


The equations of the line joining the point 4 to the point u are 
AX = UA— KY — KAZ = UD. 
The parameters 4, u are connected by the relation 


aur + bur? + ca? + du? + eura + 7A + gu=0. 
By writing 
ba —axz=h, x2 =f, 
ax’zy — Ixbay + cx” + — exxz = dr, 
— + ex*yz— fuxz + =a, 


the equation of the scroll may be expressed by the vanishing of a determinant, 


yu 
al, 
Jo O 
cw fo 
0 


0 
0 
w 0 |=0, 
0 Q 
0 xX 
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which still contains the extraneous factor 2°. The residual curve is of order 5 
and is cut by every generator twice. A multiple generator cannot appear. 
Type XVII. 

The double quintic may break up into a quartic and a double directrix line. 
For, express the condition that any generator should cut a given line. The 
resultant is a (2, 2) correspondence between 4, u of the kind here treated, but 
with restricted coefficients. The quartic curve cuts the double directrix in two 
points and every generator cuts it in one point. The scroll may be defined as 
generated by all the common secants of the line and the two conics. The quartic 
curve cannot further degrade, for, if a double generator appeared, the scroll 
would be unicursal; if a second directrix line were present, the scroll would 
belong to a linear congruence and consequently have no nodal curve. Type 
XVIII. 

The scroll may have a third double conic, which may be determined as fol- 
lows: Suppose Ax + By + Cz =0 is the plane of the new conic, which latter 
will also pass through the origin. Solve for the point in which a variable gene- 
rator cuts this plane, 


— Au (xC + xBa) y= 

u(uB + xA)—A(xC + xBa)’ 
Now, consider any quadric surface, with undetermined coefficients, which passes 
through the origin ; impose the condition that the point just found also lies on 
this surface. 

There are condition equations to solve for the unknowns linearly, and put- 
ting the values found for the coefficients in the relation between 1, uw, it becomes 
a (2, 2) correspondence of the kind here needed and not having a double ele- 
ment, hence the new conic is double. 

The residual nodal curve is a cubic which is cut once by every generator. 
It cannot further degrade. Ifa double directrix line exists, the possibility of a 
third nodal conic is excluded. The surface may be generated by the common 
secants of three conics, all of which pass through one point and each pair having 
one further point common. Type XIX. 


10. A sextic scroll exists having a double conic and a residual curve of 
order 7, which is cut in three points by each generator. Take a binodal quartic 
inz= 0. 


a 
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y, w) = (aa? + baw + cw’) 
+ (ala? + Daw + cw’) yw + + + = 0, 
and a pencil of conics ¢, + x, =0 passing through the two nodes and two other 


fixed points of the quartic. 

Make the conics of the pencil projective with the points of the conic a = 0, 
yz = w” such that the nodes, considered as points on the new conic correspond to 
conics of the pencil which touch one of the branches of the quartic at the respec- 
tive node. The lines joining corresponding points will generate a scroll of the 
type desired. Type XX. 


§3.— General (2, 4) Correspondence. 
11. In No. 10, if the conic x = 0, yz = w* be replaced by the range 


x=—0, y=0, 2=xw, 


the line will be a double directrix. The residual curve is of order 8 which cuts 
the double directrix twice and each generator three times. The equation can 
be written directly by eliminating z,, y, x, w, between the equations 

= (1s wi) =0, Po (1, Ws) + Wi) = 0, 

1 x 

and dividing out six extraneous linear factors z? = 0, y* =0 and the first mem- 
bers of the equations of the planes containing the line x, y and one or the other 
of the basis points of the pencil of conics. Type XXI. 

If c’! = 0, the quartic intersects the multiple directrix which now becomes a 
triple line composed of a double directrix and single generator. The residual 
curve is a sextic which cuts the triple line three times and every other generator 
twice. Type XXII. 

Suppose now that the line be 

w=0, 2=xy. 


Then it becomes a double directrix and double generator. The residual curve is 
a twisted cubic which cuts the multiple directrix twice but every other generator 
once. The scroll may be generated by lines joining points of a (2, 2) corre- 
spondence between a twisted cubic and one of its double secants, the points of 
intersection both being simple self-corresponding elements. Type XXIII. 
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Now, let one of the basis points of the pencil of conics be taken off the 
quartic. The line x, y will become a triple directrix. Let the conic which is 
tangent to one of the branches at the node correspond to the same point on the 
directrix. The latter is triple directrix and simple generator. The residual 
nodal curve is a twisted cubic which cuts the multiple line twice and every other 
generator once. Type XXIV. This form can be generated by means of a (2, 3) 
correspondence between a twisted cubic and a double secant, one point of inter- 
section being doubly self-corresponding, the other simply. 

Now, suppose the quartic to have a cusp at x, w. Let the pencil of conics 
have two basis points not on the quartic, and let the conic which touches the 
cuspidal tangent at the cusp correspond to the same point on the directrix. The 
latter becomes a fourfold directrix and the residual curve is a twisted cubic cut- 
ting the directrix and each generator once. The surface may be generated by 
means of a (2, 4) correspondence between a twisted cubic and one of its double 
secants, the points of intersection both being self-corresponding double points. 
Type XXV. 

An illustration is furnished by the curve 


e=a(a—1), y= 
and the line c= 0, y= 0, 
From the equations of the line joining the point u to the point 4 one obtains 


— — ¥ (x'+ —2)) 


The (2, 2) correspondence between A, « must be satisfied by (0, 0) and by (1, 1); 
similar restrictions exist for the other forms. 


12. If, in forms XXI to XXV, the correspondence were established by 
means of a pencil of lines instead of conics, a double generator would exist. Let 
the quartic be defined as in No. 10 and the points on the lines 2, y be projec- 
tively associated with the lines 

2=0, «+uw=0, 


wherein 
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The elimination of x gives 
ay’ut + (by? + a’zy) + (cy? + Vay + + + u = 0, 
(yz — aw) uw’? + (62 +ax— Bw) ut+ Cx =0. 
The factor x can be removed from the w eliminant, the other factor of which 
defines the surface. 

The line y =0, yz —aw = 0, corresponding to the line joining the two 
nodes, is a double generator. The residual nodal curve is of order 7, it cuts the 
double directrix once and each generator three times. Type XXVI. 

When c’=0, the quartic intersects the multiple directrix, which now 
becomes a simple generator. The residual curve is a quintic which cuts the 
multiple directrix twice and each generator twice. Type XXVII. 

If, in the general case (c’ = 0) @ = 0, the line 


yz—aw=0, 


is a fourfold directrix; the residual nodal curve is composed of the two double 
generators x= 0,z2=0; y=0, yz—aw=0. This is the most general elliptic 
(2, 4) scroll which is contained in a linear congruence. The equation may be 
more easily written in the form 


F(a‘, w’) = 0, 


in which / has two finite double points.* Type XXVIII. 
If the two directrices coincide, the equation may be written, if now A 


_ £2 — ayw 


@ (A, =>) (A) 0, 


r=0 


and @ has two finite double points. Type XXIX. 


§4.—Scrolls having a Plane Double Cubic. 


13. Consider a nodal cubic and a straight line passing through the node but 
not lying in the plane of the cubic. Let their points, which can be rationally 


* See Journal, Vol. XXIII, p. 166, and Bulletin American Math. Society, Vol. 5, p. 343. 


3 
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expressed in terms of parameters, be put in (2, 2) correspondence in such a way 
that both values of 4 defining the node of the cubic correspond to the same point 
regarded as a point on the line. 
Let z=0, aryw + /, (x, y) =0 be the equations of the cubic, and z=0, 
y = 0 be those of the line. Then 
axyZ 


are to be put in (2, 2) correspondence of the form 
+ (A)u + = 0, 
which gives for the equation of the surface 
Sa (x, y) + (x, y) az (axyw + fa (x, y)) +x (aayw + fe y) 


The line x, y is a double directrix and a double generator, two other generators 
passing through each point. The fourfold line and the nodal cubic constitute 
the whole of the double curve. Type XXX. 

Now, consider a (3, 2) correspondence between the same elements which is 
restricted to the form 


3 (A) + Aug, (A) + = 0. 


The equation of the surface is 


(x, y) + (a, y(axyw + f(x, y)) +x (axyw + fy (x, y) 

This only differs from the preceding case in the form of @;; the previous type is 
derived from this one when the coefficient of x* is zero. The configuration of 
nodal lines is the same in the two cases, but the latter is an essentially different 
type, because three generators distinct from the line itself issue from each point 
of the multiple directrix. The fourfold line is now triple directrix and simple 
generator. Type XXXI. 

If, finally, 4, « be connected by a (4, 2) correspondence of the restricted 


form 
(A) Aud, (A) + = 0 


the equation of the surface becomes 
(a, y) + (x, y)(axyw + fs (x, y)) +x (acyw + fy (x, y)P =0. 

In this case four generators issue from each point of the multiple directrix which 

is itself not a generator. Type XXXII. 
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ax*z 
ax'w + fs (x, y) 
which it meets the directrix line. 


Ifu= , the plane double cubic has a cusp at the point in 


§5.— Table of Forms of Double Curves. 


XVII. 24 &. 
Il. 9’. XVIII. @+ 224+. 
IIT. 2d? + XIX. 3c; + (skew). 
IV. @®=d" + g. XX. G+ dc. 
V. XXI, #+ 4. 
VI. XXII. c+ (d’, g). 
VIL + 29’. XXIII. c§ (skew) + (d’, g’). 
VIII. 2d? + 39’. XXIV. cj (skew) + g). 
IX. #@=d" + XXV. c (skew) + d‘. 
X. (ad, 9). XXVI. G+d’+ 9’. 
XI. XXVII. (ad, 9). 
XII. + 9? + (d’, g’) (tacnodal). XXVIII. d*+ 
XIII. &+ 9°+ (d, 9). XXIX. d!=(d’, g’) + 29’. 
XIV. XXX. (d’, + (plane). 
XV. XXXI. g) + c (plane). 
XVI. XXXII. + cj (plane). 


CORNELL UNIVERSITY, June, 1902. 
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Note on Symmetric Functions. 


By E. D. Ros, JR. 


In this paper new proofs and more definite formulations of two previous 
theorems are given. The following notation is introduced : 


ait 
ait 
az, 
AM at = ja, 2; 


Az, —m+1 %z,—m+1 Ay —m+1 


‘ = the coefficient of a, a), + Gp, (3) 
oft, .... & in AGS, 


Pm 


§1.— Theorem I. 


The product of a symmetric function Zatiat:.... ah by the alternant 
|0, 1, 2,.... m—1| is obtained by adding the p’s in all possible permutations 
to the exponents of the columns of the alternant written as a determinant in 
which each line contains the powers of a single letter, thus giving the product in 
the general case as the sum of m! alternants. 


* These subscript indices are abbreviations; written in full, they would contain all the 7’s and all 
the x’s respectively. For restrictions upon these and other notations, see §7. + Ibid. 


13 


aa 
| 5 
| | 
| 
t 
4 
| 
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§2.—Proofs of Theorem I. 


1. Muir has covered this theorem in proving a similar proposition for the 
product of the alternant |¢,¢,..-- | and the preceding symmetric function 
from considerations of symmetry, and the fact that the product as a whole must 
be an alternating function.* 


2. The writer has also given a proof, based on substitutions, in which it is 
shown that the substitutions, 

when applied to the straightforward multiplication of the alternant and sym- 
metric function, and that demanded by the theorem respectively, give the same 
term, and hence give the required (m!)? terms identically the same.f This 
proof would apply without change if the alternant |g, q. .--- n| had been used. 


3. Professor W. H. Metzler has suggested the following proof: If we multi- 
ply the alternant .--- by s, we get, from a well- 
known theorem in determinants, 


(aft ON) X Im 


As every symmetric function of the roots can be expressed as a function of 


8), 8, ++++ Sm, the symmetric function Saf af? .... ah", by which we are to mul- 
tiply our alternant, can be expressed as 


Now, from the known properties of the coefficients in $,{f it is easily seen 
that in the product of our alternant by 9, every alternant of the form 


* Muir, ‘‘ Determinants.’’ 1882, p. 176, §129. 

+ American Mathematical Monthly, Vol. 6 (1899), p. 25. The author there attributed theorems I 
and II to Professor Gordan. Professor Metzler has kindly called the writer’s attention to the reference 
to Muir, from which it appears that Muir has the priority of publication as far at least as theorem I is 
concerned. It may, however, be added that in arecent letter Professor Gordan states he has used the 
two theorems for the last thirty years. 

¢ For the exact form of the A’s, see Fad di Bruno, ‘‘ Binére Formen,’’ p. 8, or Am. Math. Monthly, 
Vol. 5 (1898), p. 164, or Vol. 7 (1900), p. 66. 
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191 + Ym Where x, %,.--- are not some permuta- 
tion of the p’s, will have zero as coefficient. 


§3.— Theorem II. 


From theorem I another may be obtained by eliminating the a’s in the right 
member, interpreted as the roots of 


(x) = + + .... +a,=0, (6) 
by means of the theorem of corresponding matrices,* which expresses the sym- 
metric function ajSai'a}? .... a2", as a sum of determinants of the n* order in 


the a’s.t This we shall call theorem II.{ The developments of the next section 
show, however, that theorem II can be proved independently of theorem I, and that 
theorem I can be made to depend upon theorem IT. 


§4.—More Exact Formulation of Theorems I and IL. 


In order to throw out the numerous permutations which occur in the pre- 
ceding proofs, i. e. in order to deal with combinations only instead of permutations, 
and to define the coefficient of any one alternant in the a’s or determinant in 
the a’s, according as theorem I or theorem II is desired, the following method 
may be used: 


If bya"? + + bn; (7) 


then of the matrices 


a An O 0 
0 0 Ay Am 

b b, 0 

| = B, m lines, (9) 
0 0 by b, 

1 

= C, mlines, (10) 


* Gordan, ‘‘ Invariantentheorie,’’ Vol. 1, p. 95. 
t Am. Math. Monthly, Vol. 6 (1899), p. 2. 
{ In the writer’s former paper (1. c.) both theorems were treated practically as one. 
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is the Sylvestrian determinant 


A and C are corresponding matrices, and Ie 
resultant of fand ¢@. By Laplace’s development, 


A 


By the theorem of corresponding matrices, 


AMa = (— 1)*aDa, (12) 
whencet 


In each determinant A™,_,;_,6 we may pick out the term containing 
bn—p, On—p, +++ On—yp » and we may thus rearrange our sum with reference to 


terms of this form and write 


m+n—1—i,) 

Again, 

Ry, ¢ = (Boat + + .. + .. .. 1+ 


By equating the coefficients of b,_ », dn», ---- On—y, in both developments of tha 
resultant, we have 


ak .... ay 


By corresponding matrices, 


=A|\m—1, m—2,.... 1, (17) 
also, we have 
m (m—1) 
|m—1, m—2,....1,0|=(—1) |0,1, 2,....m—1]; (18) 
* The subscript complexes of indices 2 and i together make up all the indices 0, 1, 2,...m+n—l, 


i. e. these determinants contain no pair of corresponding columns from the two matrices. Also any a, 
with an index less than 0 or greater than m, is zero; similarly for the b’s. See 27. 
t Compare Gordan, ‘‘ Invariantentheorie,”’ Vol. 1, p. 184. 
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similarly with |tn%m_—,---- %|; and we have in succession 
; 


Um Y 


by taking first the complements of the indices with respect to n and then double 
transpositions of the elements of the determinant 


b; —m+1°°°° 


oe ee ee ee ee eee 


Using in (16) the values obtained in (17), (18) and (19), we have, as the expres- 
sion of theorem I, 


1. |0, 1, 2,.... m—1| Saf! ... age Pal (20) 
rere 


By using the theorem of corresponding matrices in (16), or by directly expanding 
(11) after the manner of (14), we obtain the expression for theorem II, 


which expresses a symmetric function of the a’s homogeneously as a sum of deter- 
minants of the a’s of the n™ order. 


§5.—The Coefficients ( U2 in Terms of the Coefficients Ps 


If we expand the right member of (21) and collect the coefficient of the 


term a,,@,, ---- ,, which we denote by ( according to nota- 
tion previously used elsewhere,f we have, since we shall show in §7 that wu is 


* The author’s dissertation, ‘‘ Die Entwickelung der Sylvester’schen Determinante nach Normal- 
Formen.”’ Leipzig, B. G. Teubner, 1898, pp. 4 and 39, and Am. Math. Monthly, Vol. 6 (1899), pp. 55, 
57, 104 et seq. t Ibid. 
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constant and equal to p, + po+.--+ Dm, 


De Du 


te Um 


Hence (21) becomes 


1 


0" Po Dn 
dy Um Um+1 Uman 


§6.— The Coefficients 9192 ---+ Py N— Py in Terms of the 
Coefficients 


be Um 


If we substitute the value of the symmetric function, as given by (21), in 
the development of the resultant as expressed by (15), and collect the coefficient 
Of Ay, Ag, «+++ On—y,On—p, Which has also been previously denoted 


elsewherey by 9,9 - +++ Py — Pn, We have 


91% 


and, by using this value, (15) becomes 


§7.— Restrictive Relations. 


The foregoing summations are restricted by the following conditions on the 
indices and exponents. For (20) and (21) :t 


* The author's dissertation, ‘‘ Die Entwickelung der Sylvester’schen Determinante nach Normal- 
Formen.”’ Leipzig. B. G. Teubner, 1898, pp. 4 and 39, and Am. Math. Monthly, Vol. 6 (1899), pp. 55, 


57, 104 et seq. + Ibid. 
For (22) and (28) qi Pm, and for (23) mn>p,+p,+... pm >0. 


q 
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N> = poz = Pm = 9, (26) 
>%-1>.---- >420, (27) 


2 


tm +1) Im42>++++ Im4n are the indices of the elements of the first line of the deter- 
minant corresponding to |?,7,_;.---%|. The distinction of a and 6 may be 
dropped in (20) and (21) and then with respect to 


’ An 44 = 9; 


with respect to 


An +i = 0. (30) 
Since the sum of the indices 0, 1, 2,....m-+mn—1, each increased by 1 is 
= (by (29)) (31) 
Now 
(tng $1) —14+ 1) —2..-- (im4n+1)—n 
= tna it eave (32) 
or by (81) and (32), 
A= Py + Pet ---- (33) 


§8.—The Calculation of the Coefficient 
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A recurrence formula for the calculation of ic aco P 3 is already 
involved in the nature of the coefficient as expressed. If r numbers be common 
to the two series p,, P2, Pm and %, tg, tm, 80 that 
%, = Pay 
| (34) 
= Pr,» 
we have, by expanding the determinant {7,7 ....%,} in terms of the elements 


of the first line, 


a coefficient of order m, expressed as a sum of several of order m—1. If no 
numbers of the two series are common, the coefficient is zero. If a lower index 
becomes negative, the coefficient is also zero. The order of the upper indices is 


indifferent for calculation. It is obvious that { 5 = 1. 


§9.—Examples. 
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Since, by (31) and (33), the equation 

exists, or 

i. e., since the sum of the principal diagonal indices of the determinant 
Sim 41%m42++++%m4nt 18 equal to the weight of the symmetric function, a fact 
which we also know otherwise from general theory, it is best in practice to 
form the different sets of principal diagonal indices of the determinants 
{tn +1%m42++++ Im4nf$ first, as these are the sets most easily formed; by the 
addition of 0, 1, 2, ....™— 1 respectively to these, we get the first line indices ; 
we take next the complements of these with respect to m+-n —1, and lastly, the 
remaining indices of the set 0, 1, 2.... m+mn—1, not found among the com- 
plements for the indices of the alternants, and lastly, write these indices under 
the indices of the symmetric function for the coefficient of the alternant and 
determinant when wu is even, but the negative of this coefficient for the coefficient 
of the determinant when uw is odd. It is also necessary to take m = wu in order 
to get a general result, while m is taken as the order of the symmetric function. 


6. It is required to find |01234|Sajaj} and ajSazaj. We have the follow- 
ing calculation : 


18. 
Aer Ag tl, Agt2|A—(m + n—1) 
005 017 067 12345 ad 
014 026 157 02346 iden 
113 125 256 01347 heings! 
122 134 346 01257 
023 035 247 01356 eer 
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The calculation of the coefficients follows: 
0°23) _ 0°3 072) 0°3 +{ 
_ 0° 02) 
0°2 (02 
01347 0236 125 
0°23 0°23 023 
}= 035 24 


01257 0146 
02 
03 = 


0°23 0°23 


0723) § 0°23) (023) __ 
01356) (0245) (134) 
By substituting the values of the preceding coefficients, we have, as the results 
of the calculation, and as illustrations of theorems I and II (Formulas (20) 


and (21)), 
| 01234 | Sa} a? = — 2| 12345] + 2|02346 | —|01347| + |01257|— | 01356 |, 


A a O 
a 0 |— 210 
0 O a; 
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The Double-six Configuration Connected with the Cubic 
Surface, and a Related Group of Cremona 
Transformations.* 


By Epwarp KASNER. 


The double-six configuration, consisting of two sets of six lines each so 
related that any line of either set intersects all except a corresponding line of 
the other set, first presented itself to Schlaefli + in the study of the twenty-seven 
lines upon the cubic surface. In this paper the configuration is investigated in 
itself, i. e., independently of the cubic surface determined by it, the latter being 
introduced only incidentally in the final section. The starting point is the 
theory of five collinear lines. Denoting these by Z,, Z,, Z;, Z,, Z; and their 
common tractor by M,, then each quadruple as Z,, Z;, Z,, LZ, has (in addition 
to a proper tractor as thus, five new lines M,, M,, M,, UM, are 
obtained. That these derived lines are themselves collinear, having a common 
tractor Z,, was observed incidentally by Schlaeflit and verified by Cayley || The 
proof given in §4 is direct and simple. The twelve lines Z,;, M@,, form a double- 

The relations between the anharmonic ratios of the thirty points P,, and 


* Read in different form before the American Mathematical Society, February 23, 1901. 

+ ‘‘ An attempt to determine the twenty-seven lines upon a surface of third order, and to divide 
such surfaces into species in reference to the reality of the lines upon the surface ” (Quarterly Journal 
of Mathematics, Vol. II, 1858, pp. 55-65, 110-120). 3L. c., p. 117. 

| ‘* On the Double.Sixers of a Cubic Surface ”’ (Collected Papers, Vol. VII, pp. 316-330 ; Quarterly 
Journal of Mathematics, Vol. X, 1870, pp. 58-71). Cf. also ‘‘On Dr.Wiener’s Model of a Cubic Surface 
with 27 Real Lines; and on the Construction of a Double-Sixer” (Collected Papers, Vol. VIII, pp, 366- 
384 ; Cambridge Philosophical Transactions, Vol. XII, Part I, 1873, pp. 366-383). 
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thirty planes II,,,* determined by the twelve lines, are discussed in §6; all the ratios 
are expressible rationally in terms of a fundamental set of four (§7). The Cremona 
group discussed in §8 arises from the transformations which are induced in the 
fundamental set by permutations of the lines. In §§9, 10, certain results 
concerning the double-six and the general cubic surface due to Schur} and 
Reye} are presented from a more simple point of view by employing the rela- 


tions between the anharmonic ratios. 


§1.— The Coordinate System. The quintuple§ of collinear lines contains 19 
arbitrary constants; but, by properly choosing the system of coordinates, these 
may be reduced to four projectively essential constants. For this purpose take, 
as the tundamental tetrahedron of the system, that determined by the points 
P.;, Py, Po, Py, 80 that the coordinates of these points are 


1, 0, 0, 0; 0, 1, 0, 0; 0,0, 1,0; 0,0, 0,1 


respectively. The unit point is still at our disposal and may be chosen so as to 
satisfy any three conditions. Since P;, is collinear with P,; and P,,, its coordi- 
nates are of the form x, x2, 0, 0;.and similarly, those of P,) are of the form 
0, 0, x3, a,. If, then, we take the coordinates of these points to be 1, 1, 0, 0 
and 0, 0,1, 1 respectively, we, in effect, impose only two conditions upon the 
unit point. Consider, finally, the plane determined by the line JZ, and by the 
point of intersection of the line Z, and the plane II,,; its coordinates are of the 
form u,, 0, us, 0, so that if we take these to be 1, 0, —1, 0 we impose a third 
condition upon the unit point. The system of coordinates is now completely 


determined. 


§2.— The Five L Lines. The four constants which are necessary for the 
representation of the quintuple may be introduced as follows: The points 


* P,, is the point of intersection of the lines L,, M,; Uy is the plane of the same line. 
+ ‘* Ueber die durch collineare Grundgebilde erzeugten Curven und Flaichen ’’ (Mathematische 


Annalen, Vol. 18, 1881, pp. 1-32). 
‘‘ Beziehung der allgemeinen Flache dritter Ordnung zu einer covarianten Fliche dritter Classe ’’ 


(Mathematische Annalen, Vol. 55, 1901, pp. 257-264). 
§ It is assumed throughout the paper that of the five lines constituting the collinear quintuple, no 


two intersect, and no four have a double tractor, so that the hyperboloid determined by any three does 


not touch either of the remaining lines. 
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P49, Ps, Pys lie on the sides of the fundamental tetrahedron, so that each is rep- 
resentable in terms of a single parameter; the coordinates are of the form 
0, 0, 1,2; 0, 9,1, m; 1,4, 0, 0 respectively. The point of intersection of L, 
and II,; lies in the planes 2,2; = 0 and 2,=0, so that its coordinates are of 
the form 1, u, 1, 0. 

The four constants 7, m,A,«u may be interpreted very simply as anhar- 
monic ratios. The coordinates of the five points of the line M and of the five 
planes through JY are found to be 


Py: 000 5; Tio: 0 0 0;) 
Py: 0 0 1 0; 0 1 0 
@ @ 1 8; 1 @ (1) 
098 0 1 1 0 0;J 


from which follow the required interpretations : 


(Pr; Pr, Py, Po); A= (ho, Igo, TI yo); 
m= (Pi, Po», Ps, Peo), = Ty, 39, Tso): 

The six homogeneous coordinates of each of the lines L,, L,, L;, Ly, LZ; may 

now be calculated, since upon each we have two known points. Thus the line 

LI, passes through the points P,, and P,,; its coordinates are then the minors of 


the array 


124 0 0 
0017] 
or Pre: Pris: Pu Px 


The table of coordinates is as follows: 


© @ @ 1 0) 
0 1 0 0 0 
&: 0 1 1 (2) 
L;: 0 1 m m —mu J 


The coordinates of the common tractor M) are 
M: 0 oO 1 0 (3) 
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§3.—The Five M Lines. To exemplify the method, consider the line J, 
which is the tractor proper to the four lines Z,, Z,, Z;, Z;. Hquating the simul- 
taneous invariants of the intersecting lines to 0, we obtain the conditions: 


(1,L,) = ps = 0, 

(U,L,) = py = 0, 

(M,L;) = py + P23 — Pis + Pu = 9; 
= py + + UPu= 0, 


which, with the quadratic identity 


= Pu + Pis Pas + Pos = 9, 
give 
Put Par Pos = (mM — 0:m(m— pu): m?:0:—m(m— 


The coordinates of the remaining lines are found in a similar manner. 


lam? (A—1)(7—1) 
0 — Im(i—1) 


M,: A m(a—l) 


B 0 ma—1) 


2 
C 0 Im 0 — Am 


1 0 0 0 0 


J 


The quantities A, B, C are functions of 7, m, A, uw: 


—A)(m — J), 
B= (1—A)(m — 1) — (1—I(u—A), 
C=Aam — lu. 


(5) 


§4.—Schlaefli’s Theorem. Five linesin general determine a linear complex. 
Let the equation of the linear complex to which ,, M,, M,, M,, M; belong be 


Pye + pis + Drs Pra + Dos + Daz Pez + Des Pos = 9, 


then the coefficients D;,, are proportional to the determinants of the fifth order 
formed from the matrix whose rows are the coordinates of five lines M,, .... , UG. 


| 
r (4) 
M, 
sl 
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After some reduction, these are found to be 


== Drs Id mu Dy Am? AB, 
D3, = (m — uw) ABC, Dy = — mA’, D,; = AB. 


Substituting these values, we find 
Dy Ds, + Diz Dy + Dy = 0, 


i, e., the invariant of the complex vanishes. From a known theorem, then, the 
complex is special, and the lines belonging to it are all collinear. 

The lines M,, M,, M;, M,, M; obtained from five collinear lines L,, L,, L;, 
L,, L; by taking the tractor proper to each set of four of the latter lines are also 
collinear. 

The coordinates of the common tractor L, of the M lines are 


(m—yw)ABC, —mA’, ImAB, 0, B, Am’ AB. (6) 


§$5.—The Double-six Configuration L, M, P, 11. From the original set of 
five collinear lines Z,, Z,, Z,, L,, Z;, there is thus derived a configuration of 
twelve lines Z,, L,, Z;, D;, My, M,, M;, M,, M;. Each Z line inter- 
sects all the M lines except the one whose index is the same, and similarly, each 
M line intersects five of the Z lines. The various pairs of intersecting lines 
determine 30 points and 30 planes 


where P,, denotes the point of intersection of Z; and M,, and I,, denotes the 
plane of the same two lines. 

In the following, indicate by t, «4, tg, U3, 4, 4s any permutation of the six 
indices 0, 1, 2, 8, 4, 5. Through each point P,,,, there pass 9 planes 


to to 


4 


to ty tg ? tg tg tg ty? to ty ? 


and similarly, in each plane there lie 9 points. On each Z line Z, there are 
five points P..., Pow Pow Poy PP.» and through it there pass five planes 


H,.,, H,.,, similarly with respect to the M lines. The 30 points 


to tg tg? tg tg? ly ty 


lie by fives in 6 lines in two distinct ways, and the thirty planes pass by fives 
through 6 lines in two ways. Any five Z lines, as well as any five J lines, are 


a 
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collinear; the common tractor of L, L, L, L,,£,, is M,,. In a certain sense, 

the configuration is closed; no new lines are obtained by taking the tractors of 
four Z or four J lines, for the two tractors of Z,, L,, L,, L,, are M, and M, and 
the two tractors of /,, M,, M,, M, are L,, and L,,. 

The configuration was derived from L,, L,, L;, L,, L;, but it is just as well 
determined hy any five Z lines or any five M lines. In particular, it is seen that 
the relation between the original quintuple Z,,...., Z; and the derived quin- 
tuple UM, .... , Mis a reciprocal one; just as the latter lines are the tractors of 
the former taken in fours, so the former are the tractors of the latter. 

We may state the results obtained as follows: 

In connection with any five collinear lines L,, L,, L;, Ly, Ls, there exists a 
covariant line L,, uniquely defined by the fact that wt is collinear with any four of 
the five, but not with all five. The relation between the six lines L,, L,, Lz, L;, Ly, Ls 
is a symmetrical one, 7. €., the covariant line of any five ts the sixth. There presents 
itself, then, a conjugate set of six lines My, ..-., M;, standing in the same symmet- 
rical relation ; these lines are the tractors of L lines taken by fives. The relation 
between the conjugate sets 1s of nvolutory character. 


§6.—Relatiuns between the Anharmonic Ratios. Consider the points in 


which Z, is intersected by the lines M, I, M;, M,, M;. The coordinates of the 
point of intersection of any two intersecting lines p,,, p;, are proportional to the 
determinants formed from the array 


0 Pes 
—Pu Pr 
—Pu Pre 
Thus the coordinates of the point P,3, the intersection of the lines Z, and M,;, are, 
by (2) and (3), the determinants formed from the array 


0 0 
—1 0 
0 -lm 0 


which reduce to 0, C, 0, /m respectively. 


By this method the following table of coordinates is obtained : 


Py: 0 0 0 
F,,: 0 B 0 m(1—dJ), 
Py: 0 C 0 lm ; 
Pu: 0 m— m 
Py: 0 1 0 0 
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The anharmonic ratios of these collinear points are equal to the anharmonic 


ratios of the corresponding parameters 


m (1 — im m 0 
Bo’ 
Calculating the ratio of the last four points, we find 
(Pus Pus Pos) = 
But from (1), \—_l(1—m) 
(Pe, Ps, Py, 50) m (1 l) 
Therefore (Pr, Piss Pus Pis) = (Poor Ps, Poo): 


or employing a more abbreviated notation* for the anharmonic ratios, 


£,(2345) = M (23 4 5). 


From the symmetry of the configuration, we have then the result : 


(tg ty 45) = (tg ty is) 


which may be translated as follows: 


(8) 


The anharmonic ratio of the points in which any four of five collinear lines cut 
the common tractor of all five 1s equal to the anharmonic ratio of the points on the 


Jifth line, which are collinear with three of the four lines. 


* The anharmonic ratio of the four points in which the lines Mi,, Mi,, Mi,, Mi; intersect the line 
L, is thus denoted by Li, (i,i;i1,i;); while that of the four planes determined by the same lines is 


denoted by Li, (i, 7; 


4 
(7) 
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Another relation may be obtained by combining the above with the well-known 
theorem concerning the two tractors of four lines; the four points of either trac- 
tor and the four planes of the other tractor have the same anharmonic ratio. In 
the present case, consider the four lines L,, L;,, L,,, L,,; their tractors are 
M,,, M;,, so that a 
M,, (tg 13 Uy ts) = tg U4 %5)- (9) 
From (8) we have then _ 
which may be expressed : 

The anharmonic ratio of the four points on one of five collinear lines which are 
collinear with three of the remaining lines is equal to the anharmonic ratio of the 
four planes determined by these remaining lines and their common tractor. 


Another relation is obtained by considering the anharmonic ratio of the 
points P,,, P,;, Py, Py, which, by means of (1), is found to be 


L,(0345)= — 


Introducting the interpretations of 7, m, 2, wu from (1), we have 


M,(1235) 
M, (123 5) 
M,(1234) 
(1234) 


1 


or, by permuting the indices, 

_ M,, (% ty ts ts) 

M,, (2 % (11) 
M ig ty ts 

M,, (% % 23 24) 


1 


1— 


The complete system of relations between the anharmonic ratios of the configura- 
tion consists of the fundamental relations (8), (10) and (11), together with the well- 
known relations* between the anharmonic ratios of five collinear points or planes. 

In the first place, by means of (8), (10), (11), it is possible to express the 
ratios of four points or planes of one line in terms of the ratios of the points 


* See, for example, M. J. M.'Hill, ‘The Anharmonic Ratios of the Roots of a Quintic ’’ (Proceed- 
ings of the London Mathematical Society, Vol. XIV, p. 182). 


| 

| 

1 

L,(0345)= 

| 
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and planes of any other line. Thus: 


DL, (2345) = M, (2345) = [,(23 45) 
i = M,(2345) = (39458) 
M, (1035) L, (1035) 
M(l035) L, (1035) 
— 034) — 201035) 
(10 3 4) L, (1035) 
M,(10 24) — 22 (10 24) 
L,(10 24) 
M,(1025) (10 25) 
M; (10 25) L; (1 0,2 5) 
— M(1053) (1058) | 
M1053) 1,(1058) 
M,(1052) (105 2) 
M, (1 05 2) (105 2) 
1 — Ms(10 4 2) 1 — 2) 
Ms(1042) L,;(10 4 2) 
1 —M;(1043) (1043) 
M;(1043) L; (10 4 8) 


| i From this it follows that all the ratios may be expressed in terms of those con- 
if nected with any one line, say M@. But the ratios of the five points on M are 
rationally expressible in terms of two 7 and m; and similarly, the ratios of the 
five planes through Jf, are expressible rationally in terms of two 4 and uw. The 
four ratios 7, m, 4, uw are independent, so that there can be no relations in addi- 
tion to those enumerated in the above theorem. 


§7.—The Complete System of Anharmonic Ratios. 


Of the anharmonic ratios connected with the double-six, only four are indepen- 
dent. For a fundamental set of independent ratios we may take 


1 = 284), 


(12) 
A=M,(1234), w=M,(1235)- 


All the ratios are expressible rationally in terms of these by functions of at most the 
fourth degree. 
16 


| 
| | 
] | 
*{ 
| 
| 
| | 
| 
| | 
| 
2 | 
| | 
| 
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The following table* gives the anharmonic ratio of any quadruple of points 
situated on an Z line. The ratios of any quadruple of points on an J line, or of 
any quadruple of planes, may also be found in the same table, in virtue of the 


equalities (8) and (10). 
(1234) =A, 


Ly (1235) 


Iy(13.45) 
1y(2845) = 

1, (108.4) = 20" 
[,(1035)= 


1,(1045) = — —1)) 


A(m — 1)’ 


1, (1348) = 
1,(1230)= 
£,(1235)=™m, 
L,(1208)=—4,, 
1,(1805)= 
1,(2805) = 


L, (0234) = 
L, (0235) = 
1,(0245)= 
1,(0345)= 
1,(2845)= 
1,(1204)=— 4, 
1,(1205)=— 

(1245) = 


L,(1045) = 


_ 
1, (2048) = 


1,(1284) =1, 


1,(1230)=— #8, 
1,(1240) = —€2, 
I, (1 
1, (2840) 


* A, B, Care the functions of /, m, 2, » defined in (5). 


| 
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§8.— The Cremona Group Gi». If we denote by ty 7, i,%3%,7; any permuta- 
tion of the indices, the anharmonic ratios which correspond to the fundamenta] 
set (12) are 

= M, m, = M,, (tt ty 45), 


A; M,, ty %), M,, (2, U3 15), 
But from §7 these are rational functions of 7, m, A, u: 


a, m, = 9; (I, m, A, 
A, uw), (1, m,A, 


where /;, ¥;, $:, %; denote rational (in general fractional) functions of the fourth 
or lower degree. Thus to every literal substitution of the six indices 


g: (212345 an 


corresponds a rational transformation of the four fundamental mvariants 


=f, (l,m, a, =m,= 9, (l,m, A, (14) 


It is now to be shown that the system of transformations 7’ so obtained form 
group. 
Consider any two substitutions S, and S;: 
g: (9 12 3 4 & & 
Jo i ds Is Is ey 
their product S,, and the corresponding transformations 7;, 7;, 7,. Then we 


have, in the first place, 
(l,m,A, mu), ete., 


and in the second place, since the permutation /, ... k, is obtained from % ... 7; 
by the substitution S,, 


=f, m,, A, Li) =f; (fis Pi; vis Xi), ete. 


(fis Pi, Vis Xi) = Ses Di (Fis Pis vi, Xi) = 


Therefore, 


$ 
a 
‘3 
a 
4 
4 
T;: 
ie 
¥ 
4 
& 
4 
q 
A 
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which expresses the essential group property of the system of transforma- 
tions 7’, 


In particular, it follows that the inverse of 7, is also a transformation of the set, 
and therefore the transformations are birational or Cremona transformations. 


The transformations T’,, induced by the permutations of the indices, constitute a 
group Gi of Cremona transformations which is holoedrically isomorphic with the 
symmetric substitution group on six letters. 


A set of generators may be obtained by writing down the transformations 
which correspond to generators of the symmetric group S(0 12345). Thus 
the following five form a convenient set of generators : 

(34) ~ 


(23)(45) ~ 73: 
(45) ~ Ty: 


(12)~ 


A 


a 


(u —1)(Am— lu) (A—1)(Am—lu) 
(u—A)(m—pu) 
(m— 1)(Am—lu) (J—1)(Am—lu) 
(m—I)(m—u) 


The subgroup Gj, consisting of the transformations corresponding to those 
permutations which leave the index 0 unaltered, is essentially a group in two 
variables, since the generators 7, 73, 7;, 7, transform 7, m and A, uw cogre- 
diently. The group in two variables so obtained is identical with the cross-ratio 
group discussed by E. H. Moore* and H. EH. Slaught.+ The total group Gi, 
however, cannot be expressed in two variables. Expressed in homogeneous 
form, five variables are necessary, 


(01) ~ 


* “The Cross-Ratio Group of n! Cremona Transformations of Order n —8 in Flat Space of n —38 
Dimensions ’’ (American Journal of Mathematics, Vol. XXII, 1900, p. 279). 

+‘ The Cross-Ratio Group of 120 Quadratic Cremona Transformations of the Plane” (American 
Journal of Mathematics, Vol. XXII, 1900, pp. 343-380). The generators K, L, M, T’, given on p. 344, 
correspond to the generators T;, T, employed above. 


T, T;= | 

m 

1 1 1 1 
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The generators then become 


fT: th tots tits tt, tts 

« t, ty ts 

— t)(tg — fh) (ts — t5) (tity — fats) (to — th) (ts — 4) (tg — t5)(tats — fats) 

T; (ts — ts)(ts — 4) (4, — — tats) (t, — — — —- tats) 


ts (t, ti)(t, ts) (ts — t) 2) 


§9.— The Automorphic Correlation Q.* Consider two quintuples of collinear 
lines Z,, L,, L;, LZ,, Z, and Li, Li, Lj, Li, Lf. Denote the common tractor of 
the first set by MM, the point of intersection of M4, and LZ; by P,, the plane of the 
same pair of lines by II;, with a similar notation for the second set. We now 
prove the following 


Lemma. The two quintuples are homographic when 


(P, Ps Py Ps) R (Pi P3 Ps Po); 
II, II;) (II; II; IT; IT; } 


they are correlative when 
(P, Ps P, Ps) (Tl; 11; 1g), 
(11, TH, Wy Ms) % (Pi P2 Ps Ps Ps). 


It will be sufficient to give the proof of the second part, since that of the 
first follows the same scheme. Assuming the second set of relations, it is to be 
shown that there is a correlation transforming the first quintuple into the second. 
The general space correlation, or reciprocity, contains 15 parameters. The num- 
ber of correlations transforming M, into Mj is therefore »". If we impose the 


* Schur, |. c., p. 12. 


« 
} 
| 
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conditions that II, Ij, 11; shall correspond to P,, P,, P;, and that 
shall correspond to P,, P,, P;, the number of correlations is reduced to °, 
Kach of those correlations, in virtue of the assumed relations, will then trans- 
form P,, P;,1,, Ty, Pj, Pj, and, therefore, any line of the first 
quintuple Z; is transformed into a line belonging to the pencil determined by 
Pi and If, then, we require the correlation to transform L,,...., L, into 
Ii, .... ,L§, we impose just five additional (linear) conditions and the correla- 
tion is completely determined. Similarly, it may be proved that when the first 
set of relations holds, there is a definite homography transforming the first quin- 
tuple into the second. 

We apply the lemma to the quintuples , M@, and Z,,.... , Z; with 
the common tractors Z, and M respectively. From the relations (10) it follows 
that the conditions of the second part of the lemma are fulfilled, so that there 
exists a correlation Q transforming Jf, .... MU; into LZ, .... L;. 


The quintuple of lines M,, .... , M,, obtained from a quintuple of collinear lines 
L[,,...-,D,; by taking the tractor proper to each set of four of the latter lines, is 
correlative to the original quintuple. 


This is an extension of Schlaefli’s theorem, the latter merely states that 
M,, ...-, M,; are collinear, while the above includes in addition the relations (10). 

Consider now the effect of the correlation Q upon the double-six. The 
common tractor Z, of the one quintuple becomes the common tractor M of the 
other. Taking the tractor proper to each set of four, it follows that Z,, .... , Z, 
transform into IZ, ...- , M; and, therefore, into Z,. Hence P,, becomes II,,; 
and II,, becomes P,,;. 

There exists for the double-six configuration an automorphic correlation Q which 
interchanges the lines L;, M, and the points and planes Py, Ty. 


The character of © is determined as follows: Since Q transforms P,, into 
II,; and II,; into P,, the collineation Q? leaves the points P;, invariant; in par- 
ticular, the five points P,,, Py, Py3, P23, Ps, no four of which are coplanar, are 
invariant, and, therefore, Q? is the identical transformation, i. e., QO is involuto- 
rial. There are, however, two species of involutorial transformations in space 
of three dimensions, namely: polarities, in which corresponding points and planes 
are conjugate with respect to a proper quadric surface ; and null-systems, in 


| 

A 
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which all corresponding points and planes are incident. The latter species is at 
once excluded in the present case by the fact that the plane II,; corresponding 
to the point P,;, does not pass through it. Therefore, 


The automorphic correlation Q of the double-six is a polarity, 1 e., there exists a 
proper quadric surface Q with respect to which the points Py and the plane I1,; are 
conjugate. 


§10 —The Cubic Surfaces F and ®.* The number of arbitrary constants 
involved in a set of five collinear lines is 19, which is equal to the number of 
constants in a quaternary cubic form. In fact, it is easy to show that through 
five collinear lines Z, .... Z; there pass a single surface F’ of the order, and also 
a single surface ® of the third class. Thus a surface of the third order is deter- 
mined by the 19 points, Py, Piz, Piss Puy Poo, Pa, Pos, Pos Poo, Pa, Poe, Pass 
Py», Pa, Pe, Pas, Psi, P52, P53; but the first four points are on therefore, 
the entire line M% lies in the surface, and in particular the point P,); then each 
of the lines Z, .... Z,; has four points in the surface, and so lies in it. The sur- 
faces F' and ® pass through the 12 lines of the double-six, as may be proved by 
showing that each line has four points in cominon with F and four planes in 
common with ®. 

It is well known} that the 27 lines on F consist of the 12 lines Z;, M/, and 
the 15 lines c;, = c,; obtained as the intersections of the pairs of planes I;,, TI,,. 
From the principle of duality, it follows that the 27 lines on ® consist of the 
12 lines Z;, M, and the 15 lines dy = d,; obtained by joining the pairs of points 
Pu, Pre 

The relation between F and @ is obtained by considering the polarity Q 
defined in the previous section: Q transforms F into a surface of the third class 
passing through the double-six ; but there is only one such surface, namely, ® ; 
therefore, Q transforms F into ®, and similarly, ® is transformed into F. 

Through five collinear lines there pass a stngle surface F of the third order, and 
a single surface ® of the third class. These surfaces intersect in the double-six 
determined by the five lines, and are reciprocally related by the polarity Q.t 


* Reye, I. c. 

t Schlaefili, 1. c. 

¢ Compare the corresponding theorem with regard to three arbitrary lines: Through three lines 
there pass a single surface of the second order and a single surface of the second class; these two sur- 
faces coincide. 
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The number of double-six’s which can be formed from the 27 lines on a 
cubic surface is 36.* The preceding theorem thus determines, for the general 
cubic surface F of third order, a set of 36 irrational quadric covariants [@Q], and 
a corresponding set of 36 cubic contravariants [®]. 


CoLUMBIA UNIVERSITY, NEw YorK, November, 1901. 


* Schlaefli, 1. c., p. 115. 
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Untersuchungen uber lineare Differentialgleichungen 
4. Ordnung und die zugehorigen Gruppen. 


Von Savut EPStTeen. 


EINLEITUNG. 


Lie hat versucht, seine Theorie der Transformationsgruppen, besonders der 
endlichen Gruppen (deren Transformationen nur von einer endlichen Anzahl 
Parameter abhangen) auf die Integration der Differentialgleichungen anzuwen- 
den. Er zeigte, dass in fast allen Fallen, wo es bisher gelungen war die Ord- 
nung einer gewdhnlichen Differentialgleichung zu erniedrigen, der innere 
Grund dafiir die Existenz von Transformationen mit einer endlichen Anzahl 
Parameter ist, welche die betreffende Differentialgleichung invariant lassen. 
Diese Transformationen bilden notwendig eine Gruppe. Jeder Transforma- 
tionsgruppe, definirt durch ihre infinitesimalen Transformationen, ordnete er 
gewisse Funktionen zu (deren Wichtigkeit schon erkannt war), die Differen- 
tialinvarianten, welche ungeaindert bleiben bei allen Transformationen der 
Gruppe, und nur bei diesen. Ausgenommen gewisse spezielle Faille, auf welche 
wir hier nicht einzugehen brauchen, ist jede Gleichung, welche bei allen Trans- 
formationen der Gruppe ungeandert bleibt, eine Beziehung zwischen diesen 
Differentialvarianten. 

So fruchtbar und weittragend seine Methoden sind, in diesem Falle reichen 
sie nicht aus, denn im Allgemeinen bleibt nicht jede gewohnliche Differential- 
gleichung héherer Ordnung 


(1) 


invariant gegeniiber einer Gruppe im Sinne von Lie. Die partielle Differential- 
gleichung 


f _ 


17 


it 

i 

’ 

da Say Ole ” (2) 

| 
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und die vollstandigen Systeme die Lie untersucht hat, bleiben in der Tat invari- 
ant gegeniiber einer Gruppe die aus einer gewissen Anzahl Parameter und den 
n+ 1 Variablen x, 2, x, .... x, aufgebaut ist. Aber solche Systeme sind von 
sehr spezieller Natur. 

Im Vergleich zur Vollstindigkeit der Galois’schen Theorie der algebraischen 
Gleichungen kann die Unvollstandigkeit von Lie’s Theorie am besten eingesehen 
werden wenn mau bedenkt, dass: 

1) Bei einer gegebenen Differentialgleichung man nicht immer behaupten 
kann, dass die Reduktion vermittelst der Gruppe die einzig mégliche ist. 

2) Gewisse Gleichungen, wie die Differentialgleichung der geodatischen 
Linien der Flachen zweiter Ordnung, integriert werden kénnen trotzdem sie 
keine Transformationen in sich gestatten. 


Der Weg zur Verallgemeinerung von Lie’s Methoden nach der Richtung 
der Galois’schen Theorie hin wurde zuerst von Picard angedeutet (Comptes Ren- 
dus, 1883, und Annales de Toulouse, 1887), und die erste Ausfiihrung gab K. 
Vessiot (Paris, Thése, 1892; Annales de ’Ecole Normale Supérieure, 1892). 
Vessiot untersuchte besonders die Differentialgleichung zweiter Ordnung und 
einige spezielle Falle der Differentialgleichung dritter Ordnung. 

Die lineare Differentialgleichung vierter Ordnung, deren Coefficienten Funk- 


tionen von x sind 


4 3 2 
+ 49, 62, FY + 4a, + my =0 (3) 
bietet ein ausgedehntes und interessantes Gebiet fiir die Untersuchung, welches 
bis jetzt noch sehr wenig betreten worden ist. Ms ist fiir die vorliegende Arbeit 
viel zu weit, und ich kann hier nur den Grund zu einer eingehenderen Unter- 
suchung legen. 

Die sieben ersten Paragraphen sind nur der Vorbereitung gewidmet und 
notwendig noch unvollstandig. §1 bringt einen Abriss der Picard-Vessiot’schen 
Theorie der Gleichung (3). Nicht nur ist derselbe notwendig fir das richtige 
Verstindniss des Folgenden, sondern er hat auch den Vorteil, eine vielleicht 
nicht ganz einfache Theorie an einem speziellen Beispiel zu erlautern. §§2-7 
sind den Problemen gewidmet, die sich uns in §1 aufgedrangt haben. §§8-10 
sind Anwendungen. 
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I. KAPITEL. 


UEBER DIE RATIONALE INTEGRATION LINEARER DIFFERENTIALGLEICHUNGEN 
4, ORDNUNG. 


§1.— Ueber rationale Integration. Stellung der Aufgabe. 


Wir beschranken unsere Betrachtungen auf lineare homogene Differential- 
gleichungen 4. Ordnung. 


— a? d 


+Ay=0. 
da Ay 
Die Theorie der rationalen Integration ist eine Ausdehnung der Galois’schen 
Methode auf Differentialgleichungen. 
Rationalitdtsbereich : Wir definiren zunichst folgendermassen den Rationali- 


tatsbereich. 
[2] 


A. 


1. Alle Constanten. 1. Die rationalen algebraischen Ope- 
2. Die unabhangige Variable x. rationen. 


3. Unbestimmte Funktionen y,.... y, 2. Differentiation. 
(die spater ein Fundamentalsys- 
tem von Lésungen bilden sollen), 

. Die Coefficienten der Gleichung (1). 

. Alle gegebenen Funktionen. 


Wenn wir einen Rationalitatsbereich [#] durch einen andern ['] erweitern 
in solcher Weise, dass zur Basis von [F] eine gewisse Anzahl von Funktionen 
hinzugefiigt werden, so sagen wir dass diese Funktionen adjungiert sind zu den 
Funktionen des Bereiches 

Die Gleichung heisst 7educibel wenn sie ein Integral gemein hat mit einer 
Differentialgleichung niedrigerer Ordnung deren Coefficienten dem Rationali- 
titsbereich angehéren. Im andern Falle heisst sie trreducibel. 

Hine rationale Differentialfunktion V soll im Gebiet [2] definiert sein wie 
in §§8, 9,10. Wenn wir fiir die Integrale y, .... y, ein ganz bestimmtes Funda- 
mentalsystem y}.... yf setzen, dann nimmt V seinen numerischen Wert Vy (x) 
an; V, ist nicht notwendig in [/2?] enthalten. 


§ 
a! 
i 
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Formale und numerische Invarianz: Fihren wir auf die y die lineare Substi- 
tution von 4° Parameter aus, 


4 
y=> ....4) (2) 
k=1 


so geht Viiber in V’ dessen numerischer Wert Vj ist. Wenn V und V’ identisch 
sind (§3) sagt Klein, dass V formal invariant ist; wenn aber Vj= JV, so ist V, 
numerisch invariant (Vorl. iiber héhere Geom., II, p. 299). Das Hine folgt nicht 
notwendig aus dem Andern. 

Wenn y, ..-- y, ein Fundamentalsystem der Gleichung (1) bilden, so kén- 
nen wir offenbar schreiben 


4.3....(4—k+1), __ D, 


1 


dc* 


duc! 


Die Gruppe (2) spielt in der Gleichung (1) die naimliche Rolle wie die Gruppe 
der Substitutionen von vier Buchstaben in der Theorie der algebraischen Gleich- 
ungen 4. Grades. 

Es mége nun Q (y, ..-- y,) eine rationale Funktion von den Integralen von 
(1) und ihren Ableitungen nach x sein; dann nennen wir der Kiirze halber 
eine “rationale Funktion der Integrale ” (Gl. 2, §8). Die Funktionen Q welche 
invariant bleiben bei allen Transformationen (4) spielen hier dieselbe Rolle wie 
die symmetrischen Funktionen der Wurzeln in der algebraischen Theorie. In 
Wirklichkeit sind diese O Functionen der 4, welche wir ‘‘fundamentale Invari- 
anten” nennen; denn Appell hat gezeigt (Annales de l’Ecole Supérieure, 1881) 


y 
wo 
dx? 
A: dz** 
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dass alle rationalen Funktionen von y, .... y, rational ausgedriickt werden kén- 
nen durch ..-- A, und ihre Ableitungen. 


Gruppe der invarianten Funktion. Die Transformationen der Gruppe (2) 
welche © zulasst bilden eine Untergruppe, genannt die Gruppe der Funktion 0. 
Man erhalt die endlichen Transformationen in der Gleichung 


(Yi Ys) = 2 Yo Ys Ys)- (4) 


Dieselbe gibt uns eine gewisse Anzahl von Beziehungen zwischen den Constanten 
a,, aus welchen wir ihre Ausdriicke durch eine bestimmte Anzahl von ihnen 
erhalten (§6). 

Transformeerte Gleichung. Im Fall die Gruppe von Q, p = 4” —s Parame- 
ter enthalt, d. h. dass © p unabhingige lineare homogene Transformationen 
zulasst, dann ist Q, betrachtet als Funktion von x, das Integral einer Differen- 
tialgleichung p-ter Ordnung (p< 16). Dieselbe heisst die Transformierte der 
Gleichung (1). Wir schreiben sie 


(5) 
wo P= ...- 

So ist z. B. F= y} — yz y, invariant gegeniiber der vier-parameter Gruppe 
IX von §3 und die transformierte Gleichung von (1) welche F definiert, ist von 
der Ordnung p = 4°— 4= 12, und kann erhalten werden durch zwélfmalige 
Differentiation von F und nachfolgende Elimination. 

Die Gleichung (5) hat als Integrale Q und die Werte welche man erhilt, 
wenn mann an Q alle Substitutionen der Gruppe ausiibt—sie hat keine anderen 
Integrale. 

Resolventen : Lehrsatz: Wenn eine rationale Funktion der Integrale y, ... y, 
einer linearen Differentialgleichung 4. Ordnung keine lineare homogene Trans- 
formation in y,...- ys gestattet, so kénnen diese Integrale vermittelst dieser 
Funktion der Coefficienten der Gleichung und ihrer Ableitungen nach = ausge- 
driickt werden. solche Funktion ist z. B. V= uy + + Ug yy WO 
die wu alle Funktionen von z sind. 

Analogon zu Lagrange’s Theorem: Wenn eine rationale Funktion 2 (y, ... y,) 
alle Transformationen der Gruppen der Funktionen von Q,....Q, zulasst, 
kann dieselbe vermittels dieser Funktionen, der Coefficienten der Gleichung und 
ihrer Ableitungen nach x rational ausgedriickt werden. 
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So gestattet die Funktion (8) §9 alle die Transformationen von (1) und (2), 
und ist folglich eine rationale Funktion der beiden Letzteren, von a, .... A, und 
ihren Ableitungen in Anbetracht von a. 

Bei Anwendung dieses Lehrsatzes lasst sich ersehen, dass die Gleichung (5) 
wenn irreducibel, die Kigentiimlichkeit besitzt, dass ihr allgemeines Integral als 
eine algebraische Funktion eines besonderen Integrals durch eine Forme] ausge- 
driickt werden kann, welche unverandert bleibt, was fiir ein Integral wir auch 
wahlen. Die Gleichung (5) entspricht folglich den Abel’schen Gleichungen der 
algebraischen Theorie. 

Rationalititsgruppe (Transformationsgruppe): Es ist klar, dass im Allge- 
meinen keine Differentialfunktion V einen rationalen Wert besitzt. Hat sie 
doch einen solchen, so heisst die Gleichung eine specielle Gleichung in[R]. Zur 
genauen Untersuchung dieser speziellen Falle bedienen wir uns der folgenden 
Lehrsatze von Picard, erginzt durch Vessiot : 

Dieser Gleichung entspricht in Bezug auf den Rationalitatsbereich [#], eine 
Untergruppe I der linearen homogenen Gruppe (2) mit folgenden Higenschaften : 

1) Jede rationale Differentialfunktion V, deren numerischer Wert rational 
ist gestattet numerisch alle Transformationen von I. 

2) Jede Funktion V, welche numerisch alle Transformationen von I zulasst, 
besitzt einen rationalen numerischen Wert. 

[ wird die Rationalitdétsgruppe von (1) oder die Transformationsgruppe der 
Gleichung (siehe §2 im letzten Abschnitt) genannt. Fir eine specielle Gleich- 
ung ist diese Gruppe charakteristisch, und da das Fundamentalsystem der Inte- 
grale willkiirlich gewahlt werden kann, folgt daraus, dass wir nur die Zypen der 
Gruppen in Betracht zu ziehen brauchen. 

Charakteristische Invarianten Typus der Gleichung: Jede spezielle Gleichung 
wird durch eine Verbindung der Form y;, yj = a(x), char- 
akterisiert wo y,.--- y, ein System von Fundamentalintegralen bilden. Q 
gestattet die Transformationen von I entweder forma] oder numerisch, jedoch 
keine andere. a(x) gehort zu [R]. Q nennt eine charakteristische Invariante 
von T’. Um den Typus festzustellen, welchem eine gegebene lineare Differential- 
gleichung angehdort, is es desshalb notwendig, folgende Probleme zu lésen: 

1) Bestimme die verschiedenen Typen der linearen homogenen Gruppen in 
vier Variabeln. (In §3 finden sich unter andern interessanten Gruppen gewisse 


primitive Typen.) 
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2) Bestimme Q fiir jede dieser Typen und bilde die Differentialgleichung 
von welcher © abhingt [die Transformierte der Gleichung (1)]. 

3) Der gesuchte Typus wird die kleinste Gruppe sein die einer transfor- 
mierten Gleichung entspricht, welche ein Integral besitzt das rational in = ist. 

Angenommen I; sei die grésste ausgezeichnete Untergruppe von I und Q, 
eine charakteristische Invariante von [,, so wird Q, als eine Funktion von Q 
betrachtet, einer gewissen Differentialgleichung geniigen. Integriert man diese 
Gleichung, und adjungiert man eines dieser Integrale, so wird die Transforma- 
tionsgruppe auf [’, reduziert. Durch dieselbe Prozedur kann man sie noch mehr 
reduzieren. Der Wert dieser Methode liegt in folgendem Lehrsatz von Vessiot 
(von Picard verallgemeinert): Wenn die vollstandige Integration einer ratio- 
nalen Hilfsgleichung die Gruppe [' reduziert, dann ist sie zu einer invarianten 
Untergruppe reduziert (§7). 

In besonderen Fallen, wenn die Hilfsgleichung der ersten Ordnung ange- 
hort, wird die Gruppe zu einer invarianten Untergruppe mit einem Glied weniger 
reduziert, 

Ueberblick: Kurz, diese Integrationstheorie hangt von der Lésung folgen- 
der Probleme ab: 

I. Feststellung der verschiedenen Typen der algebraischen Gruppen (§6) 
welche in der linearen homogenen Gruppe der vier Variablen enthalten sind. 

II. Feststellung der charakteristischen Bedingungen unter welchen die 
Transformationsgruppe der gegebenen linearen Gleichung auf einen dieser Typen 
reduziert wird, [§8 Gl. (3’), §9 Gl. (11)]. 

III. Gib, wenn der Typus bekannt ist, die Natur der Hilfsgleichungen an, 
welche zu integrieren sind. 

Diesen drei Problemen fiigen wir das viel schwierigere bei :* 

IV. Die Differentialgleichung ist gegeben, bestimme ihre Rationalitits- 


gruppe. 
§2.—Zerglederung des Problems. 


Integrabele Gruppen. Unter einer integrabelen Gruppe versteht man eine 
Gruppe welche eine invariante Untergruppe, mit einem Parameter weniger als 


* Vgl. Epsteen, ‘‘ Determination of the Group of Rationality of a Linear Differential Equation,” 
American Mathematical Monthly, January, 1903, p. 4. 
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die gegebene Gruppe, enthalt ; diese Untergruppe hat wieder eine invariante 
Untergruppe mit einem Parameter weniger als sie selbst, u. s. w. 

Im 2. Teil, Kapitel VI seiner bertithmten Thesen von 1892 hat Vessiot die 
Hauptbedingungen der Integrabilitat durch Quadraturen angegeben. Obgleich 
an einem gegebenen Beispiel wie unserm, solche Untersuchungen gewohnlich 
detaillierter ausgefiihrt werden kénnen, unterlassen wir es jetzt und beschranken 
uns auf das Studium der nicht integrablen Untergruppen der linearen homoge- 
nen Gruppen (§1, 1) und ganz besonders derjenigen, welche algebraisch sind 
(§1, I; §6). Dazu bedienen wir uns des Engel’schen Lehrsatzes : 

Bedingungen fiir die Integrabilitéit. Eine Gruppe ist stets dann, aber auch 
nur dann integrabel, wenn sie keine dreigliedrige Untergruppe, mit der Structur | 
der allgemeinen projectiven Gruppe mit einer Variabeln, enthilt. 

Nach unserer Methode haben wir daher vor allem zu bestimmen, welche 
der Gruppen von §3 Untergruppen haben, die isomorph mit der projectiven 
Gruppe mit einer Variabeln und drei Parameter sind. 

Wir wollen daher die Gruppen, welche Untergruppen dieser Art enthalten, 
herausgreifen und annehmen, dass dieses die Transformationsgruppe der Differ- 
entialgleichung sei. Auf diese Weise werden wir das in §1, II vorgeschlagene 
Problem lésen. Dann wird die Art der zu integrierenden Hiilfsgleichungen 


offenbar werden. 


II. KAPITEL. 


UEBER DIE GRUPPEN IN R,. 


§3.— Ueber die linearen homogenen Gruppen in Ry. 


Wenn alle Gruppen in R, bekannt sind. Die infinitesimalen Transforma- 
tionen der linearen homogenen Gruppe werden gebildet aus Combinationen von 


Pr 


indem man 2 statt y gebraucht um es in Uebereinstimmung mit der gewohn- 
lichen Schreibweise zu bringen. 

Wenn wir dann die Gruppen in R, gegeben haben, brauchen wir nur die 
Glieder x, p, auszuwahlen und nachzusehen, ob diese fiir sich eine Gruppe bilden. 
Da infolge ihrer grossen Anzahl und der Lange ihrer Berechnung nach nicht 
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alle Gruppen in A, aufgezihlt worden sind, kénnen wir uns nicht vollstandig auf 
diese sonst leichte Methode verlassen. 

Alle projektiven Gruppen in R, sind bekannt. Nach einer andern Methode 
nimmt man die projektiven Gruppen in R;, welche beinahe alle bekannt sind, 
und verwandelt sie in lineare homogene Gruppen in A,, indem man folgende 
Uebergangsformeln Lie’s anwendet (Transformationsgruppen I, p. 579): 


ap = 2, Di = X Po 
Yr = Xe Ps 
t=] = 
Zp = py = Xz Py ar Ps p> 
YY = — Ly Pu U + = %3 pz — Dy J 
wo + yq +2r ist. 


Ich sagte, dass die projektiven Gruppen in FR, beinahe alle bekannt seien, 
denn Lie und seine Schiiler haben eine Anzahl derselben ausgerechnet und die 
Methoden angegeben, die zu deren vollstindigen Feststellung anzuwenden sind ; 
aber so viel ich weiss ist das noch nicht im Kinzelnen durchgefiihrt worden. 

Diese Methode befolgt man in den meisten Fallen in denen die linearen 
homogenen Gruppen in #, zu bestimmen sind (indem wir uns der Resultate der 
‘“Transformationsgruppen” III, Abteilung III bedienen). Bei den primitiven 
Gruppen in #, kénnen wir die erste Methode anwenden, da Lie zwei dieser 
Gruppen bestimmt hat und die ibrigen neun von J. M. Page (American Journ., 
1888, Leipz. Dissert., 1888) ausgearbeitet worden sind. 


Gruppen in R,: Die Gruppen, welche die Richtungen eines Punktes von 
allgemeiner Lage in F,, der fest bleibt, transformiren, sind I, II und III: 


I Pe} 10; 2,0; 0; ((,4=1.... 4) 


Wie gebrauchlich ist U= x;p;- Dieses ist die allgemeine projektive 
i=1 


Gruppe in Ay. 
Pes (i, &=1.... 4) 
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die gegebene Gruppe, enthalt ; diese Untergruppe hat wieder eine invariante 
Untergruppe mit einem Parameter weniger als sie selbst, u. s. w. 

Im 2. Teil, Kapitel VI seiner berithmten Thesen von 1892 hat Vessiot die 
Hauptbedingungen der Integrabilitét durch Quadraturen angegeben. Obgleich 
an einem gegebenen Beispiel wie unserm, solche Untersuchungen gewohnlich 
detaillierter ausgefiihrt werden kénnen, unterlassen wir es jetzt und beschranken 
uns auf das Studium der nicht integrablen Untergruppen der linearen homoge- 
nen Gruppen (§1, 1) und ganz besonders derjenigen, welche algebraisch sind 
($1, I; §6). Dazu bedienen wir uns des Engel’schen Lehrsatzes: 

Bedingungen fiir die Integrabilitét. Hine Gruppe ist stets dann, aber auch 
nur dann integrabel, wenn sie keine dreigliedrige Untergruppe, mit der Structur 
der allgemeinen projectiven Gruppe mit einer Variabeln, enthilt. 

Nach unserer Methode haben wir daher vor allem zu bestimmen, welche 
der Gruppen von §3 Untergruppen haben, die isomorph mit der projectiven 
Gruppe mit einer Variabeln und drei Parameter sind. 

Wir wollen daher die Gruppen, welche Untergruppen dieser Art enthalten, 
herausgreifen und annehmen, dass dieses die Transformationsgruppe der Differ- 
entialgleichung sei. Auf diese Weise werden wir das in §1, II vorgeschlagene 
Problem lésen. Dann wird die Art der zu integrierenden Hiilfsgleichungen 


offenbar werden. 


II. KAPITEL. 


UEBER DIE GRUPPEN IN R,. 


§3.— Ueber die linearen homogenen Gruppen in Ry. 


Wenn alle Gruppen in R, bekannt sind. Die infinitesimalen Transforma- 
tionen der linearen homogenen Gruppe werden gebildet aus Combinationen von 


Xi Pr ....4) 


indem man ~& statt y gebraucht um es in Uebereinstimmung mit der gewohn- 
lichen Schreibweise zu bringen. 

Wenn wir dann die Gruppen in R, gegeben haben, brauchen wir nur die 
Glieder x; p, auszuwahlen und nachzusehen, 0b diese fiir sich eine Gruppe bilden. 
Da infolge ihrer grossen Anzah] und der Lange ihrer Berechnung nach nicht 
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alle Gruppen in R, aufgezihlt worden sind, kénnen wir uns nicht vollstandig auf 
diese sonst leichte Methode verlassen. 

Alle projektiven Gruppen in R, sind bekannt. Nach einer andern Methode 
nimmt man die projektiven Gruppen in R;, welche beinahe alle bekannt sind, 
und verwandelt sie in lineare homogene Gruppen in R,, indem man folgende 
Uebergangsformeln Lie’s anwendet (Transformationsgruppen I, p. 579): 


%X% Pe T=, Ps 
i=1 Yr = Xe Ps 
yp = V9 = 4D, 
t=] = 
Zp = 23 Py 2q = Ps ar = Xe Ps 
wo U=ap + yg + ist. 


Ich sagte, dass die projektiven Gruppen in R; beinahe alle bekannt seien, 
denn Lie und seine Schiiler haben eine Anzahl derselben ausgerechnet und die 
Methoden angegeben, die zu deren vollstindigen Feststellung anzuwenden sind ; 
aber so viel ich weiss ist das noch nicht im Kinzelnen durchgefiihrt worden. 

Diese Methode befolgt man in den meisten Fallen in denen die linearen 
homogenen Gruppen in A, zu bestimmen sind (indem wir uns der Resultate der 
‘“Transformationsgruppen” III, Abteilung III bedienen). Bei den primitiven 
Gruppen in &, kénnen wir die erste Methode anwenden, da Lie zwei dieser 
Gruppen bestimmt hat und die tibrigen neun von J. M. Page (American Journ., 
1888, Leipz. Dissert., 1888) ausgearbeitet worden sind. 


Gruppen in R,: Die Gruppen, welche die Richtungen eines Punktes von 
allgemeiner Lage in ,, der fest bleibt, transformiren, sind I, II und III: 


4 
Wie gebrauchlich ist U=)a,p,. Dieses ist die allgemeine projektive 

i=1 
Gruppe in Ay. 
Pus Prs G,k=1....4 


| 
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Dieses ist die allgemeine lineare Gruppe. 


Pes Ci Pi Pr (2, k= 4) 


Dieses ist die spezielle lineare Gruppe. 
Die einzigen Glieder in I und II, die wir gebrauchen k6énnen, sind : 


Des .... 4). (2) 


Bilden diese fiir sich allein eine Gruppe? Bilde den Klammerausdruck von 


"Jacobi: 
[ a; Px | . 


Nun ist p,(x,) =0 oder 1 je nachdem £47 oder k=?’ ist. Hbenso ist 
x = 0 oder 1 je nachdem #7 oder hk, = ist. 

Hin wenig Nachdenken fiihrt uns zu der Ueberzeugung, dass (2) in der That 
eine Gruppe bildet. Wir haben festzustellen, ob diese Gruppe integrabel ist oder 
nicht. 

Dass (2) eine Gruppe bildet liesse sich schon daraus schliessen, dass II aus 
zwei Arten Glieder besteht, p,—Translationen und 2, p,—Rotationen ; es ist 
klar, dass eine jede derselben fiir sich allein eine Gruppe bildet, doch kann 
diese Methode nicht immer angewendet werden—so z. B. nicht bei I—und ist es 
desshalb besser die allgemeine Methode zu gebrauchen, welche sich auf alle 
Falle anwenden lasst. 

Die einzigen Glieder in III enthalten, welcher wir uns bedienen kénnen, 
sind : 


Xi Pes Pr, (3) 
4). 


Da [x; p,., DP; — = — 2a; p, ist, folgt daraus, dass die Glieder (4) 
eine Gruppe bilden. Wir haben festzustellen, ob diese integrabel ist oder nicht. 


Die Gruppen, welche eine Flache zweiter Ordnung invariant lassen, sind : 
IV, V, VI, VII und die imprimitive Gruppe VIII. 


IV Pis Ly Pi (¢,4=1.... 4) 


| 
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Dieses ist die Gruppe der Euklidischen Bewegungen und Aehnlichkeits- 
transformationen. 


| Pur — Pi 4=1.... 4) 


Diese Gruppe lasst a7 + 23 + x} + 2] = 1 invariant. 


4 
vil Pir Py — Pi, U, U—p 


J 


Dieses ist die Gruppe der conformen Transformationen. 
Wir k6énnen ihnen die imprimitive Gruppe beifiigen ; 


VIII + Ps, XL Py — Xo Pz + Pz — Ly Xz Po + Py, 
Po + Ly P3, py + Le Po + Ly Py, Py + P4 U 


welche x30, — 22, = 0 invariant lasst. 
In IV und VI kénnen wir noch folgende Glieder anwenden: 


Pr — Pi (4) 
und in V und VII folgende: 
pi, U. (5) 
Hs ist sehr leicht zu beweisen, dass (5) eine Gruppe bildet, von welcher (4) 
eine Untergruppe ist. Wir miissen nach der Integrabilitat dieser Gruppen 
forschen. Es ist nebenbei zu bemerken, dass wenn (4) nicht integrabel ist, (5) 
es auch nicht ist. 
Dieselbe Untersuchung muss mit VIII vorgenommen werden. 


Die Gruppen, welche eine Curve dritter Ordnung wie 
2 


— = 0, 


in R, invariant lassen, sind 1X und X. 


| 
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Pus Py + 8 Dy 2g Ps) , + 2x, p, + Ps, 


Ix 
2x2 Pi + + 3%, p,, 


und deren Untergruppe 


Py» Py — Py + 38 Py — Ps), + 22 + ps, 


x 
222 Pi, + Xz Po + 3%, my. 


Hier brauchen wir nur die Glieder p, wegzulassen und was ubrig bleibt, 
bildet augenscheinlich eine Gruppe. Was von X iibrig bleibt, ist schon eine 
Gruppe von drei Parametern und wir kénnen gleich Engel’s Lehrsatz (§2) darauf 
anwenden. Und da die Glieder von X mit U vertauschbar sind, folgt daraus, 


dass dieselben Schliisse auf IX passen. 


Die Gruppen, welche den linearen Complex 
dz + ady — ydx = 0 


invariant lassen, sind XI und XII. 


— Ps; Ly Po + Pz, Ly Pz, Py — Po, Py, 


XI 
73 Py + Ly Lz Ps, Lg U 


und deren Untergruppe 


Py — Lo Pz, Ly Ps, Ly Ps, Ly Py — Pz, Py, 


XII 
Py + Xz Py, Po, Ps — Hy Py. 


Wie bevor, miissen wir die Integrabilitat von XII erforschen und eg lassen 
sich dieselben Folgerungen auf XI anwenden. 


Ueberblick: Wenn wir uns kurz fassen, miissen wir in Betracht ziehen : 


} die Glieder XL; Px 


I 
II 


— 
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III die Glieder Li Puy Lj Pi — Le Pr k 
die Glieder XL; Pp — Ly P 

VII er Xi Pr Ly Pis 

VIII alle Glieder. 


alle Glieder ausser p,. 


Xir alle Glieder. 
Diesen kénnen wir noch die imprimitive Gruppe (Transformationsgruppen 
III, p. 214) 
XIII Pi, Pz, Pz, py Pz, — Po, 
2x3 + U 


beifiigen, welche den unendlich fernen Kegelschnitt 


0, 
invariant lisst. 
Bemerkung : Es wird fiir spater von Nutzen fiir uns sein, wenn wir uns 
merken, dass die invarianten Configurationen der angefiihrten Gruppen entweder 
zweiten oder dritten Grades sind. 


§4,.— Ueber dreigliedrige Untergruppen. 


Methoden zur Bestimmung der dreigliedrigen Untergruppen. Der niachste 
Schritt wird sein, zu bestimmen, ob die Gruppen in §3 integrierbar sind oder 
nicht. Wenn die Gruppe integrierbar ist, so kann die Gleichung, welcher die 
Gruppe entspricht, mittels Quadraturen integriert werden, andern Falls ist die 
Gleichung nicht so einfach zu lésen. Die allgemeine Methode (§2) besteht darin, 
die dreigliedrigen Untergruppen der gegebenen Gruppen zu bestimmen und 
nachzusehen, ob sie isomorph sind mit der dreigliedrigen projectiven Gruppe 
mit einer Variabeln. Es gibt zwei Methoden fiir die Bestimmung: 


; 
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1) Man nimmt die projectiven Gruppen im dreidimensionalen Raum und 
ihre Untergruppen, wie sie Lie in den Transformationsgruppen (III ; Abteilung 
III) gegeben hat, und geht, indem man die Uebergangsformeln von §3 anwendet, 
iiber zu den linearen homogenen Gruppen und Untergruppen im vierdimensio- 


nalen Raum (£,). 
2) Man wendet die algebraische Methode an, wie sie Lie in den Transfor- 


mationsgruppen (I, pag. 208) gegeben hat. 

Die letztere Methode ist gewdhnlich so lang, dass man sie nur anwenden 
wird, wenn andere Methoden versagen. 

Methoden der derivierten Gruppen: Weil unser letztes Ziel ist, zu bestimmen, 
welche von den Gruppen in R, nicht integrabel sind, und welche—wenn es iiber- 
haupt solche giebt—integrabel sind, so kénnen wir vom folgenden Lehrsatz 
Gebrauch machen : * 

Hine r-gliedrige Gruppe ist dann und nur dann integrabel, wenn ihre 7‘? 
derivierte Gruppe sich auf die Identitat reduciert. 

Der Vorteil dieser Methode liegt in der Thatsache dass, falls die Gruppe 
integrabel ist, die erste derivierte entweder X,X,.... X,_, ist, oder in ihr 
enthalten ist. Diese Bedingung ist notwendig, aber nicht hinreichend. Daher 
kénnen wir ohne weiteres sagen, dass, wenn alle Glieder X, .... X, wieder 
erscheinen, die Gruppe nicht integrabel ist. Oder wenn ndétig, so kénnen wir 
das Verfahren wiederholen und finden, dass, obgleich in der ersten derivierten 
Gruppe ein Glied z. B. X, fehlt, die zweite derivierte Gruppe alle Glieder enthilt, 
welche die erste derivierte Gruppe schon enthielt, und dass daher die r*° deri- 
vierte Gruppe sich nicht auf die Identitét reduzieren kann. Der Grund hiefiir 
ist, dass die zweite derivierte Gruppe zwei Glieder weniger enthalten muss, als 
die gegebene Gruppe. Es wird kaum ndtig sein, zu erwihnen, dass die Bezeich- 
nung X,.... X, keine feste ist, sondern dass irgend eine der infinitesimalen 
Transformationen mit irgend einem -Y, bezeichnet werden kann, und wenn die 
successiven derivierten Gruppen gebildet sind, so kénnen wir jederzeit die infini- 
tesimalen Transformationen anders benennen. 

Allgemeiner kénnen wir sagen : 

Wenn die (r — k)*° derivierte Gruppe (k <r) alle Glieder der (r — k + 1)* 
derivierten enthilt, so ist die gegebene Gruppe nicht integrabel. 


* Vergl. Lie-Scheffers.—Contin. Gr., pag. 548. 
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Wenn r gross ist, so wird diese Methode langwierig, besonders wenn k > 1 
ist, und die Methode mit Hilfe der dreigliedrigen Untergruppen ist dann ele- 
ganter. 

Kombinierte Methode: Im besonderen finden wir mittelst dieser kombinierten 
Methode einen ausgezeichneten Ersatz fiir die Normalisierung der dreigliedrigen 
Untergruppen, wo man nachsieht, ob sie die Struktur der dreigliedrigen projec- 
tiven Gruppe mit einer Variabeln haben. Mit Riicksicht auf die obige Bemerk- 
ung ist y= 38 und 3; daher brauchen wir nur die erste derivierte Gruppe 
der betreffenden dreigliedrigen Untergruppe zu bestimmen; wenn alle drei 
Glieder X, X,-X; wieder erscheinen, ist die Gruppe sicher nicht integrabel. Um 
behaupten zu kénnen, dass die Gruppe integrabel sei, miissen wir diese Methode 
auf alle dreigliedrigen Untergruppen der gegebenen Gruppe anwenden und 
zeigen, dass keine von ihnen perfekt ist. 


§5.—Ueber die Integrabilitat der Gruppen. 


Wir wollen nun die Gruppen betrachten, die wir am Schlusse des §3 zusam- 
mengestellt haben. 
1) Greifen wir die spezielle lineare Gruppe heraus 


XL; Pry Lj; Pi — Ly Pr (1) 


und betrachten nur die glieder 
X3= 2 Py — 
so kénnen wir leicht mit Hiilfe des Jacobi’schen Klammerausdruckes verifizieren, 


dass sie eine Untergruppe der gegebenen Gruppe bilden, und dass diese ihre 
eigene erste derivierte Gruppe ist, woraus dann der Satz folgt: 


Die spezielle lineare homogene Gruppe in R, ist eine nicht integrabele Gruppe. 


Wie wir bereits gezeigt haben, schliesst dieser Satz den Fall der allgemeinen 
linearen homogenen Gruppe in sich und entspricht der Bedingung am Ende des 
§4, wo bewiesen wurde, dass eine Gruppe sicher nicht integrabel ist, wenn sie 


eine nicht integrable Untergruppe enthilt. 
2) Weil 


Le Pi (2) 
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eine Untergruppe von 


Pu— Ly Piy Ly Py + Le Po + Pg + My (3) 


ist, so folgt durch dieselbe Kette von Schliissen, dass (5) nicht integrabel ist 
vorausgesetzt, dass (3) es nicht ist. 
Wahlen wir die Glieder : 

so haben wir eine dreigliedrige Untergruppe, und 
(X,X,) = — =X, 43) = (5) 

d. h. ihre dritte derivierte Gruppe kann sich nicht auf die Identitat reducieren, 
und daher ist diese dreigliedrige Untergruppe perfect, woraus folgt : 


Die betrachteten primitiven Gruppen in R,, welche eine Fiche zweiter Ordnung 
mvarvant lassen, sind nicht integrabel. 


Unter den dreigliedrigen Untergruppen von VIII, §3 ist eine 
Xy = Pi + p3, = Py — Py + Py, + MH. (6) 


Ihre Zusammensetzung ist: 
(X,X,)= X;, (X43) =—M, Xs) = 2X; (7) 


und daher kann ihre derivierte Gruppe sich nicht auf die Identitat reducieren, 
woraus folgt : 

Die imprimitive Gruppe VIII, welche die Oberfliche x3x,— 2,2, = 0 invariant 
ldsst, ist nicht integrabel. 


3) Genau dieselben Schliisse, wie oben, zeigen dass, wenn X nicht integrabel 
ist, es auch IV nicht ist. 
Bezeichnen wir 
— 2X, = — +t 3 (x4 ps), 
X= + 2p, +3 ps, 


so folgt: =X, (X43) = 2X, (X,X;) = X; 


| 
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welche wiederum die Structur der Projectiven Gruppe der Geraden ist. Daher 
der Satz: 
Die Gruppen IX und X, welche die Raumcurve dritter Ordnung 


invariant lassen, sind nicht integrabel. 


4) Die Untergruppen der Gruppen XI und XII, welche den linearen Com- 
plex dz + «dy — ydr = 0 invariant lassen, sind vollstaéndig behandelt worden 
von Knothe.* Dreigliedrige Untergruppen existieren nur, wenn kein Punkt 
invariant bleibt (siehe auch Lie-Engel, III, pag. 295). 

Wenn keine gerade Linie invariant bleibt, so bleibt eine Raumcurve dritter 
Ordnung invariant. Aber wir haben bereits (in No. 3) gesehen, dass in diesem 
Falle die Gruppe nicht integrabel ist. 

Wenn eine gerade Linie invariant bleibt, so ist sie eine Complexgerade oder 
eine Nichtcomplexgerade. 

Wenn sie eine Nichtcomplexgerade ist, so ist die grésste zugehérige Unter- 
gruppe von XI und XII: 


Lo Pe, Ly P3, Xz P4- (10) 


Ihre Untergruppe 


hat die Zusammensetzung 


(X,X,) = 2X,, (X,X)=—X, (2X, X,) = 2X, (12) 


und ist daher nicht integrabel. 

Wenn die gerade Linie eine Complexgerade ist, haben wir den Fall der 
Euklidischen Bewegungen und Aenlichkeitstransformationen, welche wir schon 
(in No. 2) betrachtet haben. 

Wir schliessen daraus: 


* E. Knothe, Archiv for Mathematik og Naturvidenskab, Bd. 15, 1892. 
19 
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Die Gruppen XT, XII, welche den linearen Complex 
dz + xdy — ydzx =0 (13) 
invariant lassen sind nicht integrabel. 


5) Es bleibt noch die Gruppe XIII welche den unendlich fernen Kegel- 
schnitt 2,=0, 2 = 0 invariant lasst. 
Unter anderen enthalt sie die dreigliedrige Untergruppe 


von der man sofort erkennt, dass sie, wie folgt zusammengesetazt ist : 
(X,X,)= (4, Xs) = 2X, (X, Xs) = Xs 
und, wie oben, folgt dann: 
vie Gruppe XIII, welche den unendlich fernen Kegelschnitt 
%=0, 14% 


invariant lisst, ist nicht integrabel. 


Alles zusammengefasst haben wir also :] 


Alle Gruppen in der Zusammenstellung in §3 sind nicht integrabel. 


Es ist vielleicht von Interesse, einen Ausnahmsfall zu den obigen Gruppen 
auszufiihren, nimlich eine integrabele Gruppe. 
Betrachten wir die Gruppe : 


X, = + 20 + p;, 2p, + 2x, p. + 325 


XIV 
= + pz, = Py + Py + pg + 


welche die Cayley’sche Oberflache 


32, Xo Xz — 223 = (16) 
invariant lasst. 
Die Gruppe X, X, X; X, enthalt X, X, X; als eine invariante Untergruppe, 


und diese Gruppe ihrerseits die invariante Untergruppe X, X; und daher gilt: 


| 
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Die Gruppe, welche die Cayley’sche Oberfliiche dritter Ordnung 
321 Ly Ly — — = (17) 


invariant lisst, ist integrabel. 


§6.— Beweis dass die Gruppen algebraisch sind : 


Erste Methode: Nach dem, was wir in §2 angefiihrt haben, haben wir uns 
nur auf algebraische Gruppen zu beschranken. 

Die Gruppen in §3 sind homogen, aber weil wir uns ausschliesslich nur mit 
infinitesimalen Transformationen beschaftigt haben, so miissen wir uns iiber- 
zeugen, dass sie wirklich algebraische Gruppen darstellen. 

Ks ist unnétig, diese Untersuchung fiir alle Gruppen des §3 zu machen, und 
wir wollen andeuten, wie wir uns von dieser Thatsache iiberzeugen kénnen. 

Nach den wohlbekannten Lie’schen Methoden (Continuierliche Gruppen, 
Kapitel 7) kénnen wir die endlichen Gleichungen der Gruppen thatsichlich aus- 
rechnen, und uns tiberzeugen dass sie algebraisch sind. 

Zweite Methode: In §1, Gl. (4) haben wir eine angegeben, um die endlichen 
Transformationen zu finden. Diese Methode kénnen wir hier sehr gut anwenden, 
da wir ja in jedem Falle das invariante Gebilde kennen. 

Betrachten wir als Beispiel der Untergruppe von VIII, indem wir das Glied 
U weglassen. Sie stellt eine sechsgliedrige Gruppe vor, welche die Oberflaiche 
— 2, = O invariant lasst. 

Um die endlichen Gleichungen dieser Gruppe zu bestimmen, schreiben wir: 

Ly — Ly Hy Wy — (1) 
d. h. ausfithrlich : 


Dies giebt uns zehn Gleichungen zwischen den sechszehn Grdssen a, und 
wir kénnen daher zehn von ihnen als Funktionen von den sechs iibrigen als 
unabhingigen Variabeln bestimmen, was beweist dass unsere Gruppe sechs 
unabhiangige Parameter enthalt. 

Ks ist aber begreiflich, dass Faille vorkommen kénnen, wo es unmdglich ist, 
eine gewisse Anzahl der Parameter, sagen wir 7, als Funktionen der tibrigen 
16 —r darzustellen; aber diese Unméglichkeit kann hier nicht vorkommen, wie 
die andere Methode zeigt. 
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Daraus folgt: 
Wir kéinnen die endlichen Gleichungen unserer Gruppen bestimmen, indem wir 
simultane algebraische Gleichungen auflésen. 


§7.—Invariante Untergruppen. 


Gemiss unserer allgemeinen Theorie reduciert die Adjungierung der Inte- 
grale einer Hilfsgleichung die Transformationsgruppe zu einer invarianten Unter- 
gruppe (siehe §1). Die Kenntniss der invarianten Untergruppen ist daher not- 
wendig zu vollstindigem Verstandniss der Natur der auszufiihrenden Reductionen. 

Unter einer m-gliedrigen Untergruppe der r-gliedrigen Gruppe X, .... X, 
verstehen wir, dass 

Die Untergruppe ist invariant, wenn 


= 


(2) 


Die allgemeine lineare Gruppe enthalt als invariante Untergruppe die spe- 
cielle lineare Gruppe, die letztere keine invariante Untergruppe. 

V hat IV zur invarianten Untergruppe, wahrend die letztere keine inva- 
riante Untergruppe hat. Wenn die Anzahl der Parameter klein ist, wie meist 
in diesen Fallen, so kénnen wir, in Ermangelung anderer Methoden, alle mé- 
glichen linearen Combinationen der Transformationen bilden (in diesem Falle 
alle méglichen linearen Combinationen von 5, 4, 3, 2 Gliedern), dann nachsehen 
ob sie, gemiss (1), Untergruppen bilden; und, wenn dies der Fall, so zeigt (2), 
wie man findet, ob sie invariante Untergruppen sind. 

VIII hat als invariante Untergruppen : 


+ Py Le + Pz — Py, Lz + Py (3) 


Po Ly Pg, — Py + + Pq, Le Pit py (4) 


Diese Tatsache ist auch leicht zu verificieren, da ja VIII dieselbe Structur 
hat, wie die projective Gruppe: 


P, wp, qs (5) 


— 

_ 
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Die Gruppe IX hat X als invariante Untergruppe, und X hat keine inva- 
riante Untergruppe, weil sie genau dreigliedrig ist, und wir gesehen haben, dass 
sie nicht integrabel ist. 

XIII hat als invariante Untergruppen : 


Ly Pry Ly Poy Ly Pz, Ly Py + Lz + Xz Pz + py (7) 
Pi, Uy Pr, (8) 


XI hat XII als invariante Untergruppe. 
Endlich enthalt XIV, weil sie integrabel ist, eine dreigliedrige invariante 
Untergruppe, und die letztere eine zweigliedrige invariante Untergruppe. 


KAPITEL. 


ANWENDUNGEN. 


Einleitung. Wir miissen nun gemiiss §1 voraussetzen, dass jede Gruppe der 
Reihe nach die Transformationsgruppe unserer Differentialgleichung ist und jetzt 
sehen wir mit Hilfe unserer gruppen-theoretischen Untersuchungen, dass wir 
drei Arten von Problemen vor uns haben, welche wir folgendermassen formu- 
lieren kénnen: 

1) Die Reduction zu untersuchen, die aus der Existenz der speciellen line- 
aren Gruppe als eine invariante Untergruppe der allgemeinen linearen Gruppe 
folgen. 

2) Die Higenschaften unserer Differentialgleichung zu untersuchen, wenn 
eine cubische Relation zwischen den Integralen invariant bleibt. 

3) Die Higenschaften unserer Differentialgleichung zu untersuchen, wenn 
eine quadratische Relation zwischen den Integralen invariant bleibt. 


§8.—Erste Reduction, die sich aus der Existenz der speziellen linearen Gruppe 
ergiebt. 


Statt mit Hilfe der vorigen Methode den Satz zu beweisen: “ Hine lineare 
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Differentialgleichung 4. Ordnung kann mit Hilfe einer Quadratur auf eine nicht- 
lineare Differentialgleichung 3. Ordnung reduciert werden,” wollen wir gleich 
den allgemeinen Satz: ‘‘ Hine lineare Differentialgleichung n** Ordnung kann 
mit Hiilfe einer Quadratur auf eine nicht lineare Differentialgleichung (n — 1)** 
Ordnung reduciert werden,” beweisen. 

Die Differentialgleichung n” Ordnung: Betrachten wir die allgemeine lineare 
Differentialgleichung n** Ordnung: 


— 1) d®—*y _ 


Ihre Transformationsgruppe ist die allgemeine homogene lineare Gruppe mit 
n Variabeln und n* Parametern. Diese Gruppe enthalt eine invariante Unter- 
gruppe mit n? —1 Parametern, die spezielle lineare Gruppe. Diese letztere ist 


einfach. 
Aus der obigen allgemeinen Theorie folgt, dass diese Differentialgleichung 


mittelst einer Quadratur auf eine nicht lineare Differentialgleichung (nm — 1)*" 
Ordnung reduciert werden kann. 
Die Invariante der speciellen linearen Gruppe ist: 
(2) 
welche D'+na,D=0 
geniigt. Die gegebene Gleichung (1) sollte sich auf eine nicht lineare Differen 
tialgleichung (n — 1)" Ordnung reducieren. Sei 
4 
(4) 
so kénnen wir ohne weiteres aufschreiben : 
Huy, 
yl" = uly + + 
= uly, + 4uu!'y, + + 


yf? wird u”—” und niedrigere Ableitungen von w, wu” und y, enthalten, und wenn 
wir diese Werte in (1) einsetzen, so erhalten wir eine Gleichung von der Gestalt 


+ .... +p, =0 (5) 
WO pp, ---- p, bekannte Funktionen der 4 und wu sind. 


i 
n 
da” da*—? 
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Integrieren wir (3), so erhalten wir 


(3') 
und integrieren wir jetzt (5) so ist hiemit die Gleichung (1) integriert. 
Fiihren wir dies genauer aus. Nehmen wir an, es seien 2, U%e,-.--- Un, 
u,n-+ 1 Integrale der Gleichung (5). Setzen wir ferner: 
¥2 Yn 
so ist 
+ Ys 


und daher 
(wu — + (W— Us) + ....+(w—4,) y, = 0 


und wenn man letztere Gleichung differentiert, folgt: 
[uy — + uy (w—u)Jyit + [wv +u,(u—u,)] yn, = 0. 


Wenn wir im Ganzen n— 2 mal differentieren, und jedes mal y} durch »; y, 
ersetzen, so erhalten wir im Ganzen n — 1 homogene Gleichungen, und wir kén- 
nen daher schreiben : 


wo é,.... &, bekannte Funktionen von ....u,,u und ihren Ableitungen 
sind. Wir haben daher: 
Yr» Uy yr, (Uy + Ui) + 4+ ....)y 


wo 7 eine bekannte Funktion der wu und ihrer ersten n — 1 Ableitungen ist. 
Folglich ist: 
Ean 
und daher endlich: 


= Yo = p —p* (é, tay" 
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Das Auftreten der Wurzel rihrt davon her, dass die Integration von (2) 
und (5) die endliche Transformationsgruppe der Gleichung auf die grésste gemein- 


/ / 
schaftliche Untergruppe von D und “i cees = reduciert, d. h. auf die nicht 
1 n 


continuierliche Gruppe, die durch die n Transformationen 
Yi= Yo = Yn= 
wo e” —1= 0 bestimmt ist. 


Soll die Transformationsgruppe von (1) die spezielle lineare Gruppe sein, so ist 
D rational bekannt ohne Quadratur, d. h. na, oder A, selbst ist die logarithmische 


Ableitung einer rationalen Funktion (da e~ nfr.d* vational ist) und wir brauchen 


bloss (5) zu integrieren. 
Wenn in der Gleichung bereits das zweite Glied a fehlt,so kénnen wir 
schreiben 
Yrs 
a1. 
Yn 
Die Differentialgleichung 4°" Ordnung: Speciell fiir die Differentialgleichung 
4‘ Ordnung, wo die constanten Factoren der Coefficienten die Binomialcoefii- 
cienten sind, wird die Gleichung (5): 
ul + 3(u + 4a;) wl! + 6 (u? + + A) + 
+ ut + + + (5’) 


Wenn wir diese letztere Gleichung in die zwei folgenden Gleichungen 


spalten 


ul! + 3(u + u! + 6 (u? + 2A,u + + 3u” = 0, (6) 
ut + 4A,u? + + 4A + Ay == 


so wird im allgemeinen ein Integral uw, von (5’) nicht zugleich (6) und (6’) 
befriedigen ; aber umgekehrt wird wenn w, ein Integral von (6) und eine Lésung 
von (6’) ist, w, auch (5’) geniigen, und,folglich wird 


rr" 


ein Integral der gegebénen Differentialgleichung (1) sein. 


q 
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Also gilt der Satz: 

Wenn eine Wurzel der algebraischen Gleichung (6') zugleich ein Integral der 
nicht linearen Differentialgleichung 3°" Ordnung (6) ist, so ist sie die logarithmische 
Ableitung eines Integrales der allgemeinen linearen Differentialgleichung (1). 

So haben z. B. die nicht lineare Differentialgleichung 3** Ordnung. 

ul” +3 (u— 2x) wu! + 6 — 4) + = 8 
und die algebraische Gleichung 4" Grades 
ut — — 3u? + 4X (u— x) + at+ 0 


(wo X eine beliebige Funktion von ~z ist), die gemeinsame Lisung w, = a, und 
daher hat die Differentialgleichung 


d'y dy dy dy ‘ 
3 +4X (40.X — xt — 32°) y= 0, (1') 


Y, = ce? zu einem Integral, wie sich leicht verificieren lasst. 
Allgemeiner: wenn zwei Integrale wu, und wu, von (6) bekannt sind, so die- 
nen sie dazu, a, und A, in (6) und weiterhin A; und A, in (6’) zu bestimmen. 


Daher ist die lineare Differentialgleichung, von welcher y, = e/** und Yo =_/* 
zwei Integrale sind, bestimmt. Die Trennung von (5’) in (6) und (6’) ist daher 
gleichbedeutend mit der Aufstellung zweier Bedingungen. 

So wird z. B. die Differentialgleichung 


wl +3 (u— +1) +6 (we + w+ au" =o, 


befriedigt durch u,—=x und w = 2x; diese beiden Werte sind aber auch Wur- 
zeln der Gleichung 


2 
ut — — (92° — 7x) u + — 6a? = 0 
und daher sind, wie man leicht verificiert, y, = ce? und y, = ce” zwei Inte- 


grale von 
1 yl! +4. 1 (923 7x) y! + ( 622”) y= 0. (1”) 


Man wolle hiebei beachten, dass die coefficienten in der gegeben Differen- 
tialgleichung (1) und in der algebraischen Gleichung (6) genau dieselben sind. 
20 
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Die Gleichung (5’) kann auch zerlegt werden in eine lineare Differential- 
gleichung 3°" Ordnung: 
ul" + 122A, ul! + 6A .u! + 4A,u = 0 (7) 


und in eine nicht lineare Differentialgleichung 2°" Ordnung : 


Suu!’ + 6 (w+ wu! + 8u” + ut + + +A, = 0. (8) 


Wenn w, gleichzeitig ein Integral von (7) und (8) ist, so ist e/** ein Inte- 
gral von (1). 
Also gilt der Satz: 
Wenn. die logarithmische Ableitung des allgemeinsten Integrals der linearen 
Differentialgleichung 4°” Ordnung (1) der nicht linearen Differentialgleichung 
Buu! + 6(u + wu! + + ut + + 62,u? +2, = 0 (8) 
geniigt, so geniigt ste auch der linearen Differentialgleichung 3°" Ordnung : 


12A,u!! + 6A,u! + = 0, (7) 


und wenn dte logarithmische Ableitung eines Integrals von (1) der Gleichung (7) 
geniigt, so geniigt sie auch der Gleichung (8). 


§9.— Zweite Reduction—Kubische Relation zwischen den Integralen. 


Wir werden nun an Stelle von a in §8 setzen y, und annehmen, dass die 
Transformationsgruppe unserer linearen Differentialgleichung 4°" Ordnung den 
Typus IX hat. Die Invariante 3" Ordnung ist gegeben als Schnitt der zwei 
Oberflachen : 


(1) =0 oder als (3) = 0, 
(2) ysyi— yi = 0 Y2 — — 


Das Problem kann jetzt, wie folgt, formuliert werden : 


Eine lineare Differentialgleichung 4° Ordnung zu integrieren, wenn man weiss, 
dass eine kubische Relation von der Form [3] zwischen thren Integralen existiert, d, 
h. dass die Gruppe unserer Gleichung die Gruppe IX ist. 


Da die fragliche Gruppe nicht integrabel ist, so ist es unméglich, die Gleich- 
ung durch Quadraturen zu integrieren. 
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Da die Gruppe IX die Untergruppe X mit einem Parameter weniger enthilt, 
so folgt aus der allgemeinen Theorie, dass die Integration unserer Gleichung von 
der einer Differentialgleichung 1 Ordnung abhingt. In der Tat werden wir 
sehen, dass es eine Riccati’sche Gleichung ist; aber wir wollen zuerst die Differ- 
entialgleichung Ordnung betrachten, deren Resolvente sie ist. 
Die Curve (3) kann mit Hilfe zweier Parameter, wie folgt, dargestellt wer- 
den : 
Y= Y=uw, ui, (4) 


da ja (1) und (2) geschrieben werden kénnen: 


Nehmen wir an, dass die Differentialgleichung 2°* Ordnung, fiir welche 1, 


und uw, zwei unabhingige Integrale sind, die folgende sei : i 
+ Ku=0. (5) 

Um die Differentialgleichung zu bilden, von welcher y, .... y, abhingen, , 
setzen wir: 
(6) 

und notigen Falls y, = (i=1.... 4). 


Differenzieren wir (6) vier mal, indem wir mit Hilfe von (5) die Ableit- 
ungen von wu eliminieren, die hoher als die erste sind, so erhalten wir : 


= — 60Kuu"” — wu! + (21K* — 3K") 

= — 21 — 3Kv' + 
= — 3Kv', 

y = 

y us 


woraus dann folgt: 
+ 10Ky" + 10K'y + 3(3K*—3K")y=0. 


Und man sieht leicht, dass uju, und u, uj ebenso zwei Integrale von (7) sind, wie 
u? und uj. 


Nun kénnen wir statt der Gleichung (1), zufolge der Substitution z = ye ” 


screiben : 


4 2 ad. 
+ 6p, 55 + + pe=0, (a) 


Y2 Y3 Uy 
| 

4 
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Pz = + 2ai — Ay’, 


Pz = Ag — — Ai: 
(8) 


adjungieren wir also nserem Rationalitatsbereich, so kann man die Differ- 
entialgleichung (a) als die allgemeine lineare Differentialgleichung 4° Ordnung 


ansehen. 
Vergleichen wir nun die Gleichung (a) mit (7), so sehen wir, dass : 


K=tp, K'=tp,, 3(3K*—K)=p, (9) 
und wenn wir K eliminieren, so erhalten wir 
3p, = 2ps, P3—($) = 0 (10) 
oder, durch die Coefficienten der gegebenen Gleichung ausgedriickt : 
ai! — — 408 + + 2%, = 0 


und 
Ay— + — 3ai— + — Aj!’ (11) 


Wenn die zwei Relationen (11) zwischen den Coefficienten der gegebenen 
Gleichung, oder die zwei Relationen (10) zwischen den zwei Coefficienten der 
Gleichung, in welcher das zweite Glied fehlt, existieren, so kénnen vier Integrale 
geschrieben werden : 

Yi = Uh, Us (4) 
wo u, und w, Integrale der linearen Differentialgleichung 2%" Ordnung und 
u! + ku = 0 sind, und wo & sich aus einer der drei folgenden Gleichungen 
bestimmt : 


k= pr,» 


Diese letzten drei Gleichungen miissen zugleich bestehen kénnen. 
Die von unserer Theorie geforderte Differentialgleichung 1°” Ordnung ist die 
entsprechende Riccati’sche Gleichung. 
v+te+k=0. (12) 
Die Relationen (11) stellen die Bedingungen dafiir dar, dass die Differential- 
gleichung (1) die Gruppe IX als thre Transformationsgruppe habe (§1, IZ). 


| 
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§10.—Dritte Reduction— Eine quadratische Relation zwischen den Integralen. 
Die quadratische Relation yj — y, y, = 0 ist offenbar ein Specialfall von 
Ys— Ys Ys = 9. (1) 


Um die Reduction der Differentialgleichung welche sich daraus ergibt zu 
untersuchen, schreiben wir : 


u'=au, (2) 
Be, (3) 
y = ue. (4) 


Differenzieren wir (4) 4 mal und eliminieren wir mittelst der ersten zwei 
Gleichungen die Ableitungen von héherer Ordnung als der zweiten, so erhalten 
wir: 


y 
y! =(a+ uzt+ (5) 


yl" = (a! + B') uzt (a + 38) wz + (8a 4+ 8) uz, 
yl = (a! + B" +a? + 6a8 + uz + (Qa! 4+- 48’) 
+ (4a! + 23") ual + 4 (a + B) we J 


Nachdem man —1, wz, w/z, uz’, u'z’ eliminiert, ergibt sich folgende Differen- 
tialgleichung Ordnung 


= —2(a+B)y" + + 38) —2(a’ +28’) | y/ 
+ [2 — B’) —(a + + (a— y=0. (6) 


Beim Vergleichen mit der Gleichung (1, §1) erhalt man: 


42, 3A, ( + 8), 
(a +38) +28), (7) 
44 = 8)— (a +8)+ 
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Gliicklicherweise lasst sich a leicht eliminieren und es entsteht : 


+ 42,0 — + 2A3 


Wenn wir aus diesen zwei Gleichungen eliminieren, finden wir die Beding- 
ung, welche zwischen den Coefficienten unserer Differentialgleichung bestehen 
muss, wenn 4; ¥,— Y3 ¥4—= 0 wird, mit andern Worten: wir finden so die Be- 
dingung, dass die Gruppe unserer Gleichung, die Gruppe VIII sein soll. 


Wenn uw, Us, %, % die Integrale von (2) und (3) sind dann werden die Inte- 
grale unserer Differentialgleichung 4°" Ordnung sein : 


welche offenbur der verlangten Beziehung y; — Y3 = geniigen. 


(28 + —12a,2/, (8) | 

| 


SCHLUSSBEMERKUNG 


Lie hat gezeigt, dass seine Theorie auf alle damals bekannten Methoden, 
Differentialgleichungen zu integrieren, ein Licht wirft, indem sie alle diese ver- 
schiedenen aussehenden Methoden unter einen Gesichtspunkt bringt. Aber wie 
wir bereits bemerkt haben, ist seine Theorie fiir die Differentialgleichung nicht 
so vollstiindig, wie die entsprechende Theorie fiir die algebraischen Gleichungen. 

Unsere Methode besteht kurz darin, méglichst viele der Gruppen in FR, zu 
bestimmen, und die resultierenden Reductionen zu untersuchen, indem man 
annimmt, dass jede Gruppe der Reihe nach die Gruppe unserer Differential- 
gleichung ist. Das Problem kommt daher natiirlicher Weise darauf hinaus, alle 
Gruppen in &, zu bestimmen. 

Wir haben aus einer gewissen Anzahl dieser Gruppen, und zwar meistens 
primitiven, die linearen homogenen Gleide: herausgegriffen. Aber dies geniigt 
keineswegs. Hs ist namlich begreiflich, dass einige der weggelassenen Glieder 
in die linear homogene Form transformiert werden kénnen; und diese miissen 
daher, um unser Problem vollstandig zu lésen, auch noch untersucht werden. 
Die linearen homogenen Glieder, welche wir betrachtet haben, bilden wieder 
eine Gruppe fiir sich. 

Um zu entscheiden ob die Gruppen integrabel sind oder nicht, haben wir 
Engel’s Theorieen (§2) und die Methode der derivierten Gruppen angewandt. 
Wir sahen, dass von den 14 betrachteten Gruppen, nur diejenige, welche die 
Cayley’sche Oberflache 3x, x, 2, x3 2x} = 0 invariant lasst, integrabel ist, 

Unsere Ergebnisse scheinen daher anzudeuten, dass, wenn auch einige der 
Gruppen integrabel sind, bei den meisten dies noch nicht zutreffen dirfte, und 
dass daher die entsprechenden Reductionen nur teilweise nicht vollstandige sind. 
Dies zeigt, dass wir im allgemeinen unsere Differentialgleichung nicht lésen k6én- 
nen durch Integration einer Anzahl linearen Differentialgleichungen 1%" Ordnung, 
aber wir kénnen das Problem der Integration reducieren auf die Integration 
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einer oder mehrer Differentialgleichungen, die von niedrigerer Ordnung, als der 
sind. 

Wie zu erwarten war, zeigte sich, dass alle Gruppen algebraisch sind, und 
wir sahen (§1, I; $2), dass dies die einzige Art ist, mit der wir uns zu beschif- 
tigen haben. 

Da die Gruppen in §3 entweder eine kubische oder eine quadratische Rela- 
tion zwischen den Integralen invariant lassen, so ergibt sich die Aufgabe, die 
entsprechenden Reductionen zu bestimmen. In §9 haben wir ein Beispiel einer 
kubischen und in §10 zwei Beispiele einer quadratischen Relation zwischen den 
Integralen. 

Hs bleibt endlich noch die schwierigste Aufgabe (§1, IV) zu lésen, namlich : 
“die Gruppe einer gegebenen Differentialgleichung zu bestimmen.” Aber diese 
Aufgabe liegt zu weit asserhalb des Rahmens der vorliegenden Arbeit, und 
muss einer spiteren Gelegenheit tiberlassen werden.* 


Ich ergreife die Gelegenheit gerne, Herrn Professor Burkhardt meinen 
besondern Dank auszusprechen fiir seine Liebenswiirdigkeit und seine anre- 


genden Ratschlage. 
ZuRicH, Aug., 1901. 


* Siehe die Textnote, Seite 129. 
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The Logic of Relations, Logical Substitution Groups, 
and Cardinal Numbers. 


By A. N. WHITEHEAD, 
Fellow of Trinity College, Cambridge, England. 


PREFACE. 


In Section I, the theory of logical equations is generalized; any definite 
logical equation is proved to correspond to a definite class of relations [ef. *1°1 
and * 1*2], and to each relation of the class corresponds a solution of the equa- 
tion. But from the relational point of view the theory is equally simple, whether 
the number of variables in the corresponding logical equation is finite or infinite. 
Accordingly, we obtain a theory of logical equations when the cardinal number 
of the variables has any infinite value. The solution of this general type of equa- 
tion is found [cf. * 3°32 and * 4°04]. This is effected by the help of some 
important definitions [cf. *2°0, and * 2°05, and * 2°22, and * 3°10, and 
* 3°20]. In *5, the application to equations with a finite number of variables 
is considered, 

In Section II, Cantor’s theory of cardinals as developed in my paper 
on “Cardinal Numbers” in Vol. XXIV, p. 367 of this Journal, is applied; 
and after determining the cardinal numbers of various classes of relations in 
*10, in *11 the number of solutions of any logical equation is determined 
[cf. 11°13 and * 11°25]. In 12, these results are considered for the special 
case of a finite number of variables [cf. * 12°01, and * 12°02, and *12°2], and 
some exainples for one and two variables are appended. In * 13, the following 
problem is considered: ¢ is a given class, a and 0 are given classes contained in 
zt, required the number of classes x contained in 7 such that the cardinal number 
of the class (aA x) (b Ax), where x is the part of 7 not x, is some given 
number a. This number is determined [cf. * 13°20 to * 13°24]. Thence 
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(cf. % 13°30], with the same suppositions, the sum of the following series is 


determined : 


>, gui 


These two sections are written out in the notations of Peano and Russell, 
explained in the memoir on ‘‘ Cardinal Numbers ” (loc. cit.). 

Section III considers the orders of the Logical Substitution Groups, consid- 
ered in my memoir on ‘‘ Symbolic Logic,” in Vol. XXIII, p. 297, of this Journal ; 
the order of the complete group is 24“ (cf. * 20°1); the order of the identical 
group of a function with invariants s,, 8,, 83, 84 is 


Also the orders of other groups are determined. 
Section IV deals with some properties of a certain simple type of substi- 


tutions. 
My memoir on “Symbolic Logic” in this Journal, Part I in Vol. XXIII, 


p. 140, and Part II, Vol. XXIII, p. 297, is always cited as Symb. Log., Part I 
or Symb. Log., Part Il; the memoir “On Cardinal Numbers” in Vol. XXIV of 


his Journal is cited as Card, Numb. - 


Section I. 


t,hecls. 
equ (i,h, P) =rel A Ra[p=i.pyh. Df. 

Note: RP)0’.=.RP)O’ [cf. Card. Numb., Section II, 2°13]. 
Here ‘“‘equ” is contracted from ‘‘equation.” The connection between 
this definition and the ordinary theory of logical equations is most 
easily seen from the next proposition, 
equ(t,h, P)=rel A akapk=Al], 

[*%1°1.=. Prop. ] 

Note: To establish the connection between these propositions and 
the theory of logical equations, consider / as the class of indices not 
necessary finite or denumerable in number: 27 is the class called the 
universe, and all the classes appearing in the equation as factors or as 
summands are contained in 2; P is the relation determining the known 


| 
* 1 
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coefficients of the various terms, thus 2% may be written a,, where a, is 
a known class contained in 7 and corresponding to the index k; since 
7% ) h and is not necessarily equal to A, it may happen thata, =A; R 
is the relation determining the unknowns of the equation, thus: let 
pk be written x,, where x, is a class contained in ¢ and corresponding 
to the index &: then *1°1 and the general hypothesis assert that for 
every product of the type ax A 2, we have 


and that the logical sum of all classes of the type x, is equal toz. For 
example, if the number of indices is two, so that wh =2 and these indices 
are 1 and 2, then 


In logical equations, as ordinarily considered, we should also have 
x, % =A, so that 2, = x, (putting x, for i~ x), and the equation 


becomes 


This further specialization of the general idea will be considered later ; 
but meanwhile we shall prove a series of propositions which belong 
equally to the more general conception here defined. 


t,hecls. 

byh.).(b, div P) Df. 

byh Ah~b~xa.).(b, div P)=A, 
). Prop]. 

%=h.).(A, div 

a~zh.).(A, div P) =a, 
(xx =h).). Prop]. 

(h, div P) =i~a, 
[(h, div P) A A). ). Prop]. 

(Ne, div P)=y2[A clsh a b2 fy =(b, div P)}]. Df. 

Note: ‘‘div” is contracted from ‘‘divisional”: the importance of 


a similar conception in relation to logical equations containing a finite 
number of variables was exemplified by W. E. Johnson in a paper read 


| * 2 | 
| “0 | 
| 
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before the International Congress of Philosophy, Paris, 1900, in the 
section dealing with “ Logique et Histvire des Sciences” (published by 
Armand Colin, Paris). The definitions, * 2°0 and * 2°05, have essen- 
tial reference to7,h which are given in the general hypothesis; in 
other connections it might be necessary to express these classes and to 
write (, div; P) for (6, div P) and (Ne, divi, P) for (Ne, div P). 


tz ‘xz = 
Pye Ne>1. 
byh.).(b, div P) = 
(Ne, div P)e cls’ excl, 

[Pre Pry yo y.).20 2's). Prop]. 
Ww ‘(Ne, div P) =i, 

[wen div P):).x2e (Ne, div P), (1) 
div P).). xe*(Ne, div P), (2) 

(1). (2). ). Prop]. 

Note: The importance of the class (Nc, div P) depends upon 

2°20 and 2°21. 


BeNe.).(8, div P) [Tels hab? {be B.x=(b, div P)}]. Df. 
t,hecls. equ(i,h, P). Re equ(i,h, P).).*. 
byh.ae(b, div P).aRk.).keb, 
(1) 
(1).ceh~b.aRk. RP)o.).x0k, (2) 
Hp.(2).). Prop]. 
(A, div P)=A, 
byh.d (b, div P).).(b, rel P) = rel AS2 [o = (6, div P).¢ Df. 
Note: (b, rel P), like (0, div P), refers essentially to ¢ and A 
which are given in the general hypothesis. If it were necessary to 
render these classes explicit in the notation, we could write (0, rel), P) 
for (6, rel P). 
BeNe.).(8, rel P) (Tels h A b2{beB.x=(b, rel P)}]. Df. 
(Ne, rel P) cls’ haba {x= (b, rel P)}]. Df. 
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Sé(Ne, rel P). =. Serel.d cls’ h A b2[o = (6, div P).¢) 
S, S' (Ne, rel P). So’ 
[ 2°20. *3°13.). Prop]. 
(Ne, rel P)*} =rel Sa (Ne, rel P)* M32(S= 'M)]. DE. 


Note: For an explanation of this use of the symbol x, ef. Card. 
Numb. * 6°0. 


Se {rel (Ne, rel P)X}.}.0= div P) =%. 
Se {rel(Ne, rel P)*}.b)2.4 (6, div P).). 
S,=1(6, rel P) Df. 
Hp * 3°22. ).0,=(b, div P).6,)b. 
Sefrel(Ne, rel P)X} A oy =A. 
Se jrel(Ne, rel P)X} DA. 
Se {rel (Ne, rel Pyo’, 


[wed.).d cls’ h Ab2\xeb.d (b, div P)}, (1) 
(1).2S2.).2e(b, div P), (2) 
ze(b, div P).zPy.).yehw~ (3) 


(1) Prop]. 
{rel (Nc, rel P)*} Jequ (i, h, P), 
[ 3°21. 3°25. 3°26... Prop]. 
equ 4, P)) {rel (Ne, r1P)*}, 
[Reequ(i, h, P).).*. 
2°20. cls’ h A Jae(b, div P)} el, (1) 
(1) h b3 jae(b, div P)}.aRk.).keb, (2) 
(2).b)h.d div P).). R,2 [p, = (0, div P) 
ae(b, div P).),:a Rk. =.akh,k]e1 acis’(b, rel P), (3) 
pt. 2°21. (4). ). Re jrel (Ne, rel P)*}. ). Prop]. 
equ P) = jrel (Ne, rel P)*}, 
3°30. *3°31.). Prop]. 


Note: * 3°32 gives the general solution for the class of relations 
indicated by equ(i,#, P), in the sense that {rel (Ne, rel P)*}, which 
has been proved to be the same class, is defined by indicating a method 
for the construction of any member of the class, whereas the definition 
of equ(t, 2, P) simply indicates the general property of any member 


| 
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of the class: we have here an example of two different class-concepts 
with the same extension. 
We now proceed to specialize these ideas in the direction of ordi- 
nary logical equations. 
equ(i,h, P).).°. 
byh.d (b, div P).).(6, Nem1, P) = New1 A (8, rel P). Df. 
(Ne, P) = «2 cl’ hab? \x=(b, P)}]. Df. 
{rel (Ne, Ne>1, P)*} 
= rel A 83 (Ne, Ne>1, P)X*AM2}S= a‘M}]. ODF. 
Ne>1 A equ(i, h, P) = {rel (Ne, Ne>1, P)*}, 
[ * 3°32. ). Prop]. 
Note: With the notation of the note on *1°2, we have, if 
Re A equ(t, h, P), 
=A, 
and the logical sum of all the classes of the type a, is equal to 2, and 
the logical product of any two different classes of the type ,, say x, 
and x,, where & is different from #’, is nu l, that is, 
Thus the class of classes of the type x, is exhaustive of 7 and the classes 
are mutually exclusive. For instance, if the number of indices is 2, 
so that he2, and if x, is put for then 2, and 
hence x = 2, and the equation becomes 
A. 
The general relation of the above theorems to logical equations with 
a finite number of unknowns is considered in the next set of propo- 
sitions * 5°0 to * 5°11; and equations with a finite number of variables 
are again considered in set * 12 
We shall use the following notation wherever the symbol 7 repre- 
sents a class 
fn.h=Nem B2(0< BS»): 
equ(i,h, P):Beh.).a,=nB: 
Reequ(i,h, 
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2°0.). Prop]. 

(A, div P= AGA AGA, 


| 2°90. «3°02. Hp. ). Prop]. 
Beh. 
[4 CA 8: = Df 
Note: S,, S,,... S, are the symmetric functions of a,, a, ... , a. 
as defined in “Symb. Logic,” Part I, §2; thus, §; =a,;,yva,gu...uUa, 


4. Df. 


Note: This definition is convenient to preserve the generality of 
certain formule. 


BeNe.B<v.). (8, div 
[ 2°22.%5°0.% 5°03. ). Prop]. 


S,=A, [* 5°01.=. Prop]. 
[Hp (*5).). Prop]. 


Re 591024, Neh. 

Note: Comparing this with the ordinary type of logical equation, 
for instance, in two variables, 
we see that y=2AY, B=LAY, Thus 
%, y= 2;. Also for the comparison to hold, must be 
a number of the type 2’, and then 6 is the number of unknowns in the 
ordinary logical equation. But whatever v may be, the equation 


where and (A0°A’) can always 
be modified into an equation of the required type. 
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For, let dS <2’, and let a,,,,a,42, be each equal to 7, 

so that 
aie. }.a, 
then AM TA.) GRA. 
Hence by adding on to a, .... a, the (2°— v) termsa,,,, ...- a5 (all 
equal to 7), and to a, .... a, the (2°—v) terms ..-- (all 
equal to A), we obtain 

where and Ax=A, and 
---- x, can be any set of terms satisfying the unmodified equa- 


tion and can be no other set. Hence there is no loss of generality in 
supposing that v is always of the form 2°. The next set of propositions 
(* 6) will deal with the generalization of this reasoning for the case 
when vy may be infinite. 


2). 
equ(i,h, 
Wecs 
equi, huh’, P')=equ(t,h, P). 
Note: This proposition, of which the proof is easy, shows that 
there is no loss of generality in always assuming, when convenient, v 
to be of the form 2°. 


Section II, 


The Cardinal Numbers of Various Classes. 


u, rel, Jv) =rel A Df. 
(uw, rel, Jv) =rel A Df. 
(Du, rel, v) =rel A R2(p Ju. f=v). Df. 
(u, rel, v) =rel AR2(p=u.p=v). Df. 


(u;v) = (a, Df. 
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UU X [cf. Card. Numb. * 7°21]. 
°31 rel, =uels’ (uw; v) = Card. Numb. 15°0]. 
rel, 
[wewe)-k, vel}. 
(1) 
ukX =u(u, rel, (2) 
(Card. Numb. *12°1).(1).(2).). Prop]. 
wutuve 
rel, = =u() rel, v). 

Ne>1A (u, rel, )v) =", (cf. Card. Numb. * 14:0]. 

"41 a (u, rel, =uv*", Card. Numb. * 14°1]. 

wi Nem1A()uw, rel, dv} =(1+ ur), 

[we A (w, rel, =(uv)?, (1) 
BS mu 

A( D4, rel, v)} =>) Cp" x (uo), (2) 

(Card. Numb, * 17°4).(2).). Prop]. 

52 rel, )v)} =(1-+ wut’. 

61 wu>l.uv <u (u, rel, v) 
(2*"-1— Su (u, rel, v) < — 
rel, Ju~cy). 

rel, v), (1) 
(1).ceu.yev. rel, v) >u(u~ca, rel, Ju~ cy), (2) 
(2). 10°32. (wu, rel, v) rel, )v) . ). Prop]. 
62 Ne infin. ).u (u, rel, v) = 
[*10°61.). Prop]. 
*11 t,hecls. Perel. equii, h, 
mwequ(t,h, P) =u {rel (Ne, rel P)*}| =wi{Ne, rel P{*. 
[% 3°32. 3°20. ). Prop]. 
BSuh 

01 w equ P) = u(@ rel P)*, 

[(Card. Numb. 10°22). *11°0. 3°11. *&3°12.). Prop]. 

“11 BDA. rel P) = (2?— 

[* 3°10. * 10°32. ). Prop]. 


co 
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B eNe.>.u(8, rel P)X = (2 — 

[ 3°11. 2°22. 11°11. (Card. Numb. 10°22. *13°1).). Prop]. 

wequ(t, h, P) 

[*11°01.%*11°12.). Prop]. 

Note: This is the general formula for the number of relations 

belonging to the class equ (t,/, P), and thus also for the number of 
solutions of the corresponding logical equation. 


uj equ(i, A, P)}=ufrel (Ne, Ne>1, P)X}=u}Ne, Ne>1, P{*, 
[* 4°03 . 4°04. ). Prop]. 


Bcuh 
u{Ne>1 A equ(i,h, Ne>1, P)*, 
[(Card. Numb. * 10°22)... Prop]. 
(6, Ne>1, P) = AvP, 
4°01. 10°41. ). Prop]. 


724 P)X= div P), 


°25 


3°11. 2°22. (Card. Numb, 10°22 *13°1).). Prop]. 

[*11°22.% 11°24... Prop]. 

Note: This is the general formula for the number of relations 

belonging to the class Ne>1 A equ(i, h, P), and thus also for the 
number of solutions of the corresponding logical equation. M. Poret- 
sky has given the number of solutions of a logical equation in one 
variable (viz,aaAxubAz=A) in the Revue de Mathématiques, 
Turin, Tome VI, 1896, in his paper, ‘‘ La Loi des racines en Logique.” 
The solution given now holds for any finite or infinite number of 
variables. We proceed to state the propositions * 11°13 and * 11°25 
in forms convenient for the case where the number of variables in the 
logical equations is finite; this case has already been partially con- 
sidered in * 5. 
Hp(*5).).*. 


Bsv 


701 wequ(i, h, P) = [] +2, 


B>»v 
[*5°05.% 11°13. ). Prop]. 
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Bsv 


02 u{Nem1 equ(i,h, P)} = 


°03 


°2 


B>1 
[ 5°05.%11°25.). Prop]. 

Note: * 12°01 and 12°02 give the number of solutions of the 
two types of logical equation when the number of variables is finite ; 
% 12°02 is of fundamental importance, especially in the theory of 
Logical Substitution Groups, developed in Section III. It can be veri- 
fied (the number of variables being finite) by another method. 


uS,_,¢ Ne infin. ).uequ(t, {Nem1 Aequ(t, 
.... + a,¢Ne infin. ). 


Bsv 
B>1 B>1 
1< (8, p+1) 


(2). A S,_-1) + S,_ 2) 
(4) 
Hp . (1). 12°01 12°02. ). Prop]. 
Note: This proposition is a great simplification of * 12°01 and 
of * 12°02 in the most important case. 


wequ (i, h, P)e Ne fin. {Nem1l A equ(i,h, P)}e Ne fin: 
Ne infin, 
[Demonst (* 12°03) .). Prop]. 


Note: It follows from * 12°03 and *12°1 that the number of 
solutions of a logical equation is either finite or is a number not less 
than that of the continuum. 

A equ(i, h, P)} < 
[ 12°02. (demonstration of * 12°03). ). Prop]. 

Examples. (A) of * 12°02, 


Here v= 2, S;=aub, 8, b= A; hence the number of solu- 


167 
i 


WauitEHEAD: The Logic of Relations, 


tions is 2° = This example is the case given by Poretsky. 
(B) of * 12°02, 

Here v= 4, Ss=avubucud,...., S=anbacand=A; 
hence the number of its solutions is 


and if u 8; is infinite, it follows from * 12°03 that the number of solu- 
tions can be written in the simplified form 2"*:, where 


(C) of * 12°01, 
=A, 
Here v= 2, S;=aub, S;=aAb=A; and the number of solu- 
tions is (2?— 1)* = 3"@~%, 
(D) of * 12°01, 


Herev=4, S, =aubucud,...., S=anbacand=A;; the 
number of solutions is 
(22 — (98 — x (24 — 


Since, in * 12°02, the coefficients of the equation only enter into 
the answer through the invariants S,, .... 8,, it follows that all equa- 
tions whose left-hand sides are members of the same congruent family 
(cf. Symb. Log., Part II, §6), have the same number of solutions ; for 
instance, considering an equation with two unknowns, such as that in 
example (B) above, for the family of secondary linear primes (cf. 
Symb. Log., Part I, §3), 8, =7, S,=7, 8; S,= A; hence the 
number of solutions is 1, as is otherwise known (cf. Symb. Log., Part I, 
§3). For the family of secondary separable primes, 8; =7, S,= A, 
S3;= A, S,= A; hence the number of solutions is 3“. This can be 
verified by considering the equation xa y= aA. For the family of 
deficiency two and of supplemental deficiency two, 8;=+7, 8&,=1%, 
S; = A, S,=A; and hence the number of solutions is 2"*. This is 
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immediately obvious from considering the equation (in two variables), 
=A, that is,2=A, and y can be any class subordinate 
to 
a, 
[uu =u cls’ (a b).(Card. Numb. * 15°0). ). Prop]. 
Vicls’a.).u= [ApX A = ‘m)] .). Prop]. 
Note: p(a, b)=(an b)U (4b). p (a, =(andb) UAB) 
(cf. Symb. Log., Part I, §3). The proof is as follows: 


[Hyp.).u=y2[F Ne (E, a.H (ay, a, u)3 (ae 


ne pa, (1) 
Fin=a 
(1).(Card. Numb. 7°21).).uu= Cp? x (2) 


(2). (Card. Numb. * 16°1).). Prop]. 
a, becls’t.ae Nefin Nay. bd). 
Az AZ) (1) 
(1). *13°20.). Prop]. 
For the definition of Na), cf. Card. Numb. *30°0. The point of 


the limitation to Ne fin or to Na, is that then a—u(and) is a 
definite number. 


°22 a, becls’i.ae Nay.u(a db). 


(asd) gue (a,b) 
[a—u(anb)=a. *13.21. ). Prop]. 


°23 a, 


“11 
“20 
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°24 a, b)=a. 
vsa 
aw? Nenv3{y<a. 
City, 
13°20 .(1).). Prop]. 


(a ~ b) up (a, B) é 
[* 2 x2 x 2 
—<H(a~b) 


(1) . (Card. Numb. *17°4).aU b=p(a, b).). Prop]. 


°31 a, gui (an2)~ (a ~d)+ up (4,0) gu (a,b). 
d).pjans, (4 = p(a, ), 
13°30. (1). (2). Prop]. 


Section III. 


Orders of Various Logical Substitution Groups. 


The properties of these groups have been investigated (cf. Symb. 
Log., Part II) for the case of functions of two variables. In the pres- 
ent section the orders of the various groups, discussed in the memoir 
referred to, will be determined. In the reference the theory of substi- 
tution groups is not investigated by symbolic methods, accordingly, 
these methods will be largely abandoned in the present section. A 
group is a class of operations and the order of the group is the cardinal 
number of the class. The class 7 will be assumed to contain the 
classes denoted by the two variables x and y, and also the classes 
denoted by the coefficients of any function of one or both of these 
variables. Also as before, 


t~s. 


(1) 
(2) 
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The statement that E1) Ea, Es, oa are the coefficients of a substi- 
M1» Nar N3» 
tution 7’, means that 


Te = (EAN 
Ty=(mA®ZAYY 
where gi a satisfy the equation (cf. Symb. Log., Part II, §2, 


equation (12)). _ 


(p,g=1, 2, 3, 4), 
which can also be written in the form 


02 A =A, g=1, 2 3, 4), 
and _also in the form 
03 (E, On) =A, (r= 1, 2,8, 4), 
and also in the form 
YT} E (An) An)f =A. 


Any one of these forms will be called the equation of condition for the 
coefficients of a substitution. When this equation of condition is fully 
developed in terms of its eight unknowns £, .... &, 7 .--- 4, it has 
2° terms; the coefficients of these various terms are either 7 or A. Con- 
sidering the form * 20°04, it is easily seen that the first product (i. e., 
An) (E, An) A |) gives 3‘ terms with coefficient 
the second product gives (3*— 2*) other ‘terms with coefficient 7, the 
third product gives (3*— 2*— 2+ 1) other terms with coefficient 7, 
the fourth product gives (3*— 2*— 2*'— 2'+ 3) other terms with 
coefficient 7. Hence, there are 232 terms with coefficient 7 and 24 with 
with coefficient A. 
Thus, calculating the invariants Sj, .... S, of this equation from 
Sp to Sy, they are each equal to7, and from S,._.; to S,. they are 
each equal to A. Hence from * 12°02 we deduce 
‘1 The order of the complete logical substitution group for functions of 
two variables is 24“. Thus, if the order is infinite, it is equal to the 
power of the continuum at least. 
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The identical group of @(x, y) is simply isomorphic with that of 
the canonical function of the congruent family (cf. Symb. Log., Part II, 
§7) to which ¢ (x, y) belongs. Hence, in order to determine the order 
of the identical group of (x, 7), we have only to determine it for the 
congruent family. Let s,, 8, 83,8, be the invariants of this family, so 
that s,s; )8)s,. Then the coefficients of a substitution of the 
identical group of the canonical function, in addition to satisfying the 
equation of condition (* 20°04) must satisfy (cf. Symb. Log., Part II, 
§7, equ. (37)), the four equations 


AMY (ARAL AMHA, | 
(810 Bs AEs (82 (85.0 AEs its) | 


The equations can be combined with the equation of condition into 
one single equation of condition with 2* terms when fully developed. 
By noticing the symmetry of equations (1) and that of * 20°04, and 
reducing by the relations between 5), 82, 53, 8,, we find that the values 
of the 2° coefficients are given by the following table, the values of the 
coefficients being on the upper line and the corresponding number on 
the lower line being the number of coefficients with that value: 


’ ’ ’ 1 1 


3 3 1 1 


Hence the values of the invariants of the equation Sj, S,, .... Sy. can 
be calculated. After some reduction we find that from @=0 to 
2 = 2— 24 inclusive, 8, =7; and that from 0 = 2° — 23 to 8 = 2°—6, 
inclusive, S;=s, and that for B=2°—5 and B= 2'—4, 
= A 8; and that from 6 = 2?—3 to 6 = 2%, inclusive, Ss = A. 
Hence, from * 12°02, we deduce: 

The order of the identical group of any member of the congruent 
family (8, , 82, 83, 85), Where 8, ) 8; ) 8, ) 8, is 


which can also be written 
1 ~ 6) x 8) — (83 &) x (82 — 83) 
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And from * 12°03, or from * 20°2, we deduce 


If 7 is an infinite class, the order of the identical group of any 
function is 


Examples. The order of the identical group of a linear secondary 
prime [of congruent family (¢,7, 7, A)] is 6“';"this is also the order for 
a separable secondary prime [of congruent family (7, A, A, A)]- 

The order of the identical group of a function of deficiency two 
and of supplemental deficiency two [of congruent family (7,7, A, A)] 
is 

If p(x, y) and (ax, y) be any two functions of x and y, we shall 
always denote by a certain important function of their coeffi- 
cients, defined as follows: 

Let 


Y= 
and 

y=(ArAyY I(&AZAY); 
then O(o, 1) = p(a,,a,; (r,e=1, 2, 3, 4). 

Thus (9, 9). 


Also © (, ) is the same as the left-hand side of * 20°02, after substi- 
tuting a for £ and b for 7; hence, after the same substitution, O(@, ¥) 
can be written in the form of the left hand side of * 20°01, or of 
* 20°08, or of * 20°04. Also O(p, ~) =A is the condition that 
g(x, y) and y(a, y) should be a pair of director-functions (cf. Symb. 
Log., Part II, §1) of some substitution. 

We shall now prove the following theorem : 


If @ (a, y) and (a, y) are two functions of x and y, such that 
“©(¢, v) is infinite, the order of the common subgroup of the identi- 
cal groups of (a, y) and of (a, y) is and otherwise the order 
of the subgroup is finite. 

For (cf. Symb. Log., Part IT, §8, equ. (37)) the coefficients 


Eis Ea» ss . of any substitution of the common subgroup, satisfy in 
Ne 


« 
x4 
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addition to * 20°04, the four equations 
{p (de, a1; be, A p ; b3, A An} 


{p (a, a2; 5, be) A EA Na} {p (dz, A Nat 
1p (41,3; bz, A |p (de, a3; 52, 3) A 
{p (a4, 3; by, A EA =A, 
1p (Qi %5 A E, A (ag, A ns} 
{p (az, ay; 55, by) A Anta. 


Thus the complete condition, satisfied by the coefficients, is an equa- 
tion in eight variables £,.... E., m --++ With 2° terms, of which 
2° — 24 are 7, one is A, and the remaining 23 are equal either to 
single coefficients of the four equations above, or to sums of these 
coefficients. Now if d,, d, ..-.. do are these remaining coefficients and 
Sp, Si, ---- 8, are the invariants of the equation, it is easy to see that 

and hence 
= p (a, Az; be) p(ay, as; by, bs) play, ay; by, by) 

P (az, As; by, bs) p (ae, Ay; be, dy) p (as, a4; 55, = 


Accordingly, the required proposition follows from * 12°03. 


Note: I have not succeeded in shortening the labor of calculating 
the 256 invariants Sj, S,, .... Sy of the complete equation satisfied by 
the coefficients of any substitution of the common subgroup of the 
identical groups of two functions. Accordingly, I have not deduced 
the order, when finite, of this common subgroup. But from *12°2, 
we deduce: 

The order of the common subgroup of the identical groups of and 
two functions g(a, y) and (az, y) is not less than 2*°®™” and not 
greater than 

From this we deduce, as a corollary, that if the order of this com- 
mon subgroup is unity, the functions @ (x, y) and (a, y) are a pair of 
director-functions of some substitution, a proposition already known 
(cf. Symb. Log., Part II, §8). 
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The cyclical group generated by any substitution 7’is, in general, 


of the 12 order. 
For, let 


Tx = AY 
Ty =(A ATA YY(RALAYY (AZ AYYARZAY). 


Since (cf. Symb. Log., Part II, §2), 
a Aa, Ad, =A=4,A4, A 4,, (p,q, 7 unequal), 


and ay Aa, =a, A4,, (p,q, 7,8 unequal), 


it follows that in the complete development of 7 in terms of a,, a,, a3, a, 
(2* terms), the only terms not vanishing can be written in the form 
a, Aa,. Similarly for by. 


Let A, =a fia, = 6, rvb,, (p,¢=1, 2, 3, 4). 
Then, from the condition for a substitution, 
Ay, A By =A, By = A, 
where, as in the sequel, different subscripts are unequal. Also 
Ay, = By By, 


with similar equations for other subscripts. 
Also put X, forz Ay, X,forxamy, X; forz ay, X,forrany. 
Then 


4, A X,= A. 
Hence Te Ay A(X,Y~X,), (p,g=1, 2, 8, 4), 
Tx = 3A, Xs), 9,7, 8 = 1, 2, 3, 4), 
Ty => B,, &,); 
and Ten tA, OB, * 
Tx Ty BA Xo: “ 
Tan Ty= a. * 


TX,= A TY=EAy A By AX, 
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Thus 7{4,. A By A Xi} = Ay A By (p, 9,7, 8=1, 2, 8, 4), 
T}Agg By Xe} = Ay A By 
OA By = Ay A By X,; 


(“"pq 
Hence if P is one of the terms 
Ang By AX OF A By OF A By OF A By 
we can easily verify that, either 7P = P, or 7?P = P, or T?P = P, 
or 7*P = P;; for instance, 
T? Ags A X,} = T? A Ay A 
= T A Ay A = Ay A Ay A 

= T°} A Ay A = Ass A Ay = A Ang AX. 
Hence the smallest number n for which the equation 7"P = P holds 
for every term P of the type defined above is 12. 

But remembering the conditions satisfied by a, a), a3, a, 
b,, b,, b3, b,, we see that we can write 

p(x, y)= A hos A By a, 

where p,q, 7= 1, 2, 3, 4, g is any coefficient and XY is any one of 
X,, X,, X;, X,. Hence the proposition follows. 


Section IV. 


The Group of Primary Prime Substitutions. 


Consider a substitution 7’ such that 7x and Ty are each functions 
of one variable only, not the same for both; for instance, we will sup- 
pose that 7x is a function of x only, and Ty is a function of y only. 


Then, if Ei» Ee» Eas &e are the coefficients of 7, we must have 
N1» Ns. N4 


and hence from * 20°01, = Ne 
Thus, 


is the general form for such a substitution; both 7x and Ty are pri- 
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mary primes. Let such a substitution be called a primary prime sub- 
stitution. 

Substitutions of the type 7x =p(&,x), Ty=p(n, y) form an 

abelian group, in which every substitution is of the second order. 

For if 7’ be the substitution, 7’x = p(é', x), T'y= p(y’, y), then 

Hence 7’7 is a substitution of the same form. 

Further, these equations show that 


TT = T'T and T?= T,, 


where 7; is the identical substitution. Hence the group is abelian, and 
every primary prime substitution is of order two. 

The order of the complete group of primary prime substitutions 
is 

For whatever classes contained in i, and may be Tx = p(é, 
Ty = p(n, y) belongs to the group. 

The class of congruent families (s,, s,, 53, 5,) such that if @(z, y) 
and (x,y) are members of the same family of the class, a primary 
prime substitution 7’ can be found such that T(z, y)= (a, y), is 
the class of congruent families for which s, = s3. 

For if a,, a, are the coefficients of @(x, y) and by, b;, dy 
of P(x, y), and E, are the parameters of the required substitution, 
then (cf. Symb. Log., Part II, §6, equ (31)) the condition for these 
two functions is 
[ip (a1, p (a2, by) p (a3 bs) (ays A E An] 

[ip (42s p (ary 43) p (as, AE An] Y 

[ip (a3, p (das be) p bs) P Y 

Lip (44, 21) p (Ag, (ae, bs) 4 p AE An) =A. 

Now we know that the functions must be congruent, hence all we 
have to do is to seek the condition that any function $ (ax, y) can be so 
transformed into the canonical function of its family; hence we may 
put 


b, = 4, 82, bs = 83, bg == 
where 83, 8, are the invariants of the family and s,) 8; 4. 


if 
| 
; 
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Thus AB, A 4,{= 4, AB, OF,, (p, 8=1, 2, 8, 4), 


Hence if P is one of the terms 
we can easily verify that, either 7P = P, or 7?P = P, or T?P = P, 
or 74P = P;; for instance, 
T nA, AX, = Ayr 
T } Ay, X,} = Ay As, 

Ay A = T? {Ay A Ay A XG} 

= Ax A Ay A Xi} = A Ay = Aggy A Ay 
Hence the smallest number n for which the equation 7"P = P holds 
for every term P of the type defined above is 12. 

But remembering the conditions satisfied by aj, a,, a3, a% 
b,, b,, bs, bg, we see that we can write 


AL; 


where p,g,7= 1, 2, 3, 4, g is any coefficient and X is any one of 
X,, X,, X;, X,. Hence the proposition follows. 


Section IV. 


The Group of Primary Prime Substitutions. 


Consider a substitution 7’such that Tx and Ty are each functions 
of one variable only, not the same for both; for instance, we will sup- 
pose that 7x is a function of x only, and Ty is a function of y only. 


Then, if Ei» Ear Ea» ba are the coefficients of 7, we must have 
Nas N31 Na 


and hence from * 20°01, 2, = Ns 
Thus, (ERR) =p,2), 


is the general form for such a substitution; both 7x and Ty are pri- 
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mary primes. Let such a substitution be called a primary prime sub- 
stitution. 
Substitutions of the type Zx=p(&,2), Ty=p/(y, y) form an 
abelian group, in which every substitution is of the second order. 
For if 7’ be the substitution, 7’x = p(#', x), T'y=p(z',y), then 
T'Ty = pln n)ays ivan) ay. 
Hence 7'T is a substitution of the same form. 
Further, these equations show that 


P= %, 


where 7, is the identical substitution. Hence the group is abelian, and 
every primary prime substitution is of order two. 

The order of the complete group of primary prime substitutions 

For whatever classes contained in i, £ and 7 may be Tx= p(é, a) 
Ty = p(n, y) belongs to the group. 

The class of congruent families (s,, s,, 83, s,) such that if @ (a, y) 
and (a, y) are members of the same family of the class, a primary 
prime substitution 7’ can be found such that 7@(z, y)= (a, y), is 
the class of congruent families for which s, = 83. 

For if a,, a, a3, a, are the coefficients of p(x, y) and by, by, b;, by 
of ) (a, y), and Z, 7 are the parameters of the required substitution, 
then (cf. Symb. Log., Part II, §6, equ (31)) the condition for these 
two functions is 

[1p (ae,  p (ay, p (ay, p (a3, by) AE An] 

[+p (a3, p (aq, be) p (a4, p (az, A 

[iP (44, p (ag, bz) p p (ay, AE An] =A. 

Now we know that the functions must be congruent, hence all we 
have to do is to seek the condition that any function @(a, y) can be so 
transformed into the canonical function of its family; hence we may 
put 


where 5), 8;, 8, are the invariants of the family and s,) 8; ) ) 8. 
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Then the resultant of the above equation, i. e.,the condition for its 
possibility reduces to 
(ay a3 AV (Ag A A 4) 

(4 A&A A G3) A A G3) =A. 

Hence, remembering that functions of the same family exist with 
a, interchanged, we find s, As; = A, that is, But 
83 8, hence = 83. 

We notice that the families (¢,7,7, A) and (¢,.A, A, A) both 
belong to this class of families. 

The class of congruent families (s,, 5,, 83, s,), such that s, = 8,3, is 
such that if @(x, y) and p(x. y) be any two members of the same 
family, a substitution 7’ can be found such that 


To(x,y)=¥ x,y) and Ty (x,y) (x,y). 
This follows from * 22°0 and * 22°2. 
The identical group of any function of the family (s,, 52, 83, s,) con- 


tains a primary prime subgroup of order 
83) 4" (8 ~ 84) 


For in the demonstration of * 22°2 make ¢ (x, y) and 1 (a, y) identical 

by putting a,, a3, a, for 5,, b,, 6;, b,, then the parameters, and y, 

of the required primary prime substitution must satisfy 

Lip (41%) Y AE An] =A. 

This equation is always possible, and if S,, S,, S;, S, are its invariants, 


we find 


S, A SAS, =A; Si &. 
Hence from * 12°02 the proposition follows. 


July 4, 1901. 
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On Differential Equations Belonging to a Ternary 
Linearoid Group. 


By F. E. Ross. 


It is the object of the present paper to investigate systems of differential 
equations which belong to a ternary linearoid group. The investigation is con- 
fined to those cases which are essentially distinct. The last paragraph is devoted 
to algebraic theorems on characteristic equations. Particular cases of these 
theorems were first noticed in attempting to treat two-parameter groups in their 
unreduced form. The results thus obtained have been generalized. 

Differential equations belonging to linearoid groups have been studied by 
K.J. Wilczynski. He has proved the existence theorem* and obtained the differ- 
ential equations belonging to a binary group.t 

A group of linearoid transformations is defined by the system of equations 


in which ¢,, are uniform functions of x and of a, .... a,, and the r parameters a, 
are essential. The corresponding differential equations are such that if y,... y, 
form a fundamental system of particular solutions, the general solutions are 
given by (1). Therefore, these solutions undergo substitutions contained in (1) 
when x makes circuits around the singular points of the differential equations. 
The study of such systems having three fundamental solutions is taken up in the 


* E. J. Wilczynski, ‘‘ On Linearoid Differential Equations,’? American Journal of Mathematics, 
Vol. XXI, No. 4. 

+ E. J. Wilczynski, ‘‘ On Continuous Binary Linearoid Groups and the Corresponding Differential 
Equations and A Functions,’”’ American Journal of Mathematics, Vol. XXII, No. 3. 
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present paper. The results obtained sufficiently indicate what is to be expected 
in general. 


§1.— One-Parameter Groups. 


The infinitesimal transformation of a one-parameter ternary linearoid group 
can be written 


U (f) = (vu Vie Yet Vis + (da + Y2 + ves Ys) Qe 
+ (bar Yi + Yo + Ys) 


where ¥,, is a uniform function of x. The finite equations are obtained by inte- 
grating the linear system 


= + viz ne + Visns, (@=1.... 8), 


with the initial conditions y, = y; fort =0. The solutions are of the form 


i= Aye! + Aye + Aj 3), 


where p, ...- p; are the roots, supposed distinct, of the cubic 


vu — vis tis 
ber — hes =0. (2) 


This equation will be called the characteristic equation of the infinitesimal trans- 


formation (1). 
Determining A,, from the systems 


— pi) Ars + Aoi + Vis Asi = 0, 
Yer Ari + — pi) Agi A; = 0, (‘=1.... 8), (3) 
Ar: + Ao: + (bss i) A;;= 0, 


(1) 
= 


Belonging to a Ternary Linearoid Group. 
and putting 7; = y; for ¢=0, the finite equations of the group become 


[Ar (us — Ag (Us — fer) Ag (Ur — ba) 
(As — Aq) + Ag (Ay — Ag) + Az (Ap — A) Yo 
+ [Ay (Acts — Asta) Ay Agus) Ag (Arfle— Apter ys | 
1 

+ (As — Az) ent (Ay As) eft (Az —A,) Y2 , (4) 
1 t 

+ — Ag) + (Ay — Ag) (Ap — Ar) ye 


— Ai — Asi 
where a; = Zi and u; = qo can be determined from (3), and where 
3 3i 
A, As 
A=|4% bs 


It is necessary and sufficient that the characteristic equation be reducible to a 
product of linear factors in order that (4) may generate a linearoid group, for 
then the coefficients of (4) are uniform functions of x. 

Equations (4) no longer hold when A vanishes. This happens when the 
characteristic equation has a pair of equal roots. The question arises, can A 
vanish in any other case? This is best answered by considering (1) in its 
canonical form, namely : 


U(S) = on (Gar Y1 + Gaz Yo) + (Gar + se Ya + Ys) Ys 


a form to which it may always be reduced by a linearoid transformation. Such 
a transformation leaves unaltered the characteristic equation. Since it is 
apparent that @y, $2.2, and $;, are the roots of the characteristic equation cor- 
responding to the canonical form, we have 


Pi = Pi» 1, 2 3). 


| 
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Inserting the values of 4; and u;, equations (3) become in this case 


(ou — pi) A= 0, 
Gari t (Ges — pi) Hi =, 
314: + Paz + Gas — = 


Supposing the roots distinct, (3a) shows that A, = A; = 0, and therefore 
A =A, (lz — ls) - 


Now @, cannot vanish, for then «, would vanish by (8a), which leads to the 
equality $5;=,,, a result contrary to hypothesis. It can be shown by similar 
reasoning that uz—p;(0. We therefore conclude that A vanishes only if the 
characteristic equation has at least one pair of equal roots. 

The invariants of the group (4) are easily obtained. It is apparent from 
the form of the infinitesimal transformation that three relative linear invariants 
exist. Forming the expression ly; -++ my, + ny; from (4) and applying the condi- 
tions for a relative invariant, we obtain 


(Us ls) m+ (As Az) Ne + (Artes Asite) N3 
= + (As — As) Yo + (Actes — Ashte) Ys]; 


(us n+ (A, As) Ne + (Asttr 3 
= [(us— Yr + (Ar — As) Yo + (Aster — Alls) Ys] » 


= — Me) Yi + (Ae — A) Yo + (Arle — Acti) Ys]; 


which may be written in the form 


Hoe’, (5) 
From these relative invariants can be formed the two absolute invariants 


The three differential invariants of the first order may be obtained from (5). 
They are 


log Y.), (i= 1, 2, 3). 
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We therefore have the following system of differential equations belonging to (1) 


where, of course, the functions /; (x) are not independent but satisfy the relations 


1 df,_ 1 ad(pipr) ) 
log A. — pita» | 


1 dfs d(p; ps) 
da log fs + pils- 


The integration of (6) will introduce one arbitrary constant. The behavior of its 
solutions when the independent variable makes circuits around the singular 
points of the system will now be found. 


(6a) 


Assume f,(x) (¢=1.... 5) to be uniform functions of x. Equations (6) 
give on integration 

log fatal, A) de], (i=1, 2, 3), (7) 

where p} is the value of p; for =a. If d,, denote the residual of se) at the 

singular point a, (x =1.... m), equations (7) show that log Y, increases by 


2nip,d; when x makes a circuit around the singular point a,. Y,; therefore 
changes into 


(8) 
The last two equations in (6) give, since /, and f, are uniform, 
= YpY;,", and = YpY;", 
which leads to the conditions 


therefore, if p,p, and p, p; are not constants, 
dh, = d,,= 


1. @., must have those singular points in common at which the resid- 
1 2 3 


uals do not vanish, and the residuals at such common points must be equal. Sup- 
pose on the contrary p,p, to be a constant. The first equation in (6a) becomes 


A_h 
4 
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Introducing /, (x) =e”, and requiring F(a) to be a uniform function, we get, 


on integration, 
Fe)=ppf(2 —4) ae, 


from which it follows as before that d,,=d,,. Other special cases can be treated 
similarly. If p, is zero, equations (6) break down. In this case the invariant 
system can be formed anew from (5). In all cases (8) can be made to agree 
with (5), provided we put 27 d;,=t. 

The cases which arise when the characteristic equation has one pair of equal 
roots, or all of its roots equal, require separate treatment. The investigation is 
carried on most easily from the canonical form of the infinitesimal transforma- 
tion. The various cases have been thus treated. No results essentially different 
from the above were obtained. In all cases there exists a system of functions 
Yi, Y2, Y3 With arbitrarily assigned branch-points a,, undergoing an arbitrarily 
assigned linearoid substitution A, contained in the one-parameter group, when x 
describes a closed path around a,. 


§2.—Two-Parameter Groups. 


Two-parameter groups may be treated in a variety of ways. Direct attack 
leads to some interesting relations which will be noticed in another place. The 
only practical solution is obtained by using Lie’s types of linear groups. Nine- 
teen such types of two-parameter linear homogeneous ternary groups exist (Lie. 
“ Continuierliche Gruppen,” p. 522). If functions of x are substituted for the 
constants appearing in these types, all types of dinearoid groups will be obtained, 
For, suppose there were a two-parameter linearoid group which could not by a 
linearoid transformation be reduced to one of these linearoid types. Putting 
2 =a, the group becomes linear. The result is a linear group which cannot by 
a linear transformation be reduced to a linear type, which is impossible. Treat- 
ment of one of these types will be sufficient. The following has been selected : 


(U,U,)=0, 


where we have put U= y,9, + y¥292 + ¥sq3- The general infinitesimal trans- 
formation becomes 


+ co) + Ys) + [e291 + (er + Yo + Ys] G2 + + >) Ys] (1) 
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The finite equations are obtained by integrating the system 


= + >) m + 
= + (Cy + Co) + (2) 


The roots of the characteristic equation being equal, the solution has the form 


NF), (¢=1, 2,8). 


Determination of the constants in the usual way gives, after putting ¢= 1, 
the system of equations 


+ Ye + + Ys]; (3) 


ng = 
Putting in these equations c,=0, we easily obtain the following invariants of 
the subgroup generated by U;: 


Y2 


y= 


(4) 


_ _d _@d@ 


In order to obtain the invariants of group (3), it will be necessary to operate 
upon 3; with U,. Making use of the once extended operator 


+ (oui ton + (pys + $'ys) 


we obtain after reducing 


U3 = 9) d:, } (5) 
U3 (33) = HST? + U3(S4) = U; (35) = 
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An absolute invariant must be a function of 3, and 3,. Denote it by F(3,3,). 
Applying the condition for invariance, we get 


(F) = + = 0. 


Making use of (5), this becomes 


OF OF _ 
gs, — 9) =0, 


the integral of which is found to be 
— — log (9152). 


The absolute invariant of (3) becomes therefore 
2 
ys Ys 


Differential invariants are found by making use of equations (5). We 
obtain immediately the transformation group 
=3, +4, $,= 3,4 ot, $;= 395 + Se. 
The invariants of this one-parameter group are easily found. They are 


and NS,— @/S;, which are the required differential invariants 
of (3). The differential equations sought for are therefore 


d 
Ys dx log Ys (x), 


d /y 
de dx dx log ys = Sa(2), 


This system is at once seen to be of the second order. The behavior of its solu- 
tions will not be investigated in detail, but is clear in general. They will be 
functions uniform everywhere except in the vicinity of certain singular points, 
and will undergo a linearoid substitution of the two-parameter group when 2 
describes a closed path around one of these singular points. It can be shown 


| 

q 
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that the singular points and the corresponding substitutions may be chosen arbi- 
trarily as in the case of a one-parameter group. 


§3.—Three-Parameter Groups. 


The only groups with which we shall be concerned in this and the following 
paragraphs will be non-integrable groups. All those occurring so far have 
been integrable. The results obtained may be taken as characteristic of such 
groups, the differential equations arising being simple combinations of linear 
differential equations. 

A non-integrable three-parameter group can always be supposed to have 


the composition 


A non-integrable three-parameter linearoid group reduces to a non-integrable 
three-parameter linear group when « is put equal toa. Let U,, U;, U; generate 
a non-integrable three-parameter linearoid group. The substitution «=a re- 
duces it to a non-integrable group which is the linear transform of one or the 
other of the groups 


1 

2. Wy= 2yoqit We= — Ws = — 224s 
since these are the only types of non-integrable ternary linear groups. U,, U, 
and U; must therefore be the linearoid transform of either 1 or 2. These 
groups can therefore be considered instead of the linearoid group Uj, U,, U3. 

Type 1.—The finite equations of this group are known to be 


ny = ay, + by, 
Ng = cy, + dye, (1) 


in which ad—be=1. There is one absolute invariant y,. The differential 
invariants are 


In place of these, the system 


Yr Y2— Y1 Ya — 


| 
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may be taken. Putting and y;= f(x), the system 
of invariant differential equations readily reduces to the following simple form : 


d’y; dy; 


(a) — 0, 
1, 9). 


In this case, therefore, the linearoid system of invariant differential equa- 
tions is merely the linearoid transform of a linear system. In order that its 
transformation group may be the special linear group, the further condition must 
be imposed that 3, be invariant under the transformations of this group. 

Type 2.—The finite equations are 

m = + 2aby, + , 
Ng = acy, + (ad + be) yz + bdys, (3) 
ng = Cy, + 2cdy, + dys , 


where ad—be=1. There is one absolute invariant y3—y,y,. On account of 
(3), %1, Ye and y; must be solutions of a homogeneous linear differential equation 
of the third order. Our system becomes therefore 


Ys 
(¢= 1, 2, 3). 


The corresponding linearoid system is the transform of (4) under the general 
linearoid substitution. 


§4.—Non-Integrable r-Parameter Groups whose Simple 3-Parameter Subgroup 
is an Invariant Subgroup. 


By a general theorem of Engel’s,* every non-integrable group of continuous 
transformations contains a non-integrable 3-parameter subgroup. Suppose that 
this is an invariant subgroup. Then the general form of all non-integrable 
r-parameter ternary linearoid groups containing an invariant 3-parameter simple 
subgroup can be obtained. As shown by Wilczynski, we can take as the non- 


* Lie, ‘‘ Transformationsgruppen,” Vol. III, p. 757. 
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integrable 3-parameter subgroup any type of non-integrable 3-psrameter linear 
group. There are two cases therefore to be considered, corresponding to the 
two types of the last paragraph. 
Case 1.—The invariant simple 3-parameter subgroup is 


The remaining infinitesimal transformations have the form 
G=1 .... 3) 


Since the group (1) is an invariant subgroup, we have 
( = Ci Oy + Cig Ug + U3; (G21, 2,3; 7). 
This becomes, making use of (1), 
= (Cia Yr + Yo) (Cies Ya — Cie Ys) — (2Wieg Yo (4) 


Equating coefficients in (4) with those obtained by direct calculation, gives the 
following equations of condition : 


C3. = — 2947 2 — 
Co, = 0 0 = — 293 
C39. = — = — 
C13, = — = 267 — Cie = — 
= of? —298 98 
= Pi? — = 

0= 93 — 213, = 2957 — 2¢2.= 32 

0 = — of — 205, = — = 0 

— 23, = 2 P53 — = 


From this system we deduce 


99= = — — = 0, = — 


U, therefore assumes the form 

T= ORG — Cire) Yo + (PY — Ys — Care « 
Omitting terms of the form c, U; + ¢,U, + ¢;U3, this becomes 


| 
Pir | 
(6) 
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The finite equations of this group are found to be 


(a’y, + 2aby, + 
No = (acy, + (ad + bc) + bdys), (7) 


+ Icdy, + d’ys), 
where we have put D=c,¢,+ ..-- +¢,, and ab— be =1. Group (7) pos- 
sesses the relative invariant y; — y, y3, the transformation equation being 
n; — = Yi Ys)- (7a) 
Differential invariants are obtained as follows: The minors of y!”, y!, y/ 


and y in the determinant 

yl yl 
yy! ys! 
are invariants of U,, U, and U;. Denote them by p, g, 7 and s respectively. An 


attempt will now be made to find functions of p; g, 7 and s which permit all the 
transformations of (7). Forming'with this in view the three times extended 


operator 


Si [on + + ¢! y) 2 ay! + ou) 7 


+ (Pe yi" + 3G. 3G. + Y:) age: 


and operating upon p,q, 7 and s, we finally obtain 
(8) = 38, 
U.(p)= 318 + 36,7, 
U.(q) =— 3918+ + 86.9, 
P+ Od + 3 7- 


Integration of (8) gives the following quaternary (7 — 3)-parameter linearoid 
group to which p,q,7 and s are subject under the transformations of the 
group (7): 


[3's + p], 
[3(@" — 3®'p 


(9) 


8 
P 
q 
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From these can be obtained the relations 
= / 
( 8 ) 8 +o 


(2) ©’), (10) 


(+) + @/ + (b"— + —30/0", 


and from (7a), 
log (ns — 11 ns) = log (y3 — y1 ys) + 2®. (10a) 


From (10) we form the invariants 
(2) 


The first equation in (10) requires that £ satisfy a non-homogeneous linear dif- 


(11) 


ferential equation of order r — 3, the corresponding homogeneous equation hav- 
ing @, .--- ) as the members of a fundamental system. The differential equa- 
tions sought for become 


(F) +00) 
+ (2) =f (2), 


(12) 
t gx (2) - 


This system determines £ , £ and. We now determine y,, y, and y, from 


the equation 


(13) 


dy p@y,q dy 
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of which they are fundamental solutions. The additional equation 
d 
log (vi =A (2), (18a) 


obtained from (10) and (10a), must also be satisfied, which condition reduces the 
group of equation (13) to a 3-parameter group. 

It now remains to verify that the solutions of (16) belong to the 
r-parameter group (7), and that the constants available can be chosen so as to 
make these solutions undergo arbitrary substitutions of (7) when the indepen- 
dent variable x makes circuits around a finite number of arbitrarily assigned sin- 
gular points. Let $/..../_, be a fundamental system of solutions of the 
homogeneous equation corresponding to 

r—3 r— 
(£)+ (2) (2) + 9--s(e). 2 =f (2). 
According to the theory of linear differential equations, its general solution can 
be written 


where E is a particular solution. If makes circuits around arbitrarily assigned 


branch-points corresponding to the singular points of /,(x), supposed uniform 
these solutions will undergo substitutions belonging to (14). From the third 
equation in (12) we obtain 


(2) (2): 


making use of (14), the substitution for £ becomes, supposing /; (x) uniform 


Substituting (14) and (15) in the second equation of (12), supposing /; (x) to be 
uniform, we obtain finally 


(=) =(2)+@—o) 2 +o (16) 
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It is clear, therefore, that the solutions of (12) undergo substitutions of the group 
(9) when x makes circuits around the branch-points of the system. It remains 
to show that the solutions of (13) in that case undergo substitutions contained 


in (7). Equation (13) becomes, after making the transformation y = el sa 
a? 


3; is given by (11). The coefficients being invariant, the solutions of (17) are 
subject to linear substitutions with constant coefficients, 


= Ay Ny + Aion, + 1, 2, 3), (18) 


and, therefore, after a circuit around the branch-points, 

P az 

eG = [Aaa m1 + Ain + » 
which becomes, after change of variable, 


+ Yo + Ys) - (19) 
The A’s in this system are not independent. For, since y,, y, and y; must satisfy 


(18a), the transformation (18) must be such as to leave y3— y,¥3 invariant. 
This additional condition reduces the nine-parameter group (18) to the three- 
parameter subgroup (7). The verification is therefore complete. For to prove 
that the substitutions of the subgroup (7) may be arbitrarily assigned is a prob- 
lem in the theory of linear differential equations. 


The second type will now be discussed. The non-integrable subgroup ;G 
for this case is 


(20) 


By a process similar to that used in the case of the first type, the following gen- 
eral form for this group was obtained : 


= Pu (%) (1.91 + Yo Ye) Ye Ys + Yo (x=4....7r). (21) 
Forming the general transformation and putting 


2.9. =P; 


¥ 
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we obtain finally the finite equations of the group 
1 1 


A Ay Ay 


| 
Ns Ys J 
where p; are roots of the equation 


and where A, is given by 


The invariants of G, can be taken as 
Operating upon these with the twice-extended operator U/’(/), we obtain 


U,.(u) = (2, + a,) u, (w) = — + + (2, + a,) | (24) 
(v) = 29'u+ (29, +a,)v, U.(s) 
the integration of which gives the group induced by (22) on w, v, w and s, 
(25) 
=e*.8, 
and, therefore, 


v\__v 
(2) == +26, log = logs + ¥, (26) 
leading to the absolute invariant 
According to (26), — satisfies a non-homogeneous linear differential equation of 


order r—38. The system of differential equations belonging to (22) becomes 
therefore 


+ 9; (x) +....+9,_3 (x)(—.) =f, (x), 


2 (28) 


— 
2c, 
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Since log y, undergoes the same substitutions as 1 it is determined by an 


equation of the form 
d 
log ys = hy (a) + hy («) + he (a) =. + + (x) (2), (29) 


in which fh, .... A,_3 are uniform functions, determined by the system of equa- 
tions 


and where f, is an arbitrary uniform function. -— and — having been found 


from (28), y, and y, are determined from 


dy, v dy; , _ 
+ 0, (1=1, 2) (30) 


The behavior of the functions y,, y, and y;, as defined by (28), (29) and (30), is 
obtained as in the first case. The results are essentially the same, and will 
therefore not be given. 


§5.—Non-Integrable r-Parameter Groups whose Simple Three- Parameter Subgroup 
is not an Invariant Subgroup. 


4-Parameter Groups.—There are no 4-parameter groups of this class. For 
we have (Lie, Tr. Gr., III, p. 723) for all non-integrable 4-parameter groups 
the one typical composition (U,U,)=0, where U,(i=1, 2, 3) are the infini- 
tesimal transformations of the simple 3-parameter subgroup. 

5-Parameter Groups.— All groups of this kind have the same composition as 
(Tr. Gr., III, p. 736) 

U,=2q, U;,=ap—yq, U;=yp, U=p, (1) 
Assuming G; to be of the first form or 

we obtain the following linearoid types, having the same composition as (1): 


A. U,=o(x) ya, (2) 
B. Gs, Us=o(x) 1 95° 


25 
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The finite equations of group A are, as may be easily verified, 


ny = ay, + by, + epys; 
Ng = Cy, + dy, + 
"3 = 


where a, b,c, d, e, f are constants subject to the condition 


ad — be = 1, 
which, moreover, we may suppress, thus obtaining a 6-parameter group. Put 


Juway, (4) 


’ — Q° 


Then Y, and Y, are transformed by the general linear group 


(5) 


so that Yj, Y} are transformed by the general linear homogeneous group. Yj, Y; 
therefore constitute a fundamental system of solutions of a linear homogeneous 
differential equation of the second order, and Y,, Y, themselves are integrals of 
such functions, while y, is itself a uniform function of x. 

The finite equation of group B may be written : 


nay, + by, 
cy, + dye, (6) 


ns = + SOY2 + Ys- 


Therefore, ¥,, y, form a fundamental system of a linear differential equation of 


the second order, say 
y" + py’ + (7) 


while = y3 is a solution of the non-homogeneous linear differential equation 


+ py =r, (8) 


whose left member is identical with the left member of (7). For if Y denotes any 
solution of (8), its general solution is 


H= Y+ ey; + 


where e and fare two arbitrary constants. 
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If G, is assumed to be of the second form 
= Ysd2, — + 24393, 92+ 


it will be found that there are no 5-parameter groups of this class. By making 
use of Lie’s types of 6-parameter non-integrable groups, the same was found to 
be true of 6-parameter groups also. 

The results obtained for 5-parameter groups of this class sufficiently indi- 
cate what is to be expected in general. The study of 7-parameter groups belong- 
ing to this class will therefore not be followed out any further. 

From the preceding investigation, it appears that finite linearoid groups do 
not succeed in defining any essentially new functions. It has been shown by 
Wilczynski* that higher transcendental functions exist, whose multiformity 
is qualitatively of the same kind as that of the functions occurring in this paper 
Their group, however, is not contained in any finite continuous linearoid group. 
It is very doubtful if they satisfy any algebraic differential equations. 


§6.—On the Characteristic Equation belonging to Certain Linear and Linearoid 
Groups. 


The following theorems about characteristic equations, although most easily 
stated in terms of group theory, are of a purely algebraic nature. Consider a 
two-parameter group with the composition 


(U,0,) (1) 


where a0, and may, moreover, without loss of generality, be taken equal to 
unity. Writing 
Uy = (G41 + Piz Y2) (Par Yi + Poe Ye) (2) 
= + (Ys Ye Ys) Qe 


we derive from (1) 
A, = — Piz 01 = on, | 
4, = Vi Vie + Px — Pio = Pig? 
A, = ou — Gar bir + Par — = ars 
A,= Piz — Vie = J 


(3) 


* American Journal of Mathematics, Vol. XXI, No. 3. 
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where A; stands for the left members of these equations. The following identi- 
ties are easily verified : 

Ar + As + (G11 — = 0, (4) 
Ay + As + Ye) Ai = 0, 


from which we derive 


Gu + %2=9, (Gu — dx) Ou + 2: Ga = 0. 


The coefficients of the characteristic equation belonging to U,, 
— + $22) + On — = 


are therefore zero. Both of its roots are therefore zero.* 
In the ternary case the system corresponding to (3) becomes 


A, = bi — Piz + Ga — = 
Ay = $12 — Gu Viz + biz — Piz + bis — Gis = Gre, 
A; = $13 — Gur Vis + Pes — Pra 23 + Pas Vis — Piz = Piss 
— Gar Vir + Par — bar + Psi — Gos = Par 
As = ber — Viz + bes — Pos = 
Ag = $13 ar — Par Viz + — Poe + P33 — Pos 32 = Pox, 
A, = Yar — Gar Vir + Par 32 — + ai — = Pair 
Yar — Par Viz + Paz — + — Van = 22, 
Ay = $4351 — Viz + Poe — Pao = $335 ) 


A, 


from which we obtain the identities 
A, + A; + A,=0, | 


Pa Ay + Pip Ag + As + Giz Ar + Ae + Ag 
+ (G11 — $53) Ait (22 — $3) A5= 0, 
(Pez P33 — Poe Ai + (P23 Ps1 — Gar Psa) Ae + (P21 — P22 Pai) As 
+ (P13 — Pre P33) Ay + (P11 P33 — Pis Par) As + Pr Pse) As 
(Piz P23 Pre A, + (Pis P21 Pu 23) A, + (Ou P22 Pig 2) A, = 


and two others, differing from these only in having y in place of @. Making 
use of (5), we find 


* This result was derived by Wilczynski (American Journal, Vol. XXII, No. 3, p. 208), who also 
noticed there that the roots of the characteristic equation of U,(f) differ by unity. 


| 


a 

€ 
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(G1 — $33) Pir + (G22 — $3) Pre + 2 (Piz Pa + Piz Par + Pes Ps) = 0» 
P11 Pas Pas + Par Ps2 Ps + si P23 Piz — Pis Par — — Piz Pai = O- 


Combining the first equation with the second, the left members, it will be noticed, 
agree with the coefficients of the characteristic equation belonging to Uj, 
namely, 


— (Put det Pas) (P11 Psst P22 Psst Gu Piz Par) 
Pr» 33 + Pa Pigst P31 Pr. P31 Pos Pi P33 = 0), 


from which the theorem follows for this case also. The general case will now 
be considered. 

A group of composition (1) is integrable. U, and U, can therefore be 
transformed simultaneously by a linearoid transformation into the canonical 
form 

= + (Ga + Yo) G2 + + Yo + Ys) + (8) 
= Yi + (Yer bee Yo) (Har Yr + Yo + Ys) 9s + 


Such a transformation does not alter the characteristic equation or the composi- 
tion of the group. 
Making use of equation (1), we obtain 


+ (Yee + Yi + Pee Y2) 


+ + —1 + Pr—1,2Y2 + + 
+ Wan In (Dri + + Pnn Yn) 


— [same expression with @ and y interchanged | 


Gu + Pa + 33 = 0, 


= on + (Ga + Yo) + + (Pui Yi + + Pun Yn) (9) 
Equating coefficients of y,¢, gives 
0, (x==1....n), (10) 


and equating coefficients of y,_19,, 
which becomes, making use of (10), 


dx, (Wer — 1,%—1) 
Vex Ve—-1,e-1= 1 if (11) 


and therefore 


4 
‘ie 
ad 
13 
a 
q 
4 
at 
4 ii 
4 
"| 
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Noticing that ¢,, and ,, (7=1....m) are respectively the roots of the 
characteristic equations belonging to U, and U,, (10) and (11) give the following 
theorem: 

If U, and U, generate a two-parameter linear or linearoid group having the 
composition (U,U,) = U,, the characteristic equation belonging to U,; will have all 
of its roots zero, while the roots of the characteristic equation belonging to U, will 
form an arithmetical progression with the common difference unity, provided that 
none of the coefficients of form >$,,,.—; are absent. 


Unless all of the quantities ?,,,-, are zero, there is at least one pair of roots 
differing by unity. If, on the contrary, these quantities are all zero, we obtain 
by equating coefficients of y,_»,,; 


Px, x—1 Prax Px, K-—2° 
According to the hypothesis, all the terms in the left member vanish except two. 
Therefore, 

which proves, as before, that there’is at least one pair of roots differing by unity 
unless all of the coefficients $,,_2 also vanish. Suppose more generally that all 
of the quantities Vanish. Equating coefficients 
of ¥,—;-1 J. in (9), we obtain 


Taking into account the assumption made, this reduces to 

Pc, (Vex — 2-0-1) = (13) 

Unless, therefore, every 6=0....%—1) vanishes, 


there will be at least one pair of roots differing by unity. All of the ¢, ,_,’s 
cannot vanish, for this means that the infinitesimal transformation U, vanishes. 


Hence we conclude 
The characteristic equation belonging to U, always has at least one patr of roots 
differing by unity. 


e 
x 
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The theorem that the characteristic equation belonging to U, (/) has only 
vanishing roots, is not to be confounded with a theorem proved by Killing which, 
on the surface, appears to be the same.* The characteristic equation employed 
by Killing is quite different from the one considered here. 

The second part of the theorem can be read as a property of the discrimi- 
nant of the characteristic equation belonging to U,, namely: If U, and VU, gen- 
erate a two-parameter group of composition (U, U,)=aJ,, the discriminant of 
the characteristic equation belonging to U, has in the general case the numerical 
of this equation are numerical, since they are functions of the differences of the 
roots. 


More generally, all of the invariants 


§7.— General Theorem. 


The theorem, proved in the last paragraph, can be immediately extended 
to r-parameter integrable groups. The infinitesimal transformations of an inte- 
grable linear or linearoid group can be chosen to satisfy the equation (Lie, ‘‘ Con- 
tinuierliche Gruppen,” p. 537), 


1 
The infinitesimal transformations can be put into the form 


U.= nH + ( + Ye) + + + + 99 Yn) In- (2) 


If we assume 


(U, = + Cig Ug (3) 
we obtain, by equating coefficients of y, g,, the system of equations 
Putting 1 = x = 1, equations (1) become 
Uz) = Ui. 


For this case equations (4) become 
= 0, (A=1 (5) 


* Lie, ‘‘ Transformationsgruppen,’’ Vol. III, p. 772. 
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hence, if cy; 0, all of the roots of the characteristic equation belonging to U, 
are zero. We also have from (1) 

(U, U3) = Oy + Cie 

( U, Us) = + Cog Up. 
Equations (4) become 


C131 PX Cie PR = 0, 
Coa PLA A Pix = 0, 

from which it follows that o\? = 0, if we assume the roots of Uj, all zero, and ej. 

and ¢3, not both zero. The general theorem is clear, and may be stated as 


follows : 

If all of the roots of the characteristic equations belonging to the infinitesimal 
transformations U, ...U, vanish, where these are the x infinitesimal transformations 
of a x-parameter invariant subgroup of an integrable group having the composition 
(1), the same ts true of the characteristic equation belonging to U,..,, provided that 
not all of the composition constants 


are equal to zero. 
If these conditions are not fulfilled, we proceed as follows: Suppose the 


roots of the characteristic equation belonging to U, have been found by the 
method outlined above to be zero. Strike out the uw term in system (4) for each 
value of uw. If there is left any equation containing only a single term ¢,,, 9%, 
we conclude that the roots of the characteristic equation belonging to U, are zero. 
We would then drop the +" term from the equations, and repeat the process 
until we obtained a system of equations each one of which consists of two or 
more terms. In this way we find all of the infinitesimal transformations whose 
characteristic equations have zero roots. 

The second part of the theorem contained in the last paragraph can also be 
extended. It can be stated as follows: 

If the characteristic equations belonging to the infinitesimal transformations of a 
p-parameter invariant subgroup of an r-parameter integrable linear or linearoid 
group have all their roots zero, and the roots of the characteristic equation belonging 
to U,+, are not zero, then the differences between its roots are constants depending 
only upon the composition of the group, and no more than p of these differences are 
distinct, provided that not all the terms in U,.... U, of the form 9,1 9.-1% 
(A=1....n;x=1....p) vanish. If all of these terms for u distinct values 


3 
a7 
A 
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of 2 vanish, the theorem is still true for those differences which correspond to values 
of a different from these. And in any case there will be at least one pair of roots 
differing by a constant. 

The proof of this theorem is similar to that employed in the last paragraph 
for the special case there considered. Writing 


with the conditions 
4,40, pp .... (7) 

equations (3) and (6) lead to the following: 
(U; U, P+) = (dn + + Yn) 


— [same expression with @ and ¥ interchanged] 
= Cp 41,1 Oi +6: 905, (8) 
(s=1.... p). 
Kquating coefficients of y,_,@,, we get 


2 (p) 


Equations (7) and (9) give the following system of equations: 


+61, p41, p -1 = 0 
C2, p+1,1 » — (Wee — + ...- 
+ C2, = 9, 
Cy, p +1, 19 + .... 
+ [ep, p+1.p — (Yee — 1=0,J 
(x n). 


Unless all of the ¢’s in (10) are zero, the determinant of the coefficients van- 
ishes, leading to an equation of degree p for the determination of ¥,, — 1, 
Since y,, and J,_, ,—; are any consecutive roots, we conclude that the root dif- 


ferences are constants, and not more than p of these differences are distinct, 
26 
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since they are all roots of the same equation of degree p whose coefficients more- 
over depend merely upon the composition of the group. This result is inter- 
esting with regard to the determinateness of the transformation U,,,, if this is 
to be so determined as to generate with U, .... U, a p+ 1-parameter group of 
given composition. Since the difference between two consecutive roots, con- 
sidered as arranged in a certain order, must, according to the theorem, assume 
one of p constant values, which are fixed beforehand, it follows that after one 
root p, has been arbitrarily chosen, only a finite number of values are possible 
for the other roots. 

As in the special case of the last paragraph, this theorem breaks down if 
the quantities ¢;,,_, are all zero. Suppose, therefore, that all terms of the form 
83 t=1.... p) vanish. Equating co- 
efficients of y,_,19,, we get 

All except the two middle terms in the left member of this equation vanish. 
The following system is therefore obtained : 


C2, p+ + [Cop 41,3 (Wr | 


This system in 9, ,_;—; is identical with (10). Unless, therefore, all of the 
quantities @,,-;-; are zero, we cor-lude, as before, that the differences 
Wee — Ve—s—1,e-s—1 are the roots of an equation of degree p, whose coefficients 
are functions of the composition constants. Since s may assume all values from 
1 to « — 2, we conclude that there is at least one pair of roots of the character- 
istic equation belonging to U,,, whose difference is a constant, otherwise all of 
the infinitesimal transformations of the p-parameter subgroup would vanish 


identically. 
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From the results obtained above follows the additional theorem: Jf 
U,....U, generate an r-parameter integrable linear or linearoid group which have 
been put in the form demanded by (1), the characteristic equations belonging to 
U, ....U,_, have all their roots equal to zero, provided that for each value of x from 
1 to r not all the composition constants 1) vanish. Under 
these same conditions the differences between the roots of the characteristic equation 
belonging to U, are constants, no more than r of these differences being distinct, pro- 
vided not all the coefficients in U, .... U,_, of the form (A=1.... 7; 
x—=1....r—1) vanish. And in any case, provided the first condition holds, 
there is always one pair of roots whose difference is a constant. 


UNIVERSITY OF CALIFORNIA, April 23, 1901. 
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On a Certain Group of Isomorphisms. 


By JoHN WESLEY YOUNG. 


Let G denote the non-abelian group of order p™ (p an odd prime) which 
contains operators of order p"~?. It is the object of the present paper to discuss 
the properties and ultimately (§7) to determine the defining relations of the 
group of isomorphisms of G. The writer wishes to express his indebtedness to 
Professor G. A. Miller for helpful suggestions offered during its preparation. 


$1.— Combinatory Laws and Subgroups of G. 


The defining relations of G are* 


@=1, Ptr, 


If we denote any operator P*Q* of G by [a, 8], the product of any two opera- 
tors [a, 6] and [y, 4] is given by 


[a, =[a + y—Byp"™*, B+9); (I) 
by repetition we obtain 
[a, = [na—4n(m— 1)aBp"-*, (II) 


In these formul, the first number in the brackets is to be taken mod p™—}, the 
second mod p. 

All the subgroups in G@ are abelian. Moreover, G contains just p + 1 sub- 
groups of every order p’, of which p are cyclic (generated by [p™~*~’, x], 
= 0,1, 2,....,p—1) and one is abelian of type (s— 1,1), except when 


* Burnside, ‘‘ Theory of Groups of Finite Order ”’ (1897), p. 76. 


= 
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s=1.* Since, by (II), we have [a, 6]?=[ap, 0], the cyclic subgroup of 
order p*, generated by [p"~*—', 0] (s < m —1), is contained in all the subgroups 
of order p*t’; it is therefore characteristic. The non-cyclic subgroups are evi- 
dently characteristic. Hence, G contains a characteristic cyclic subgroup of every 
order p*, when 1<s<m—1; and a characteristic non-cyclic subgroup of everg 
order when 1 <s'<m. 


§2.— Defining Correspondence of any Holomorphism of G. 


Let the correspondence 
P~ PG, 
Q~ [a +0modp, B,y7,d<p], 


define an holomorphism} of G. Applying (I), (II) of §1, this assumption leads 
at once to the correspondence 


[a, b] ~ [aa + (by --4a(a—1)a8)p™*, a8 + 5d], 


where [a, 6] is any operator of G. The product of the operators corresponding 
to any two, [a, 6] and[c, d], must be the operator corresponding to [a, b][c, d] 
= [a + c — bep”—*, b + d] for all values of a, b,c, d. Calculating the expres- 
sions and equating the coefficients of a, b, c, d, we find the necessary and suff- 
cient condition for this equality to be 


}=1 modp. 


Moreover, it is readily shown that the assumption leads to a one-to-one corre- 
spondence. Hence, the correspondence 


P~ 
[a+0modp,B<p,y<p 
defines an holomorphism for any set a, 8, y; and every holomorphism of G is 
given by C. 
Hence, since a may take p"—* (p — 1) non-congruent values mod p™—' and 
B,y each p non-congruent values mod p, the order uf the group of isomorphism 


I of G is p”™(p—1). 


* Burnside, loc. cit., p. 76. 
+ The word “ holomorphism ”’ is used in place of ‘‘ holoedric isomorphism. ”’ 
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§3.—Analytic Expression for any Operator in I.—Numbers a, B, y giving rise 
to a Subgroup of I. 


Regarding J as a substitution group on the p” operators of G, any operator 
S, of Tis completely represented by the expression 


= | (aa; + (by, — 4a(a — 1)a;8,) p"~*, a8; + |, 


where the notation 

N]| 
signifies that S replaces [a, b] by [M, N]. For every set (a;, @;, y,), S; repre- 
sents an operator of . For a properly chosen system of sets, S; may be made 
to represent the operators of any subgroup of J. 

Let S, in (a,, 8,, y;) and S, in (as, Bz, v2) be any two operators of 7. Then, 
if 8, 8, is an operator of the same kind in (a;, 83, y3), by calculating the expres- 
sion for S, 8, in terms of (a,, 8), 71, 42, Ge, y2) and equating coefficients of a 
and 0, we find 

+ as Bs p™—* + (281 72 + a2 (8, + modp —*. (A) 


B3= 2, + a B, mod p, (A,) 
+ a2) mod p. (A;) 


In order that a system of sets (a;, @;, y;) may represent a subgroup of J, it 
is necessary and sufficient that, if from the system any two sets (a,, (;, y,) and 
(a, Ge, ¥2) be selected, the set (a3, G3, ys) defined by (A,), (A,), (A;) be in the 
system. 


§4.—Invariant Subgroups of Order p* and p* in I. 


The correspondence C (§2) shows that the characteristic cyclic subgroup of 
order p™—* (§1) may correspond to itself in p"—*(p — 1) ways; i. e., J contains 
as a constituent the group of isomorphisms of this cyclic group. The group of 
isomorphisms of a cyclic group of order p”~* being cyclic, I contains as a con- 
stituent the cyclic group of order p"—* (j—1), and hence an invariant subgroup of 
order p*®. Let the latter be denoted by H;. Since H; leaves } P?} unchanged, the 
operators of H; are obtained from the general operator S; (§3) by restricting a, 
to values congruent to unity mod p"~*. Putting a, = 1+ aj p"—*, any operator 
of H; is represented by 


oS; = |[a + (aaj + by, — 4a (a — 1) + 
lai<p, B<p, <p). 
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(It may be noted that the system of sets (a/, @;, y;) satisfies the conditions 
of §3.) 

Placing the coefficient of p"~? in 38, equal to A,, we way write the n* power 
of ,S; as follows: 


= |L[a + (nA; + — p"~*, naB;, + 4] I. 
Hence = | =1; 


i. e., all the operators of H; (except identity) are of order p. Moreover 4; is 
non-abelian. For we have 


= |[a + (Ai + (8: + B) + 4]], 


which shows that ;S; and ,S; are not in general commutative. Hence, H; is the 
non-abelian group of order p*, all of whose operators (except identity) are of 
order p.* 

Hence also I 1s non-abelian. 

The characteristic non-cyclic subgroup of order p"~! is made by C to corre- 
spond to itself in p"—*(p — 1) ways; J therefore contains an invariant subgroup 
H, of order p®; H, being contained in H; is abelian of type (1, 1), 


§5.—Invariant Subgroup H,, of Order p™ in I. 


By Sylow’s theorem, J contains a single subgroup of order p”; let it be 
denoted by H,,. To obtain a general operator ,,S; of ,H,,, we must find a suit- 
able system of sets (a;, @;, y;) satisfying (A), (A,), (A 3) of §3. 

Restrict a; to the p”~* values which are congruent to unity mod p; 
(Az), (As) are then equivalent to 


+ 8, mod p, 
mod p. 


Evidently (a3, ys) is in the system for any choice of (a;, @,, and (a2, Be, 72). 
Hence the system gives rise to a subgroup of J; this subgroup is of order p”, and 


* Burnside, loc. cit., p. 82. 


| 
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hence is H,, We have then 
nS; = | + (by: a8, + 4] |, 
=1 mod p, Bi<p, 

If 8; = y; = 0, the resulting p”~? operators are invariant in H,,, as is read- 
ily shown by forming the product ,,S/ ,S;, where ,,S;' = |[aa;’, b]|. Moreover, 
H,, contains an invariant operator of order p™—*. For we have 

= | | 


and if =1+kp(k< p), is the emallest value of which will satisfy 
aj = 1 mod 

Further, H,, contains no operator of order p”—1. For, we find 
= | [aa + (nby; — 4 na (a — 1) + — 1) a8; p"—, naB; + 6] | 
and ifn =p"—*, = 1 for every set (a;’, 

Hence, H,, ts the non-abelian group of order p™ which contains an invariant 
operator of order p"—*, and does not contain any operator of order p"—', Its defin- 
ing relations are :* 


It may be noted that ,,S/ makes every operator of G correspond to its aj!" 
power. Ina previous papery it has been shown that all such holomorphisms are 
invariant in the group of isomorphisms; i. e., the operators ,,S/ are invariant in 
I, which also follows readily analytically. By another theorem in the same 
paper, it follows at once that they form a cyclic subgroup H,,_, of order p"~* in 
I; this agrees with the result already obtained. 


§6.—The Quotient-Group I/H,,_>. 


H,-2 leaves all the subgroups of G fixed. Regarding J/H,,_, of order 
p’ (p — 1) as a substitution group on the subgroups of G, it is clear that J/H,,_, 
must contain a transitive constituent 7, of degree p on the p cyclic subgroups of 
order pn_,- 7, is doubly transitive ; for the correspondence 


P~P*, Q@~@Q 


* Burnside, loc. cit., p. 78. 
+ Transactions of the American Mathematical Society, Vol. III (1902), p. 189. 


s 
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leaves {P} fixed, while it transforms any of the other cyclic subgroups of order 
p"—', {PQ}, into {P*Q}. Non-congruent values of a mod p give different sub- 
groups; by assigning to a any of its y— 1 non-congruent values mod p, {PQ} 
may be transformed into any one of the remaining p—1 subgroups. The order 
of T, cannot be p*(j» — 1), since the order must be a divisor of p!; it must then 
be p(p—1), since there is no doubly transitive group of degree p and order 
less than p(p—1). Hence 7; is a metacyclic group of degree p. 

Further, J/H,,_, must contain a transitive constituent 7, of degree p on the 
p non-characteristic subgroups of G of order ». Reasoning similar to the above 
shows that 7; also is a metacyclic group of degree p. Moreover, it is possible to 
leave the subgroups of order p”—! fixed, and still permute the subgroups of order 
p according to a group of order p. Hence, J/H,,_, ts obtained by establishing 
a (p, p)-isomorphism between two metacyclic groups of degree p . 


§7.—The Defining Relations of I. 
If we take 


1, = |[a +p, 6]|, J=|[a + bp", 
—a+68]|, 
then J, J, K satisfy the relations defining ZH, (§5). For, we have 
= |[a + (a+b) p"-*, 0]| = 
and the other five relations may easily be verified. 
Corresponding to every operator of order p—1 in J/H,,_,, there is in J 
just one operator of order p—1. Let 
f, = |[aa, 6)| 
be one of these, where a belongs to exponent p— 1 mod p”~'. Then, we have 
JI, = |[a + abp*—*, = J*. 
Also replaces [aa, 6] by [aa +4a(a—1)ap"~’, —a+ 6b]. This is 
effected by an operator | 
S; = |[a + (aay + 4a (a — 1) + 4] |, 
a3, 3, being defined by the relations 
a8,;—1=0, 2aa;+a—1=0 mod p. 
27 
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We find readily 
Sf = + aah = 
Placing since J, is commutative with J, K, we may write the defining 
relations of I as follows : 


where x is any number belunging to exponent p—1 mod p"—', and where s,t are 
defined by the relations 


sx — 1 = 

mod p. 
r 
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Isothermal- Conjugate Systems of Lines on Surfaces. 


By L. P. 


Bianchi* has given the name tsothermal-conjugate to a double system of 
lines, on a surface of positive curvature, which are such that when the surface 
is referred to them as parametric lines, the second fundamental quadratic form 
for the surface can be brought to the form 


a (du? + dv’). 


We have extended the term so that it refers also to conjugate systems on sur- 
faces of negative curvature; in this case the lines must be such that the second 


fundamental form can be written 
A — dv’), 


when the lines w= const., y= const. form an isothermal-conjugate system. It 
is in this broader sense that we shall treat of such systems. 

In the first section we show how these lines can be determined, and by 
methods similar to those used by Bianchiy in his treatment of isothermal orthog- 
onal systems, we establish theorems similar to those which are well known in 
the theory of these latter systems. And for surfaces of negative curvature we 
establish results very similar to those which Bianchif has found for surfaces of 
positive curvature. A geometrical interpretation of these systems leads to the 
theorem that the surfaces, obtained by reciprocal radii vectores from surfaces 
whose lines of curvature are isothermal-conjugate, are of the same kind. 

In the second section, we begin the study of surfaces whose lines of curva- 
ture form an isothermal-conjugate system, and show that the general problem 
of determining these surfaces depends upon the integration of a differential 
equation of the fourth order, very similar to the equation found by Darboux in 


* Lezioni, p. 132. t Ib., p. 67. t Bianchi, p. 133. 
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his study of isothermic surfaces. After showing that the surfaces whose lines of 
curvature are at the same time isothermal and isothermal-conjugate have an 
isothermal spherical representation, we pass to the theorem that the sphere, 
certain surfaces of revolution and minimal surfaces are the only surfaces of con- 
stant mean curvature whose lines of curvature are isothermal-conjugate. 

By the direct calculation of the coefficients of their second fundamental 
forms, we show that quadric surfaces and surfaces of revolution have isothermal- 
conjugate lines of curvature. 

By means of a method similar to that used by Willgrod,* we solve the prob- 
lem of finding all surfaces which, together with their parallels, have isothermal- 
conjugate lines of curvature We find that the sphere, plane, cyclides of 
Dupin and surfaces of revolution, are the only surfaces of this kind, and we note 
further that these surfaces are isothermic. 

In addition to the surfaces of constant total curvature and surfaces of revo- 
lution, the surfaces whose radii satisfy the conditions 

V), =f'(U+ V), 
where 7, U, Vare bound by acertain relation, have isothermal-conjugate lines 
of curvature. 

The paper closes with a discussion of surfaces with plane lines of curvature 
in both systems and, at the same time, isothermal-conjugate. Solutions of this 
problem are furnished by surfaces of revolution, certain moulure surfaces, 
cyclides of Dupin, minimal surfaces of Bonnet and Hnneper and other surfaces 
whose coordinates are given. 


I. 


Consider a surface (or region of a surface) of positive total curvature. The 


quadratic differential form 
f= Dd? + 2D'du dv + D'dv’, (1) 


which, when equated to zero, gives the imaginary asymptotic directions at the 
corresponding point, can be decomposed into two conjugate imaginary factors, 
thus : 

D + iv DD"—D" 


f= (wv Ddu + dv)(/ Dau — ao). (2) 


* “ Ueber Flaichen, welche sich durch ihre Krummungslinien in unendlich kleine Quadrate theilen 
lassen (Dissertation, Gottingen, 1883). 


— 


| 
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From integral calculus we know that there is an infinity of integrating fac- 
tors of 
D'+iVDD— , 


Ddu+ JD v; (3) 


let one of them be u + w, and let @ + w be the function of which the product 
of u + w and (3) is the exact differential, then 


(u + tv) (VW Dau + (4) 
(u— iv) (WDdu + ) (5) 


If, now, the surface is referred to the system of lines @ =const., } = const., 
where } and y are the functions determined by equations (4) and (5), the form 
f becomes 


f= (Wt av), (6) 


Hence, the system of lines ¢ = const., 1 = const. is isothermal-conjugate. We 
remark that its determination depends upon the integration of the differential 
equation 


/ DD! — 


Returning to the general coordinates w and v, we form the Beltrami differ- 
ential parameters with respect to the form (1); they are 


206 


20», 26 20 20 
— DD" — dv \WDD'- D It 


dp _ pi 06 06 5 


| 
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Let the surface be referred to the new system of lines @ = const., y = const. ; 
then 
f= D, + 2Di do dy + Di dy, (11) 

or, this may be written, 

Ag. Ay—A*(¢, 

where, in consequence of their invariant character, the differential parameters may 
be formed either with respect to the form (1) or (11). Assuming that they are 
as given by (8), (9), (10), we remark that if the new variables @ and ¥ are chosen 
in such a way that 


Ag= Av, ¥) =0, (13) 


the curves ¢ = const., Y = const. will form an isothermal-conjugate system, and 


conversely. 
Let $(w, v) be a particular solution of the partial differential equation 
A,6=0, (14) 
that is, D" Op op D dp 
Ou Ov Ov Ou (15) 
In consequence of this we see that 
pe p pr _ 
Ou Ou Ov 
is an exact differential. Denote the latter by dy, then 
dp , Op Op 
u / DD! — dv 
Solving for , we have 
Ov py OY OY 
29 
Ou WDD! —D? 


From this it follows that the function , determined by quadratures from (16), 


3 

| 
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is also a solution of equation (14). Hence, when one solution of this equation is 
known, another is given by quadratures. Two such solutions will be called 
conjugate to one another. It follows at once from (16) and (17) that @ and ~ 
satisfy the conditions 
Aog= Aly, 
Recalling the preceding results, we have that, if @ and wy are conjugate solutions 
of the equation 
AL= 0, 

the curves @ = const., | = const. form an isothermal-conjugate system. 

If the w and » lines form an isothermal-conjugate system, equations (17) 
reduce to 


du’ 

that is, @ + w# is a function of w+ iv. Since the form (6) is not changed when 
wy is replaced by — 1, we have the theorem: 

When an isothermal-conjugate system (p, Y) for a surface of positive curvature 

is known, every other isothermal-conjugate system (9', Y/) can be obtained by putting 


where Fis an arbitrary function. 


Suppose that for a given conjugate system of lines u = const., v = const., we 


have 
D U 
(18) 


where U is a function of w alone and V is a function of v alone. Equation (18) 


can be replaced by 
D=aU, DP 


where A is a function of wu and v. We have now 
f=a(Udv? + Vde’). (19) 


If we introduce new variables uw, and v,, defined: by 


Uy = [vUdu, n= fv Vado, (20) 


the above form becomes 


f =A(dui + dvi). 


4 
(19! 
a 
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Hence, the lines u,= const., v, = const. form an isothermal-conjugate system. 
But, from (20), it follows that this is the same system as w= const., v = const. 
Therefore, when the condition (18) is satisfied by a conjugate system of lines, 
the system is isothermal-conjugate, and conversely. 

From the above it follows that if the curves @ = const. and their conjugates 
form an isothermal-conjugate system, it is possible to find a function F such that 
F (¢) is a particular solution of the equation 


A,d=0. 


Conversely, if F'() satisfies this equation, the curves ¢ = const. and their con- 
jugate trajectories form an isothermal-conjugate system. 
From (10) we have that 


A, = (9) + Ag =0, 


where accents denote differentiation with respect to @. Hence, 


Ae | 
Ao 


Since the right-hand member is a fanction of ¢ alone, the left-hand member is a 


function of @ alone. Conversely, if a is a function of @ alone, F'(p) can be 


so determined that 
A, [F'(¢)] = 0. 


We have then the following theorem: The necessary and sufficient condition that a 
family of lines @ = const. and their conjugates form an isothermal-conjugate system, 
is that the ratio of the second and first differential parameters, formed with respect to 
the second fundamental quadratic form of the surface, is a function of > alone. 
The conjugate trajectories of the curves @ = const. are found by the quad- 
ratures 


du /DD' —D*’ da 


_ 
where F'(o) =e S's 


It follows from this that if the lines @ = const. belong to a double isothermal-conju- 


| 
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gate system, their conjugate trajectories are given by the differential equation 


— 


where e 4% “is an integrating factor. 


Suppose now that the family @= const. of a double isothermal-conjugate 
system of lines is given by a differential equation of the first order, 
Mdu dv = 0; 
then the other family of lines is given by 


DN— DM DN— D'M 


From what precedes we know that these two equations have the same integrat- 
ing factor ; let it be denoted by uw and for the sake of brevity write 


y_DN—D'M 
Then we find 
ON OM oN, OM, 
au — | 
ON OM ON, OM, 


from which uw can be obtained by quadratures. Hence, we have the following 
theorem analogous to that due to Lie concerning isothermal systems: 


When one family of a double isothermal-conjugate system of lines on a surface 
of positive curvature is given by a differential equation of the first order, viz., 


Mdu+ Ndv=0, 


the equation of the lines in finite terms can be obtained by quadratures. 
From equations (4) and (5) it follows that when @ =const., ~= const. 
form an isothermal-conjugate system, the asymptotic lines are given by 


@+%)=const., @—i= const. 


4 
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Consider now surfaces whose total curvature is negative. The problem of 
finding an isothermal-conjugate system of lines on such a surface is the same as 
that of finding the asymptotic lines. For if w, v are the parameters referring to 
the asymptotic lines, the quadratic form / is simply 


f=D dud. 
Let now ¢ and y be two functions of u and v defined by the equations 
(23) 


where /, and f, are arbitrary functions. When the surface is referred to the 
system of lines @ = const., ) = const., we have 


f= 4 — dy’), 


where A is a function of @ andy. Hence, if the lines w= const., v = const. are 
asymptotic lines, an tsothermal-conjugate system of lines is given by 


Ai(u) +A(v) =const., (v) = const. 


Conversely, of @ = const., Y= const, form an isothermal-conjugate system, then the 


asymptotic lines are given by 


F,(¢ +) = const., F,(@ — = const. 


Let the surface be referred to an isothermal-conjugate system (w, v); then 


D=—D"', D=0. 


Let X, Y, Z denote the direction cosines of the normal to the surface, and write 


then do® = G du? + 24 dudv + GF dv’ 


is the square of the linear element of the spherical representation of the surface. 


/ 
Denoting by 7 the Christoffel symbols formed with respect to this quadratic 


form, and writing | 
D — 


a 
By 
4 
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we have for the Codazzi equations, referring to the spherical representation of 
the surface,* 


/ / / 
dv 2 2 du 1 1 
and if (x,y, z) are the cartesian coordinates of a point on the surface, their 
derivatives with respect to w and v are given by 


(79% 

dv SEG — A? (4 Ou Ov /’ 


and analogous expressions in y and z. 

From (24) it follows that the necessary and sufficient condition that a system of 
u, v lines on a sphere be the spherical representation of an isothermal-conjugate sys- 
tem of lines on a surface of negative curvature is expressed by 


If we put 
Jo X= Y=n, (27) 
equations (25) may be replaced by 
ae $1 $ 
dv’ dv Ou’ du 


and analogous ones in y and z. It is readily shown that X, Y, Z are particular 
solutions of the equation 


2 2 


Ou? Ou du dv dv 
Effecting the transformation 
V0 = 6, 
we can bring this equation to the form 
\ du’ Ov" ) (6 39) 


* Bianchi, Lezioni, p. 181. 
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from (27) it follows that £, 7, are particular solutions of this equation. Con- 
versely, if we take any three particular solutions &, 7, ¢ of an equation of the 
form (29) where MM is any function of wu and », the surface, whose cartesian coordi- 
nates are determined from these solutions by means of (28), will have the wu, v 
lines for an isothermal-conjugate system. 

Recalling the expressions of Gauss for the second derivatives of the cartesian 
coordinates of a point on a surface,* we find that when the surface is one of neg- 
ative curvature and is referred to an isothermal-conjugate system of lines, these 
coordinates must be simultaneous solutions of the equations 

du dv 1} du 2) dv (30) 


where the Christoffel symbols are formed with respect to the square of the 


linear element of the surface. 
Conversely, if x, y, 2 are three linearly independent solutions of a completely 
integrable system of the form 


ao _ 0, 


(31) 


then x, y, z are the cartesian coordinates of a point on a surface of negative cur- 
vature referred to an isothermal-conjugate system of lines. 

The results of the preceding sections are similar to those deduced by Bianchi} 
for surfaces of positive curvature referred to an isothermal-conjugate system ; 
the various equations and conditions differ at most in sign. 

It is readily seen that the plane is the only surface of zero curvature which 
admits isotbermal-conjugate lines as defined. For, in this case, 

DD" — D’ =0, 
and hence only when 
D=D=D'=0, 
can the above condition and that for isothermal-conjugate lines be satisfied simul- 
taneously. 


* Bianchi, p. 88. + Lezioni, pp. 133, 134. 
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If the distance from the point (w+ du, v + dv) on a surface to the tangent 
plane to the surface at the point (w, v) be denoted by p, it can be shown that 


p=} (Dd? + dudv + D' dv’) + ...., 


where the unwritten terms are of a higher order than the second. Neglecting 
the latter, we find that the distance from (u+du, dv) to this plane is 4 Ddu’ and 
from (u,v +dv) is 4D" dv’. If, then, we take du =dv, we find that when 
u and »v refer to an isothermal-conjugate system, these distances are equal ; 
moreover, they are measured in the same direction at points of positive curva- 
ture and in opposite directions at points of negative curvature. 

Consider now. in connection with a surface S, whose u and »v lines form an 
isothermal-conjugate system, the surface S, which corresponds to S by reciprocal 
radii vectores. Then, if 2,, y,, % denote the cartesian coordinates of a point on 
S,, we have 
From the geometrical interpretation of isothermal-conjugate lines, as given 
above, and from the well-known fact that the transformation (32) changes a 
plane into a plane, a conjugate system of lines on S' into a conjugate system on 
S;, preserves angles and the ratios of infinitely small lengths, it follows that on 


S, the system of w and v lines form an isothermal-conjugate system. And since 
Darboux has shown that the lines of curvature on S, correspond to the lines of 
curvature on S, we have the theorem: 

The transforms by reciprocal radii vectores of surfaces whose lines of curvature 
form an isothermal-conjugate system are also surfaces of this kind. 


Il. 


Consider a surface S referred to a general system of curvilinear coordinates 
(w, v); the square of its linear element takes the form 


ds* = + 2F dudv + G dv’. (1) 
The condition that the coordinate lines be the lines of curvature is 
F=ut, 


and that these lines form an isothermal-conjugate system is, with proper choice 


of parameters, 
D= + 


according as the surface is of positive or negative curvature. 


a 
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Combining with the results found in the previous section with respect to 
surfaces of negative curvature, the similar results found by Bianchi for surfaces 
of positive curvature, we have that, in order that the lines of curvature of a sur- 
face may form an isothermal-conjugate system, it is necessary that the cartesian 
coordinates of its points satisfy simultaneously the two equations 


Ov Ow ad’ 
1 /dE , 26 OE dG\ 20 
du? 2B ~ Gu) * ~ dv) dv’ | 


(2) 


where the upper sign holds for surfaces of positive curvature, and the lower for 
surfaces of negative curvature. Conversely, if two simultaneous equations of 
the form 
06 _ 00) 
_ 06 _ 06 
constitute a completely integrable system, and z, y, z are linearly independent 
solutions, satisfying the conditions 


Ox Ox, dy dy, _ 4 
du dv du dv du dw’ 


(3) 


then the locus of the point (x, y, 2) is a surface of positive or negative curvature 
(according to the signs in the second equation (3)), whose lines of curvature 
form an isothermal-conjugate system. 

It is evident that the problem of finding all the surfaces whose lines of cur- 
vature form an isothermal-conjugate system is a very difficult one, especially 
from the preceding point of view. We shall, however, by different methods find 
quite a number of such surfaces, but before proceeding to this, we will show that 
the solution of our problem depends upon the integration of a differential equa- 
tion of the fourth order, similar to that found by Darboux for isothermic surfaces. 

To this end we consider the surface referred to the system of tangential 
coordinates, imagined by Bonnet, for which the equation of the tangent plane 
takes the form 


(a+ (4) 


4 

H 

2 

) 
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Then the lines of curvature are given by 


r da? — = 0,* (5) 
and the z coordinate of the point of contact has the expression 
§—pa- 
(6) 
where we write 


The second fundamental form is 
f= {(1 + da’ + 2s da dB + tdB’) + 2da dB — pa — gB)}x, (8) 


where x is a function of a and @ whose form is not essential. 
If the parameters of the lines of curvature are wu, v, then 


dv=u(Wrda + VtdQ), (9) 


where A and uw are such that the expressions on the right are exact differentials. 
If the lines of curvature of the surface S form an isothermal-conjugate system, 
f= D + dv’), (10) 
where S is a surface of positive curvature, as we will assume it is for the present. 
Replace du, dv in (10) by their expressions (9) and compare with (8); this gives 
Dr (V+ 2)=x(1+a8)r, yu?) =x(1+a8)e, (11) 
DW rt (u? — 2?) =x (1 — pa — 9B] =x (1 + aB)(s +2) 
Since the first two of these conditions are the same, we have two equations in 


and pu’; solving, we get 


2Da? = — (1+a8)x, 2D! = 


Put 2p = — + (13) 


then 


* Darboux, Lecons, I, p. 246. 
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Hence @ must be such that 


Vrda — Vrda + 
(s + 2+ ’ (s + 
are exact differentials. The condition of integrability of the first is 


— aft 


da 


The condition for the second is gotten from this by replacing /t by — /t. 
From these two equations of condition we obtain the following : 


6 _  Ologt,  dlogr 


r 2+ts+vA/rt 


Expressing the condition that the right-hand member is an exact differential, we 
find the following equation of the fourth order which £ must satisfy in order 
that the lines of curvature of S may form an isothermal-conjugate system : 


da 08 log Oa aCe r 8 ] 


When S' is a surface of negative curvature, we find, by methods similar to the 
preceding, that for the lines of curvature to form an isothormal-conjugate system 
we must have 
Dr(#@— =(14+ .a8)r, = (1+ 

— Dv ri(ut + 4?) =(1 + + 2), 
from which, after making use of (13), we have 

a0 

(s+ 2—~wvrt) 


Proceeding as before, we are led to the same equation (14). Hence, when the 


0 
3 
| 
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function & for a surface of positive or negative curvature satisfies equation (14), 
the lines of curvature, which can be determined by quadratures by means of (9), 
form an isothermal-conjugate system. 


The expression stat 
is the ratio of the two radii of principal curvature of the surface.* Hence, since 
for a minimal surface,+ 


t f(8) 
it follows that the above equation is satisfied by the function £ corresponding to 


minimal surfaces. 

This result can be obtained also as follows: Denote by p, and p, the princi- 
pal radii of curvature at a point, and let the surface be referred to its lines of 
curvature; then 


If, now, Sis a minimal surface, it is isothermic, and hence the parameters of the 
lines of curvature can be so chosen that H = G, and hence 
D=— 
In a similar manner consider a sphere. Since an orthogonal system upon a 
sphere is at the same time conjugate and since the two fundamental forms are in 
constant ratio, every isothermal system upon the sphere is an isothermal-conju- 
gate system and consequently the sphere can be looked upon in an infinity of 
ways as a surface with its lines of curvature forming an isothermal-conjugate 
system. Monget has shown that the sphere is the only real surface whose - 
principal radii of curvature are equal and of the same sign, hence minimal sur- | 
faces and sphere are the only real surfaces to be investigated by this method. 
Recalling the notation of the previous section, we have the following rela- 
tions, when a surface is referred to its lines of curvature :§ 


_D o_D" 
| 


* Darboux, Lecons, I, p. 246. 

T Ib., p. 298. 

Application de l’analyse a la géométrie,’”’ 5™° ed., pp. 196-211. 
§ Bianchi, Lezioni, p. 131. 
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From this it follows that when S is an isothermic surface and the spherical rep- 
resentation of its lines of curvature is also isothermal, then the lines of curvature 
of S form an isothermal-conjugate system. By means of this we shall be able to 
determine what surfaces of constant mean curvature have isothermal-conjugate 
lines of curvature. Bonnet* was the first to show that such surfaces are iso- 
thermic. 

Willgrod+ shows that for surfaces with constant mean curvature different 
from zero, the parameters of the lines of curvature can be so chosen that the 
following relations hold: 


From this it follows that for the spherical representation of S to be isothermal 
we must have 


a — U 


p 


where U is a function of u alone and V is a function of v alone. But p, and p 


also satisfy the condition 
1 


fl 


where cis aconstant. From these two equations we have 


V) _c(U+ V) 


Cc 


When these expressions are substituted in the above equation, we get for 
G and 
V2 U? 


From these forms it is seen that in this case the orthogonal system upon the 
sphere is such that by a suitable choice of parameters the linear element can be 
given the form 


= : 


*‘*Mémoire sur la theorie des surfaces applicables sur une surface donnée ”’ (Journal de 1’Ecole 
Polytechnique, XLII, Cahier, p. 77, 1867). 
T Dissertation p. 30. 


2— Pi Pe | 
Pi — ps 
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In order to determine the form of the functions UJ, and V,, we note that the 
Gauss equation for the sphere referred to any isothermal orthogonal system, 
namely :* 


+22 =0, 


2 log A 4 0 log A 

du? Ov" 
where 
takes in this case the form 


(Oy + Vii — 2)(0, + Vi) — OF — Vy =0, 


where the accents denote differentiation with respect to u, and », respectively. 
For the present we exclude the case where either U, or V, is a constant and we 
put 

0,= U7, Vr, 
and take U, and V, for the independent variables. If we make this substitution 
and denote now by accents differentiation with respect to these new variables, 
the above equation becomes 


+ + Vi) — 


Differentiating this equation with respect to U, and then with respect to Vi, we 
are brought to the equation 
Uy + Vy =0. 
From this it follows that U; and Vj’ are constants differing only in sign. Hence 
+e, 


where a, 8,¥,6,¢ are constants. When these values are substituted in the 
above equation, it becomes 


U;(2+8—b) + 


From the form of this equation, it follows that there cannot be a linear element 


of the form 
1 


with neither U, nor V, constant. We shall consider now this exceptional case 


and assume that V, is constant. In this case the curves on the sphere are great 
circles with a common diameter and their orthogonal trajectories. 


= 


(du; + dvj), 


* Bianchi, Lezioni, p. 67. 
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With respect to the corresponding surface, we have only to note that by 
retracing the steps which led to the linear element of the sphere in the above 
form, we find that when V, is a constant, V also is a constant. Then both 9, 
and p, are functions of w alone, and consequently the surfaces are surfaces of 
revolution. From the well-known theorem of Bonnet with regard to the rela- 
tion between surfaces of constant mean curvature and those with constant total 
curvature, one has that the surfaces of revolution of constant mean curvature are 
parallels of the surfaces of revolution with constant positive total curvature. 
Since the latter are known, the same is true of the former. Combining these 
results with those previously established with respect to the sphere and minimal 
surfaces, we have the theorem : 


The only surfaces of constant mean curvature whose lines of curvature are iso- 
thermal-conjugate are the sphere, minimal surfaces and the surfaces of revolution 
whose mean curvature is constant. 

We will deduce now the differential relation which exists between the prin- 
cipal radii of curvature of a surface whose lines of curvature are isothermal-con- 
jugate. To this end we consider the Codazzi equations and the equation of 
Gauss, which, when the surface is referred to its lines of curvature reduce to* 


E ou 
(16) 


D Dp!" E dD! D AWG 


DD!" 0/1 WE 
Now E=9,D, G=p,D", 


hence, equations (15) may be written 


du Ou J 
Expressing the condition that the lines of curvature are isothermal-conjugate, 
that is, 


D_U 


* Bianchi, p. 93. 
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we have the erate condition which p, and p, must satisfy : 


or, on developing, 


pi dudv pi (pi — du dv 


which is the relation sought. If we put 


=o 
P1 Pe P1 P2 (p: 


then the above equation takes the simple form 


on) dp Op _ 


Ou Ou dv dv du 


and the Codazzi equations become 


a 


From these equations we find 
1 du— av) 
D= 


Making use of equations (15) and putting 
D= 


(18) 


(19) 


(20) 


(21) 


(22) 


where ¢ is +1 or —1, according as § is a surface of positive or negative curva- 


ture, we can put equation (16) in the form 


log =0. (23) 


fj 
| 
| =—23) | 
2 2 2 re] | 
+ P2 + Pipe Pi Ps 
| | 
| Ov Pi Pi — 
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ITT. 


Consider the quadric surface whose equation is 
(1) 


The cartesian coordinates have the following expressions in terms of parameters 
referring to the lines of curvature :* 


(4—u)(a—») ) 
(a — b)(a—e) 

_ 


— u)(e— 2) 
(e—a)(c—B) 


Calculating the direction cosines of the tangent plane to the surface at the point 
(x, y, 2) and the coefficients of the first and second fundamental forms, we get 


b)(a 


ets) 


u(u— v) v(u—v) (4) 


abe u—v 
u (atuy(b+u)(e+ u)’ 


abe u—v 
=— (a + v)(b + (5) 
From (4) we remark that the surfaces of the second degree whose equation is of 
the form (1) are isothermic and the expressions (5) show that the lines of curva- 
ture of quadric surfaces are isothermal-conjugate. 
The surfaces of the second degree whose center is at an infinite distance can 
be looked upon as limiting cases of the preceding, and from this point of view 


* Darboux, Lecons, t. I, p. 156. 
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we see that their lines of curvature are isothermal-conjugate. But we can prove 
it directly from the expressions for the cartesian coordinates of such surfaces. 
Thus, if the equation of the surface is 


ax’ + by? + 2c2+d=0, 


we have for the coordinates,* 
(a—b) 
(ub +a)(vb +a)’ 


_c(a—b) 
(ub +a)(vb +a) 


Proceeding as in the former case, we find 


ab (ub + +) 


1 
+ a*)(b* + a?)(bu + a)(bv + u(ub +a)?’ (9) 
D' =} (a —b)(u — v) 


(Bu + + a®)\(bu + a)(bv + a) v (vb + a)" 

From these forms we see that the lines of curvature of quadrics with their centers 
at an infinite distance are isothermal and isothermal-conjugate. 
Surfaces of revolution can be defined by the equations 
2=rcosv, y=rsinv, <=9@(r). 

Then the square of the linear element takes the form 
ds* = [1 + (r)"] dr’? + dv’, 

and it is readily found that the second fundamental form is 


— rg’ (r) dv" 
J/1 + (r) 


Willgrod, ib., p. 27. 


‘ 
i 
hed 
a 


234 EIsENHART: IJsothermal-Conjugate Systems of Lines on Surfaces. 


Hence, surfaces of revolution have isothermal-conjugate lines of curvature, and, 


moreover, the ratio of D and D” is a function of r alone. 


IV. 


In this section we wish to determine those surfaces which, together with 
their parallels, have isothermal-conjugate lines of curvature. 
In solving this problem, we make use of the equation 
dudv dudv pi(pi—p2) du dv 
ps + 2/1 — pi Ope Ops 
au 
which, as we have seen, is the condition which the principal radii of curvature 
of a surface S must satisfy in order that its lines of curvature be isothermal-con- 
jugate. We have then that this equation must also be satisfied by p, + a and 
p2 + a (a=const.), for all values of a, in order that the lines of curvature on 
the parallels of S may form an isothermal system. Since this condition must 
be satisfied identically for values of a, it is only necessary to substitute p, + a, 
p: + a for p, and p, respectively and equate to zero the coefficients of the differ- 
ent powers ofa. This gives 


Op: Op, Op, 
Judo Ou 42.) = 0 


+ i Op: __ Ops = 0 
Ou Ov Ou Ov 


dp, 
ov — pi (4pi p2 + — pi) fe =0, 


pi Pe Ou dv 


— pi + 2p1p2— =0. 


| 
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Combining the first two of the above equations, we find that either 


Oudv dudv 
or — = 0. 


The latter simply gives the case of the sphere, which is an evident solution of the 
problem. Taking the former and proceeding step by step with the above equa- 
tions, we are brought to the following equations of condition, which must be sat- 
isfied by surfaces furnishing a solution of the problem: 
Sudo au av” (2) 
There are four possible solutions of this system of equations ; they are 
1°. (wu), = $(v), 
2. p=f(v), p2 = (u), | 
3°. =f (u), = 
4’. a=/(v), = $(v)-. J 
Since the last two cases are practically identical, we have only the first three to 


consider. We have found that for surfaces with isothermal-conjugate lines of 
curvature the following relation exists: 


(3) 


£0102 +a P2 — Ou °8 


p=f(u), P2 = > (v). 
From (4) it is seen that either 
= = const., 
or 


Hence the sphere and the plane are solutions of the problem. 
2. Po = p(u). 


Since, by definition, p; is the radius of curvature of the normal section tangent 
to the curves v = const., we see that for this class of surfaces p, is constant along 
such a curve. Hence, the normals to the surface along such a curve meet in a 


F 
4 
4 
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point, and, consequently, form a cone, and the curve lies on the sphere whose 
center is at the vertex of the cone and of radius p,._ It is evident, therefore, that 
the surface is the envelope of a family of spheres of radius p, = /(v). Ina simi- 
lar way it can be shown that the surface is the envelope of a family of spheres 
of radius @(u). Hence, the surfaces of the case under discussion are cyclides of 
Dupin. The coefficients of the second fundamental form of any surface of this 
class can be found at once from (4), 
p= o(u). 

The surfaces corresponding to these expressions are evidently surfaces of rev- 

olution ; from (4) we find 
D=eD'=F (u), 

where ¢ is +1 or —1, according as S has positive or negative curvature. 

Hence, the only surfaces which, together with their parallels, have isothermal- 
conjugate lines of curvature, are the plane, sphere, cyclides of Dupin and surfaces of 


revolution. 


Combining (3) and _£ 
’ P2 p" ’ 


we see that since D’” = <D, 


hence all of these surfaces are isothermic. Conversely, from the results found 
by Willgrod in solving the similar problem for isothermic surfaces, we remark 
that all surfaces which, together with their parallels are isothermic, have isother- 
mal-conjugate lines of curvature and their parallels have the same property. 


V. 


We will determine the surfaces whose principal radii satisfy a relation and 
whose lines of curvature form an isothermal-conjugate system. 

In solving this problem, we make use of the following equation, which we 
have found must be satisfied in order that the lines of curvature of the corre- 
sponding surface be isothermal-conjugate : 


dp AY _ 
Oudv dud dad (1) 


i 

4 

4 
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where 1 — 

If p, is a function of p,, then y will be a function of @ except when the relation 
between the radii is 


=const. or = const. 


Pi P2 P2 + 2) 


From (1) it is seen that the former of these exceptional cases gives a solution of 
our problem. In order that the second may give a solution, we must have 


where U is a function of wu alone and V is a function of v alone. From (II, 22) 
it follows that 


The functions U and V must be of such a character as to satisfy the transformed 
Gauss equation 


Jan 


Proceed now to the general case where ¥ is a function of @; then 


Ou du’ Ww 


Hence, equation (1) reduces to 


dudv a du dav 


or 


If, now, we write 


W= U+ V, 


31 


j 

1 

— = U + F, 

P1 P2 

: 

| 
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where U is a function of uw alone and V is a function of v alone, we have from the 
above equation 


whence 


Hence ¢ and w are functions of W; from (4) we see that these functions are 
such that y is the derivative of @ with respect to W. We can write therefore 


1 
—--=f(W), y= Pt 
From (II, 22) we find 
(W) 


The functions f, U, V must be such as to verify equation (3), which, on replacing 
(1, p2, D by their expressions from (5) and (6), becomes 
F+f' +7" _fi— —f" 9 


FAP 

It is evident that surfaces of revolution correspond to the case when @ and 
y are functions of only one of the parameters. 

From the theorem of Weingarten,* we have that for surfaces whose princi- 
pal radii satisfy a relation, the parameters (w, v) of the lines of curvature can be 
so chosen that the square of the linear element of the spherical representation of 
the surface takes the form 

du? dv 
8 
ae + 6” (a)’ ( ) 
where a is a function of wu, v, and the character of the function 6 depends upon 
the relation between the radii; this function 6 being such that 


pi= O(a), p2=6(a) — a6! (a). (9) 
From this it is seen that by changing a we get different members of a family of 
surfaces whose radii of curvature satisfy the same relation. We wish to find 


* “* Ueber die Oberflichen, fiir welche einer der beiden Hauptkriimmungshalbmesser eineFunc- 
tion des andern ist.” Crelle, Vol. 62, pp. 160-178. 
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whether there are any such families, whose lines of curvature are isothermal- 
conjugate and in such a way that for the parameters, as above chosen, 


D= el". 


Consider first the case D = D"; it is readily shown that in consequence of 
this we have 


Spi = Gp. 


Replacing the quantities in this equation by their expressions as given by (8) 
and (9), we get 


O(a) 0 (a) — af (a) 
a 6”(a) 


Hence, the solution of our problem reduces to the integration of this equation. 
It can readily be brought to Clairant’s form, from which we get the general 
solution 

F (a) = ca*® +’; 
this gives 


c 
2 

hence, by elimination, we find that the surfaces for which 


— pz 
Pipe 
furnish the solution. 
Proceeding in a similar manner for surfaces of negative curvature, we find 


Cc 


that is, (1p, = —’. 


Hence, the surfaces of constant curvature furnish the general solution of our problem. 


¥E 


Consider a surface whose lines of curvature are plane in both systems, and 
let the planes of these lines have for equations 


ax + by + o2=d,,) (1) 
aye + boy + = dy, j 
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Surfaces. 


where a,, b,, ¢,, d, are functions of w alone and ay, b,, c,, dz, are functions of v 


alone—w, v being parameters of the lines of curvature. 
Differentiating these equations with respect to wu, we have 


a, oy Oz __ 


U 
a, ’ 


+b, 40 2 Ou 


where accents denote differentiation with respect to uw; in like manner, 


Ox re] 


+ b, 5% + ¢ 


dv 


Oz 


+b +c 1 


where the accents denote differentiation with respect to v. 
tions (2) with 
Ox 


+ 7% =o, 


Oa: Oz 
Ou’ du’ du 
Ox _ + ydj + 2c; — d{)(b,Z — Y) 
Ou A 
— (2a; + + 20; — — 4,4) 
A ’ 


+ 2c; — 
A 


and solving for , we find 


di)(a, Y— b,X) 


where A denotes the determinant of the system of equations. 


expressions we find 


aX _ 
Ou du 


oY 


Ou 


(233 
By treating equations (3) and 


yy 


Oz 
ov 


oy 


+ +Z 


— (xaz+ yb + zc; — d3), 


+6, _ =. 


+ 


(3) 


Combining equa- 


(4) 


From these 


(6) 


(2) | 

__ 

| 

| 

| 

| | 

du 
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in a similar manner, we find 


(xa; + 2c, — dy) [a Zz? 


Hence the necessary and sufficient condition that the lines of curvature on such 
a surface form an isothermal-conjugate system is that the functions a,, a,,.. , d, 
satisfy the relation 


Z 
(val + yb{ + — a, (¥ $4 — 2 


where U is a function of wu alone and V is a function of v alone. 

We will recall that all surfaces with plane lines of curvature in both systems 
can be divided into three families :* 

1°. Moulure surfaces and surfaces of revolution. The surfaces of this family 
may be defined as the envelopes of the plane 


uz— ax cosv—y sinv=f/(u)+(v), (9) 
for different forms of the functions fand @. It is manifest that the surfaces of 


revolution correspond to ? (v) = 0; 
2°. Surfaces defined as the envelope of the plane 


— oy + (AVI — 1 (10) 


(8) 


3°. Surfaces defined as the envelope of the plane 
Que + (1 —w— v’*)z= f(u) + (11) 


Geometrically, the three families are distinguished by their spherical repre- 
sentation.f Those of the first family have for spherical representation a system 
of great circles pivoting about a diameter and their orthogonal parallels. The 


* Darboux, Lecons, t. I, p. 180. + Caronnet, Thesis, p. 10, 
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lines of curvature of the surfaces of the second family have for their spherical 
representation a double system of small circles whose respective planes meet in 
two reciprocal straight lines; when these lines are tangent to the sphere, the 
spherical representation is that of the third family. For a method of point and 
tangential generation of all surfaces with plane lines of curvature in both systems 
the reader is referred to Darboux.* 

We will now discuss each of these families. 


Surfaces of the First Family. 


As previously remarked, these surfaces may be defined as the envelope of 


the plane 
uz— x cosv—y sinv= f(u) + P(v). (9) 


On taking the derivatives of this equation with respect to wu and v respectively, 


we get the equations of the planes of the lines «= const. and v=const.; 


2=f"(u), } (12) 


sin v— y cos v= (v). 


they are 


Comparing these equations with equations (1), we remark that for this case 


dg=sinv, b= —cosv, c=0, 
and from (9), 


When these expressions are substituted in the conditional equation (8), it is found 
that f(u) and $(v) must be such that 


f" (w) «= 
V’ 


which, in consequence of equations (9) and (12), can be written 


where now U, = In order that this relation may be satisfied either 


f" 


* Lecons, t. I, p. 182. 
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1°. uf! (u) —f(u) = C; and ¢ (v) has any form whatever ; or, 

2°. @’ (v) + @(v) = C, and f(u) has any form, where C, and C, are con- 
stants. 

In the former case, we would have 


f(u) = Gu— C1. (15) 
However, in this case, 
2=f' (u)=G;, 
that is, the surface would be a plane curve, and hence this case does not hold. 
In the second case, 


(v) = (4, + &) cos v +7 (ce, — sinv+ (16) 


where and are arbitrary constants. 

We have then for surfaces of the first family whose lines of curvature form 
an isothermal-conjugate system, surfaces of revolution and those moulure surfaces 
for which @(v) has the form (16) and f(u) has any form with the exception 
of (15). 


Surfaces of the Second Family. 


These surfaces being the envelopes of the plane 


ux— vy + (AV 1 — — VV 1714+ 2= (10) 


the planes of their lines of curvature are 


(17) 


and from (10), 


| 
i 
i 
4 / 1 — | | 
+ 
> 
Comparing these with equations (1), we have for this case i 
a,= 1, 6b, = 0, Cy d,=f (w), 
4 18) | 
2 » = (v) 
{ 
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When these values are substituted in equation (8), the latter becomes 


Replacing z by its expression, as determined from (10) and (17), viz.: 
A 
Vite 


we can put the si in the form 


+f (u) — uf" (u) — (ve) + (v) _ (20) 
—f(u) + uf! (u) + — v9! (v) 


where U, and J, are new functions of u and v respectively. 
But this equation, which determines the character of f and @ so that the 


lines of curvature on the corresponding surface forms an isothermal-conjugate 


system, is exactly the same equation which Caronnet* has found in seeking to 
determine what surfaces of the second family are isothermic. We have then only 
to recall his results in order to have an answer to our problem, at the same time 
referring the reader to the elegant method used by Caronnet for the solution of 
the above equation. They are as follows: 


(I) 

where J m,n, I’, m’, n’ are any constants whatever. The surface corresponding 
to these forms of / and @ is the cyclide of Dupin of the fourth order. 


f(u) =a (1 — log (II) 
(v) = (A — 1)(1 + v 


* These—‘‘ Recherches sur les surfaces isothermiques et les surfaces - les rayons de courbure 
sont fonctions l’un de l’autre, p. 13. 
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1 
¢(v) = (IIT) 


where, in order to simplify the expressions, we have written 

1+’ 1+¢°’ 

and ¢ is an arbitrary constant. When, in particular c= 0, the functions define 
the minimal surface of Bonnet. In determining the above forms for f and 9, it 


was assumed that the product 
(A? — — 1— 


is different from zero. In discussing this special case, there is need only of con- 
sidering that where 4” — c? = 0 on account of symmetry. This gives 


Tw) = + ’ 
4(a?—1) 
tan ‘ 
Finally 
+e’ 
and c¢, c, are arbitrary constants. 
Surfaces of the Third Family. 
These are defined as the envelope of the plane 
Qux + + (1 —w’—v’)z= f(u) + (11) 
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The planes of the lines of curvature are 


Reasoning in a manner analogous to that used with respect to the other two 
families, we find that f and @ must satisfy the identity 


bf" (u) +2_ U (22) 


+2 
which, after replacing z by its expression as found from (11) and (21), is 


+ 0°) (v) +f — uf" (u) + o(v) — v9! (v) 
Again we remark that this is the same identity which Caronnet* has found 


in seeking for those surfaces of the third family which are isothermic. As before, 
we will simply recall his results; they are 


(I) 
=A + mot 


where A, m,n, 4/, m’, n’ are arbitrary constants. These surfaces are cyclides of 
Dupin of the third order. 


This is the minimal surface of Enneper, whose rectangular cartesian coordinates 
have the following expressions : 


x= 8u + — vu’, 
y = 8v + — 
z= 38u?— 


= (1 + | 


* These, p. 22. 
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where ¢ is a constant. 


J (u) =u tan + 1, av) 
?(v)= 
f(y suf ES gy, | 
| (V) 
oo) =o dv, 


where ¢ and ¢, are constants. 

It is of interest to remark that the condition (22) can be readily obtained 
from the general differential equation of the fourth order which & satisfies. For, 
on writing 

2u=—(a+8), w=—i(B—a), E=f(u) + 
equation (11) takes the form 
(a+ (a8 + 1)z+E=0. 


We have at once 

hence r= ft, s+r=3/f", s—r=}9". 


Substituting these expressions in the equation for &, we find that f and @ must 
satisfy the 


or, by returning to variables w, v, 


+ Z 
log )= 


+2 


We have shown that when the lines of curvature of a surface are isothermal 
and isothermal-conjugate, their spherical representation forms an isothermal 
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system. Further, it is well known that the surface obtained from an isothermic 
surface by reciprocal radii vectores is isothermic. Hence, combining the results 
of the preceding sections with those known for isothermic surfaces, we have the 
result : 


Quadrics, the sphere, minimal surfaces, surfaces of revolution, the cyclides of 
Dupin, the members of the second and third families of surfaces with plane lines of 
curvature in both systems whose coordinates have been given, together with the surfaces 
obtained from the preceding by reciprocal radii vectores, have an isothermal spherical 
representation of their lines of curvature. 


PRINCETON UNIVERSITY, April, 1901. 
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Some Differential Equations Connected with 
Hypersurfaces. 


By G. O. JAMEs. 


§1. Surfaces in ordinary space may be treated from two essentially different 
standpoints. Hither we may suppose a surface given by an equation between 
the cartesian coordinates of a point on it and deduce its properties by the meth- 
ods of analytic geometry, or we may suppose the infinite system of which it is a 
member given by a binary differential quadratic form, the linear element, and 
deduce its properties by the methods of differential geometry. Similarly, curved 
spaces of any number of dimensions immersed in homaloidal space may be studied 
from either standpoint. To any algebraic equation connecting the cartesian coor- 
dinates of a point in three dimensional Euclidian space, there corresponds a sur- 
face, but in order that there may exist a system of surfaces admitting a binary 
differential quadratic form as linear element, the coefficients of this form must 
satisfy certain algebraic and differential relations, namely, the discriminant must 
be positive, i. e. the form itself must be definite, and the equations of Gauss and 
Codazzi must be satisfied. In the same way, in Euclidian space of any number 
of dimensions, a manifold of points may be separated from the space by an alge- 
braic equation satisfied by the coordinates of a point in this space, but given an 
n-ary differential quadratic form, its coefficients must satisfy certain relations in 
order that there may exist a corresponding manifold admitting this as linear 
element. 

These relations have been investigated from a purely algebraic standpoint 
by Ricci,* who solves the following problem : 


* Ricci, ‘‘ Principii di una teoria delle forme differenziale quadratiche,’’ Annale di Mat., Serie II, 
Vol. 12. 
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To determine the conditions that the n-ary differential quadratic form 


n 


f= a,, dx, da, 


1 


shall be reducible, i. e. can be put identically in the form 


n—1 


yin Dim AU, Ay, , 
1 


where w, is a function of x, .... x, and db, is a function of uw, .... u,—,. When 
f is irreducible, Schlaefli* has shown that it can be deduced from 
ath 
ds* = dt dy, 
1 
where 


Ricci defines 6 as the class of f and investigates the conditions under which / 
shall be of a given class. Now, since the linear element of the curved space, or 
manifoldness of n dimensions, is irreducible and of the first class, the problem 
comes algebraically to the discussion of the conditions under which / shall be of 
the first class, and Ricci has completely solved this. The object of this paper 
is to treat the problem as a problem of differential geometry and not as a part of 
the theory of quadratic forms. For this I shall suppose the curved space given 
by an algebraic equation between the cartesian coordinates of a point on it and 
shall deduce the conditions which the coefficients of the first and second funda- 
mental forms must satisfy, and the differential equations on the integration of 
which the effective determination of the hypersurface depends. From these is 
derived the theorem of Beez, that a curved space of dimensions greater than two 
cannot be deformed so as to preserve its linear element, and hence is only 
capable of translation and rotation in hyperspace if inextensible. 

To render the analytic work more manageable, I shall confine myself to 
four dimensions, and shall adopt the nomenclature of Poincaré in his memoir,t} 
“Sur les Residus des Integrales Doubles.” Four dimensional homaloidal or 
Euclidian space will then be termed hyperspace, and a single relation between 
the coordinates of a point in hyperspace will define a hypersurface. 


* Annale di Mat., Serie II, Vol. 5, p. 190. t Acta Math., t. 9, p. 325. 
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§2. Suppose the hypersurface to be given in the form 
Y2ys Ys) = 0 
f= ds dy’. 
Expressing the orthogonal coordinates in terms of three independent param- 
eters, 2, X,, 23, by the functions 


of linear element 


= (x, 2223), $= 1, 4, 


which, together with their first, second and third partial derivatives, are sup- 
posed uniform finite and continuous throughout the region of variation of 2, 2, 


and 23, the linear element takes the form 
3 


fads = H,,dx,da,, 


h Oy, 
where 


After the analogy of the theory of surfaces, I shall call this ternary differential 
quadratic form the first fundamental form of the hypersurface. 

§3. For a real hypersurface, the discriminant of f cannot vanish in general, 
Ox, Ox, Ox, Ox, Ox, Ox, Ox, 
Oy, dys Oy, Oy; OY: 


Ox, O25 Ox; O23 025 


and if A=0, the terms of the second member must separately vanish, which 
necessitates relations among the coordinates other than the equation of the 
hypersurfaces. A is therefore, in general, positive and different from zero, and f 
is definite. 


§4. Applying the formula defining the Christoffel symbols of the first kind, 


*\ dz, Ox; Ox, J’ 


we have the following eighteen symbols of the first kind of three indices for the 
case of three parameters : 
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1 Oars 1] Ox, ’ 
= 4 OE» 4 | — OE ss | 
1 | Ox, On, O23 Ox, 
Ox, Ox, ’ Ox, ’ 2 On, 
Ox, Ox; Oa,’ 


[22] _ 23]_ , [33 OE 53 
The symbols of the second kind of three indices for a triply orthogonal sys- 
tem of parametric lines will be useful. Making 


Ey = = = 0 


in the symbols of the first kind, these are given at once, and to get those of the 
second kind it is sufficient to observe that 


where A,, is the algebraic complement of a, divided by a, and £,,=a,,. Apply- 
ing the formule 
_ ax 
7, 
we have 


1 OVE; 1 OW {t= 1 OVE, 
1 Ox; 1 1 Ox; 


On, 1 Ey, Ox; 


Ey A Ox; 


Ex 


_ OW Ey, | t=O; 3 1 On Ess | 
Ox; 3 


3 
Ox, ’ 
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§5. The tangent hyperplane is determined by any three lines not in the same 
plane lying in it and passing through a point. In particular, it is determined 
by the three coordinate lines. Defining then the normal to the hypersurface at 
any point as the line perpendicular to the tangent hyperplane, we have to 
express the fact that the line whose direction cosines are 


Y3, Y,, 


is orthogonal to the coordinate lines. We have then to determine these direc- 
tion cosines the three equations 


Wis r= 1, 2, 3. 


These give at once 


1 


where A is the discriminant of the linear element expressed in the £,,. Intro- 
ducing the second ternary differential quadratic form 


D,, Aa, AX, ; 


(2) 


we at once find , 
— w_ oy 3 
om, a Ox, Ox, Ox, Ox,” (3) 
by means of (1) these can be written 
Fy 
Ou,0x, Ox,0x, Ox,0x, Ox, Ox, 
Oy, Yn ys 
Ox, Ox, Ox, Ox, : 
VA) ay Aye 
Ox, Ox, 


OY, 
Ox, Ox, Ox; 


If, now, A,, A,, A;, A, be any four functions of a, x2, 73, then ay, a2, a3, Oy 
can be so determined that the four equations 


Oy + a, Y;, 4, (a) 


1 | 

A O (ay ay 23) ( ) 
| | 
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are satisfied since the determinant of the system equals 4/A and is therefore not 
zero. By exactly the same reasoning as that employed in the case of two param- 
eters,* we arrive at the following system of equations satisfied by the coordi- 


nates 
rs) dy; 
Ox, Ox, t Ox, + Y;, (I) 
and the following system satisfied by the direction cosines of the normal : 
| OY 
| 
where Dy Fy 


| D®|= 


The relations connecting the coefficients of the two forms are now found by 
writing the conditions of ee of " and (II). These are for (I) 


\ OY; 


rs) Oy, , Oy; | 


2 


Ox,0x, On, Ox, * On, 
OY, 
Substituting for Se, Ba and = from (I) and (II) we have 


This system is again of type (a) with the first member zero, and hence the coeffi- 
cients must separately vanish. Introducing the symbol of four indices 


* Bianchi, Lezioni, p. 87. 
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we have the systems 
D 


Bes 


(p, 8, €=1, 2, 3). 


DY | + =| D2 | =0, (III) 


These equations can be written in a different form. 
In the identities 


(sprt)=Syay {sqrt}, 
substituting for }sqré} from (III), we have at once, after reduction, 
(sprt)=D,, Dy. — Dy D,,- 
Since six only of the symbols (spr¢) are independent and different from 
zero, the coefficients of the second fundamental form are completely determined, 
the eight relations (IV), which may be looked upon as the generalization* of the 


Mainardi-Codazzi equations. 
From (IV) we have at once 


where, r= lis excluded. 


Observing that 


we have 


* Ricci, Acc. dei L. Rend. 2, 1895, §V, p. 320; Cesdro, ‘‘ Geometria Intrinseca,”’ p. 238. 
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Hence 
1 1 
P 


+> (De Din =0. (a) 
Adding (c) and (qd), 


a(2e\) 


+ +) =0. (IV’) 


Since the D,, are immediately expressible in terms of the #,, and their deriva- 
tives by (III’), we have here eight differential relations satisfied by the coeffi- 
cients of the linear element of the hypersurface. Hence we may say, im order 
that the DEFINITE ternary differential quadratic form 


S = dx, dx, 


shall represent the linear element of a hypersurface, the coefficients must satisfy (IV'). 


$6. Conversely, given the ternary differential quadratic form 
f= Dip dar, 


which is DEFINITE and whose coefficients satisfy (IV'), there exists a UNIQUE hyper- 
surface admitting f as linear element, and in order to effectively obtain this hypersur- 
face, it is necessary to integrate three generalized Riccati equations. 

Suppose the hypersurface, whose existence and uniqueness we wish to deter- 
mine under the hypotheses above, to be referred to its lines of curvature, and 
consider at every point the tetrarectangular tetrahedroid formed by the tangents to 
the positive directions of these three lines and the normal. Let Y,, (A = 1, 2, 3, 4) 
be the direction cosines of the tangent to the line x, and Y,,, those of the nor- 


mal. Then 
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From (I) and (II), p. 254, substituting for the Christoffel symbols their 


values from p. 252, we have 


02, Eo J Ex x3 

a/ 11 Ox, Ox Ey 

OV» Yn ky, Vie _ On/ Es | 

On/ Ey, @ Yis Yip On/ 

Yn OV Ey OW 
OV ig Dy — Dy 4 OV — Ds y, 
Oxy J Ey ll» Ox, Ens 12» On; Ess 13° 


Yu din — dey — Vide. | 


This is an illimitably integrable system in virtue of equations (III) and (IV), 


The four functions Y,, (u= 1, 2, 3, 4) then satisfy the four simultaneous linear 
homogeneous total differential equations 


(4) 


Yo OS Ey OVS Ey Dy 
| 
4 
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remembering that in the case of the hypersurface referred to its lines of curva- 
ture, 
0,,=0, 
Hence there exists an integral system, and a single one, which, for the initial 
values of the variables x; = «x, reduces to arbitrarily given initial values. 
If Y,, and Y;, are two integral systems, then 


4 
>: Y,, Yi, = const. 
| 


Let Y,, (a, 4u=1, 2, 3,4) be four integral systems of (4) which for initial 
values x, = 2, reduce to the sixteen coefficients of an orthogonal substitution. 
Then it follows from the observation above, that for all values of the variables 
will these sixteen quantities be the coefficients of an orthogonal substitution, and 


4 


1 


in particular, 


From (4) it is easily seen that the four expressions 


3 
> Ei; de; , (a= 1, 2, 3, 4) 
1 
are exact differentials, and writing 
3 
1 


we have a hypersurface with the given fundamental forms. 


§7. The system (4) is identical with systems (34), (34'), (34) found by Pro- 
fessor Craig* when a, 6, y, 6 are replaced by Yu, Yo, Yas, Yig and the p, 
by the coefficients in (4). Now Professor Craig has shown that the integration 
of (34) can be reduced to the integration of .a generalized} Riccati equation 


* Amer. Jour., Vol. XX, No. 2, p. 145. + L.c., p. 141. 
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and in the same way (4) can be reduced to the integration of the three general- 
ized Riccati equations 


Ox, Ex Ess Oars 2 Ey Ey 
Ou 1 Ey Dy 
ov 1 On Ei, Dy 
E, A Av E, | 

Ox, O02, / Oats 2 
Ov _ 1 Ex Drs 

on = 1 OW Em Ds 
Ox, Ey Ox, V/ Ess 
Ou 1 On/ Dass 


By the substitutions 
w+ 0%. 


$7. Here we have chosen the special tetrahedroid formed by the tangents to 
the lines of curvature and the normal, but any other tetrarectangular tetrahedroid 
might have been taken and we should have arrived at a set of equations similar 
to (4), illimitably integrable in virtue of equations (III) and (IV), and these 
would have led to three generalized Riccati equations of the form 


Ox; = + + FA (QA + + 

2 

| 

= = + b5:u + + (45, A + + 63:7) - 


. 
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§8. It is interesting to note that the equations (III) and (IV), which must 
be satisfied in order that 


E,, dx, da, 
1 


shall represent the linear element of a hypersurface, are exactly the conditions 
that f shall be irreducible and of the first class.* From the definition of D,, we 


observe that 

Dy, = (rs), 
and equations (III’), p. 255, become exactly equations (I), p. 153, and substi- 
tuting D,, = (7s) in equations (IV), p. 255, we have (II), p. 153. 


§9. From equations (III’), p. 255, it follows that the second fundamental 
form is completely determined when the first is given, and from the theorem on 
p 256, it follows that in this case the hypersurface is uniquely determined to 
within motion in hyperspace. Hence the property possessed by surfaces in 
Kuclidian space of three dimensions of being deformed without alteration of the 
linear element, cannot be extended to hypersurfaces. We thus come upon 
a theorem noted by Beez,} and further put in evidence by Ricci.{ 


* Ricci, ‘‘ Principii di una teoria,”’ etc., p. 151. 
+ Cesdro, ‘* Lezioni di Geometria Intrinseca,”’ p. 247. 
} ‘* Principii di una teoria,”’ etc., p. 163. 
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On the Forms of Sextic Scrolls of Genus Greater 
than One. 


By Vireit SNYDER. 


The following paper is a direct continuation of my previous ones on the 
Sextic Scrolls which appeared in the Journal, Vol. XXV, pp. 58-96. The scroll 
is generated by the lines joining corresponding points of two directrix curves 
lying upon it. 

§1.—Seatic Scrolls of Genus 2. 


1. In this case the nodal curve is of order 8 and the simplest plane curve 
existing on the surface is a nodal quartic. Given two nodal quartics having the 
same characteristics which lie in different planes but have two points of intersection. 
These two curves can be put in (1, 1) point correspondence in such a way that 
the two points of intersection are self-corresponding elements. Lines joining 
corresponding points will generate a sextic scroll of genus 2. This is the general 
case, type I. 

Consider the curve 


Make any Cremona transformation upon it which will produce a quartic curve. 

The lines joining corresponding points can be rationally expressed in terms of 

hyper-elliptic functions. 

In case the line of intersection of the two planes is a double generator, every 
plane passed through it will cut from the surface a nodal quartic having the same 
characteristics. The residual nodal curve of order 7 must therefore cut the 
double generator in six points. A plane containing the double generator and a 
single generator must accordingly contain either a double directrix and a single 
generator, or a triple directrix, hence the residual curve of order 7 must be com- 
posite. A triple generator cannot exist. 

34 
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2. Consider a straight line and a nodal quartic. Put them in (2, 1) corre- 
spondence by making the points on the line projective with the pencil through 
the node. Connect these points with the points in which the line cuts the quar- 
tic again. 

The equations of the line are a 


x=0, y=0, 2=un, 


and those of a variable generator connecting the point (0, 0, uw) with (2%, 4, 0) 
are 


wherein — Ax, + B 
Sh 1) Cx, + D 
If Sax + Bla + ya? + date, 
the equation may be written in the form 
Cz—Aw <Ax+Dz—Bw Bz 0 0 0 
0 Cz— Aw Az+ Dz— Bw Bzxw 0 0 
0 0 Cz— Aw Ax+ Dz— Bw Bz 0 
0 0 0 Cz— Aw Ax+ Dz— Bw Bw 


which contains the extraneous factor a. 

The line x, y is a double directrix ; the residual nodal curve of order 7 cuts 
the directrix once and every generator three times. Type II. 

If the origin lies on the curve e =0 and the double directrix is also a simple 
generator, the residual nodal curve is a quintic which cuts the multiple line and 
every other generator twice. Type III. 

If, in the general case, B = 0, the equation may be written 


(Cz — Aw)* — (Cz — Dw)? (Ax + Dz) 
+ (Ce— Aw)" (Ax + De)? — (Ce Avo)? (Ae — 
+ (Ax + Dz) (x’a' — y’a) = 0, 

which shows that the line Ax + Dz =0, Cz —Aw=0 is a four-fold directrix. 

The line x =0,z=0 is a double generator. This is the general (2, 4) corre- 


—t—* 


SNYDER: On the Forms of Sextic Scrolls of Genus Greater than One. 263 


spondence with one double element between the points of two skew lines. 
Type IV. 

When the directrix line passes through the node and also the vertex of the 
pencil, the two directrices become coincident. By a slight change of coordinates 
the equation may be written 


(x, w)(xy — azw) + (xy —azw)*f, (x, w) = af, (x, w). 


The line x = 0, z= 0 is a double generator as before, but the four-fold directrix 
isnowz=0,w=0. Type V. 


3. Let f,(x) be of the form x(x—x)¢,(x), and let the pencil of lines 
through «=x, y= 0 be projective with the points of y=0 in sucha 
way that the line of the pencil which passes through the origin corresponds to 
the origin. By using uw in the same sense as before, the equation of the pencil is 

Au(x—x) 
from which the equation of the scroll generated by lines connecting the point 
(0, 0, «) with the points in which the corresponding line of the pencil cuts the 
quartic again is 
y [Dy — Axz] fo (Day — Axza, Czy + Dyw — Azz) 
= — «(Cz + Dw)) (Day — Axaz, Czy + Dyw — Azz). 


The line «=0, y=0 is a triple directrix; another triple directrix is 
Dy — Axz=0, Dx—x(Cz+ Dw)=0. There are two double generators, 
z=0, Cz2+ Dwandy=0,z2=0. 

This is the general (3, 3) correspondence with two double elements between 
the points of two skew lines. Type VI. 

In order to obtain the corresponding surface when the directrices are coin- 
cident, let (7, m) be any point on the curve. The pencil 


(y—m) = (x —l) 


is to be made projective with the points of the line «=/, y=™m in such a way 
that the point z = 0 corresponds to the tangent 


LAO) —A + 2mf, —m) = 0. 


The subsequent procedure is the same as before. Type VII. 
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If, in VI, x be put directly equal to zero, the equation reduces to type V. 
The reason is that the tangent to the curve at the origin passes through the node, 
thus imposing an extra condition. 

A particular case of VII may be generated by letting m and 7 each become 
zero, but letting the pencil be defined by 


The resulting equation is 
Cxrw + Bea — Azy) = f, Caw + — Azy), 


in which af, = /, when = 0. 

The line z=0, x=0 now counts for two consecutive double generators. 
Any plane section not containing the triple directrix nor this line will cut the 
latter in a tacnode of the curve of section. 

Types IV to VII are the only sextic scrolls of genus 2 that are contained in 
a linear congruence.* 

4. A surface containing a triple directrix but not contained in a linear con- 
gruence, may be generated as follows: Consider a pencil of conics passing 
through the node and three other basis points on the quartic. Hach conic will 
cut the quartic in three further points. Make the pencil projective with the 
points of a line which cuts the quartic in one point—the correspondence being 
such that the point of intersection of the line and the quartic corresponds to the 
conic through the same point. Lines joining points of the fixed directrix line to 
the points in which the associated conic cuts the quartic will generate the scroll. 
The residual nodal curve is a quintic which cuts the directrix and every genera- 
tor twice. Type VIII. The difference between types III and VIII lies in the 
configuration of the directrix. In III, two generators distinct from the directrix 
issue from each point of it; in VIII, there are three such generators and the 
directrix is not itself a generator. 

If the quartic curve has a cusp, the line joining it to the corresponding point 
of the directrix will be a double generator. The residual is now a quartic cutting 
the directrix once and every generator twice. Type IX. 


* The most general quintic scroll having a tacnodal generator can be expressed in the form 


(yw — 2x) = (ay —a (yw — 2z))?. 
It is unicursal. 
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In case the directrix in the general form (VIII) passes through the node, it 
becomes a triple line and simple generator. The residual nodal curve is a conic 
section cutting the directrix in one point. ‘Type X. 

Finally, let the line go through the node, but have the conic pass through 
four simple basis points on the quartic. As before, the node, regarded as a 
point on the directrix, is to correspond to the conic through it. The line is now 
a four-fold directrix. The residual is a conic which cuts it once. Type XI. 

The configuration of nodal curves in X and XI suggests using these curves 
for directrices, the former by a (3, 2) correspondence with the point of intersec- 
tion as a simple point, and the latter has the point of intersection for a double 
element. 


Let (A) + (A) + AZ (A) = 0, 


wherein = . The scroll is expressed by 


(x, y) + 2 (yw — bs (a, y) + (yo — (x, y) = 0. 
Similarly, for the last type the correspondence is 


(A) + (A) + (A) =O, 
from which 
(a, y) + — f(x, y) + (yo — y) = 0. 
The more particular case of a double directrix and a double generator is impos- 
sible for a surface of genus 2, since it would establish a (2, 2) correspondence 
between unicursal curves. The resulting scroll is given among those of genus 1 
as type XII. 
When the genus of a sextic scroll is greater than 1, the scroll cannot have a 
triple conic nor more thon one double conic as part of the nodal curve. 


§2.—Forms of Sextic Scrolls of Genus 2. 


I, VIL @=d” + 2g’. 
Il, @&+c. VIII. 
Ill. (d’,g') + &. IX. c+’. 
IV. X. g') + 
VY. 97)+ 9°. XI. 


2d? + 29°. 
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§3—Sertic Scrolls of Genus 3. 


5. The nodal curve is now of order 7; the simplest curve lying on the sur- 
face is a non-singular quartic. Given two non-singular quartics having the same 
characteristics. Let them be in different planes but have two points of intersec- 
tion. Establish a (1, 1) correspondence between the points of the two curves and 
connect corresponding points by straight lines. This scroll will be the general 
type of genus 3. The nodal curve is of order 7. Type I. 

A double generator cannot exist without making the residual curve compo- 
site, neither can a double directrix for the latter would necessitate a (1, 2) corre- 
spondence between the points of a non-singular quartic and a straight line which 
intersects it, which is impossible. The nodal curve cannot consist of a double 
conic and a simple or composite nodal quintic, for if a plane be passed through 
the two generators which intersect at any point on the conic, the plane would 
cut the residual curve in six points, three on each generator. 

The only remaining forms are accordingly those contained in a linear con- 


gruence. 


6. Put a quartic curve and a line which intersects it in one point in (1, 3) 
correspondence by making the points of the line projective with a pencil whose 
vertex is any point on the quartic. Let the line of the pencil which cuts the 
directrix correspond to the point in which it cuts the directrix. The line will be 
a triple directrix. A double generator will exist in the plane of the quartic and 
the residual curve will be another triple directrix skew to the first and passing 
through the vertex of the pencil. 

The general equation may be written in the form 


w) + (2, w) + (2, w) + (z, w) = 0, 


in which the triple directrices are x= 0, y=0; z=0, w= 0, and the double 


directrix isy=0,z2=0. Type II. 
When the vertex of the pencil lies on the directrix, the two directrices 


become coincident. The equation now is 


y) y)(az— wy) +f (a, x (xz—wy)’=0. Type II. 


7. The preceding are the only sextic scrolls of genus 2 on which quartic 
curves can lie. Two more forms exist which can be generated by replacing the 
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quartic by a quintic having a triple point at the vertex of the pencil. The direc- 
trix is now double and the residual is a four-fold directrix passing through the 
triple point. The equation is 


(2, W) + (2, w) + (2, w) = 0. Type IV. 


When the first directrix line also passes through the triple point, the two direc- 
trices become coincident. The equation is 


Se (x,y) +fi(x, — wy) + fy (x, y)(xz— yw)? = 0. Type V. 


§4.— Nodal Curves of Sextic Scrolls of Genus 3. 


Il. 2d? + 9’. IV. 
Il. @=d" +9. V. 9). 


§5.—Seaxtie Scrolls of Genus 4. 


8. Since any plane section must be of genus 4, it follows that any plane sec- 
tion containing two generators can only contain generators or directrix lines. 
Since the most general (2, 4) correspondence between the points of two lines gen- 
erates a scroll of genus 3, it follows that the (3, 3) correspondence is the only 
one possible. 

Given a quintic curve with two double points. Let a directrix line passing 
through one of them be made projective with a pencil lying in the plane of the 
quintic and vertex at the other node, the line joining the two nodes correspond- 
ing to the node on the directrix. 

The equation of the resulting scroll is 


(2, w) + (z, w) + w) + (z, w) = 0. Type I. 


When the two nodes become consecutive, forming a tacnode, the two directrices 
become coincident. The equation now is 


y) +A. (@ — yw) +S y)(2e — yo) + x (zx — = 0. Type Il. 


9. These are the only forms of sextic scrolls of genus 4 : 


I. Il. @#=d". 


| 
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10. In general, the highest genus that a scroll of order 2n can have is 
(n— 1). The nodal curve consists of two skew or coincident n-fold directrix 
lines. The simplest plane curve that can exist on the surface is one of order 
2n — 1 having two (n — 1)-fold points. A scroll of order 2n and having (n—1)? 
double generators exists, and is unicursal. 

Similarly, if the order of the scroll be 2n —1, the highest genus is n(n—1). 
The orders of the two directrices are n,n —1. The order of the simplest plane 
curve is 2n— 2 and it has an (n—1)-fold and another (n— 2)-fold point. A 
unicursal scroll of order 2n — 1 may have n(n — 1) double generators. 


CORNELL UNIVERSITY, August, 1902. 
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Geometry on the Cuspidal Cubic Cone. 


By Frepericxk C. Frrry. 


The geometry on the general cubic surface has attracted the attention of 
many mathematicians, and papers on the subject have been published by *Clebsch, 
+Diekmann, {Sturm, §Rohn, and others. The geometry on the cubic cone seems 
to have received by itself little consideration, which may be due to the fact that 
no great difficulty is found in applying to these particular surfaces the results 
obtained for the general cubic. 

The following paper has for its object to investigate by the methods of 
analytic geometry the question of the order of the surface of lowest order which 
can be passed through any given proper curve on the cuspidal cubic cone, and 
also the character of the residual intersection in each case. 

A system of codrdinates, A, uw, v, is selected for the representation by homo- 
geneous equations of curves on the cone in question, the degree of any such 
equation in 4 and uw being denoted by p and its degree in v by gq. Any curve, 
whose equation is so represented, is found to pass p—q times through the ver- 
tex of the cone, and to meet every element of the cone in qg points apart from 
that vertex. The order of the curve as a curve in space is proved to be p + 2q; 
and this order is congruent, modulus 3, to the order of multiplicity of the vertex 
of the cone as a point of the curve. 

The investigation of the order of the surface S of lowest order (save in gen- 
eral the given cone itself), which can contain the curve considered, is then taken 
up, and it is demonstrated that that order is as low as p in every case, while the 


* Kronecker J., LXV, 359-380 + Math. Annalen, IV, 442-475. 
t Math. Annalen, XXI, 457-515, § Leipz. Ber., XLVI, 84-119. 
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residual intersection is made up entirely of the cuspidal edge of the given cone 
occurring 2(p-- g) times; but, if p=q, the curve is one of total intersection. 
If, however, p > q + 2, the order of this surface S can be made lower than p by 
means of the substitution of az for y* in the equation of S, which renders that 
equation factorable by a power of x; thus it is proved that this order of S can be 
so far reduced in every case that the residual intersection becomes of order not 
greater than four; and the residual intersection is still made up entirely of the 
cuspidal edge of the given cone occurring the requisite number of times. 

It is then pointed out that a curve given by an equation of entirely general 
form in the codrdinates chosen passes 2q times through the infinite point of the 
cuspidal edge of the given cone, and meets that edge nowhere else except at the 
vertex of the cone; accordingly, the special form of equation necessary for the 
representation of curves which meet that cuspidal edge elsewhere than at the 
two points mentioned, and the number of conditions imposed in each case are 
determined. Then the order of the surface S of lowest order containing the 
curves of this kind is ascertained; and it is proved that three of the four classes 
of curves here occurring are curves of total intersection, while in the case of each 
curve of the remaining class the residual intersection is made up entirely of the 
cuspidal edge of the given cone found twice only. 

A table of results for the curves of the lower orders is given at the end of 
the paper. 

The methods used throughout the paper are analogous to those employed by 
the same writer in papers on the geometry on the cubic scrolls.* 


I.—The Cuspidal Cubic Cone. 
The equation of the cuspidal cubic cone in homogeneous codrdinates is 


0. 


Let this cone, or the left member of its equation, as the case may demand, be 
denoted by >. The equation x =0 gives the cuspidal tangent plane, which has 
contact with the cone all along the cuspidal edge and accordingly contains that 


* ** Geometry on the Cubic Scroll of the First Kind,” Archiv for Mathematik og Videnskab, B. 
XXI, Nr. 3, p. 3-57. ‘Geometry on the Cubic Scroll of the Second Kind,” Amer. Journ. Math., 
XXIII, p. 179-235. 
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edge three times; y= 0 gives the plane through both the cuspidal and the 
inflectional edges, containing the former edge twice and the latter edge once; 
z= 0 gives the inflectional tangent plane, which has contact with > all along the 
inflectional edge and hence contains that edge three times; and s = 0 gives the 
infinite plane, whose intersection with = is a cuspidal cubic curve, the “ infinite 
cubic” in the geometry under consideration. The cuspidal edge of = is given 
by the equations x = 0, y = 0, and the inflectional edge by y= 0, z=0; while 
2—=0,s=0are the equations of the inflectional tangent to tue infinite cubic, 
s= 0,«=0 give the cuspidal tangent to the infinite cubic, y= 0,s=0 give a 
line through the cusp and the point of inflection of the infinite cubic, hence an 
infinite line, and x = 0, z=0 give a line through the vertex of > but containing 
no other point of the cone. The vertex of > is given by the equations x= 0, 
y = 0,z2=0, the cusp of the infinite cubic by x =0, y=0,s=0, and the 
point of inflection of the infinite cubic by y= 0, z= 0, s = 0; the point whose 
equations are x = 0, = 0, s = 0 does not lie on &. 


II.— Coérdinates on >. 

Taking for coérdinates on > the variables 4, u and yv, so chosen that 
a/y=A/u and «/s=A/yv, the equation >=0 gives the following relation 
between the codrdinates of the two systems, viz. 


Then 2 =0 gives the cuspidal edge of }, « = 0 gives the inflectional edge of &, 
and vy =0 gives the intersection of } with the infinite plane, i. e., the infinite 
cubic. The vertex of is given by the equations A= 0, = 0, the cusp of the 
infinite cubic by A= 0, v = 0, and the point of inflection of the infinite cubic by 
u=—0,v=0. Any point of the cuspidal edge of & is given by an equation of 
the form u = kv, where k is a constant; thus, if & have the value zero, the equa- 
tion gives the vertex of }, and, if & have the value infinity, the equation gives 
the cusp of the infinite cubic. Similarly, any point of the inflectional edge is 
given by an equation of the form 2 = ky; this equation gives the vertex of & if 
k has the value zero, and the point of inflection of the infinite cubic if % has the 
value infinity And, in like manner, any point of the infinite cubic is deter- 
mined by an equation of the form A= ku; the point thus determined will be the 
cusp of the infinite cubic if & has the value zero, and the point of inflection of 


that cubic if & becomes infinite. 
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III.— Curves on >. 


It is evident that any proper curve on ¥ may be represented by an irre- 
ducible homogeneous equation in the codrdinates 2, uw andy. Let such an equa- 
tion be designated by ¢ = 0, and let the degrees of that equation in all three 
variables and in the variable » respectively be denoted by p and q, which 
demands that p>qg. The equation in question may then be arranged according 
to powers of vy and represented thus: 


and the curve given by this equation may be called the curve (p, q). 

Since the equation @ = 0 is of degree p — q in the variables A, uw, it is evi- 
dent that the curve (p,q) in question has p—q points coincident at the point 
on & given by the equations A =0, u=0, i,e., the curve (p,q) passes p—q 
times through the vertecof >. These p—q points at the vertex of > will be 
regarded as lying on the p—q edges of > given by the equation ¢, ., = 0, and 
not, in general, on the cuspidal edge of & ; if, however, @,_, has 4” as a factor, 
then will a, of the » —q points in question be regarded as lying on the cuspi- 
dal edge. 

The cuspidal edge of > is given by the equation A= 0; if the value zero be 
inserted in place of A in the equation @ = 0, there results in general an equation 
in uw, of degree p of the form = 0, where is homogeneous in u, v; 
the factor u’~* corresponds to the p—gq points of the curve at the vertex of >, 
while y, = 0 gives the g values of w/v for the g remaining points where the curve 
meets the cuspidal edge of >; hence, the curve (p,q) meets the cuspidal edge of = 
in q points in addition to the p— gq points of the curve at the vertex of 2. 

Similarly, the inflectional edge of > is given by the equation u = 0, and, on 
inserting that value for uw in the equation @=0, there results in general an 
equation of the form 4?~*., = 0, where y/ is homogeneous in A, 7; the factor 
a’-* corresponds to the p—gq points of the curve at the vertex of &, while 
), = 0 gives the q values of 4/v for the g remaining points where the curve 
(p,q) meets the inflectional edge of >; hence, the curve (p, q) meets the inflec- 
tional edge of & in q points in addition to the p — q points of the curve at the vertex 
of &. In the general case u cannot be a factor of J, and A cannot be a factor of 
i; the special cases where such factors occur will be considered later. 
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Any plane through the cuspidal and inflectional edges of = will pass through 
the vertex of = and will contain the cuspidal edge twice and the inflectional edge 
once. Consequently, such a plane will contain p — q points of the curve (p, q) 
at the vertex, 2q¢ points of that curve along the cuspidal edge, and q points along 
the inflectional edge; thus this plane will contain p—q+ 2q+q—=p+t 2q 
points of the curve in question. Hence, in the general case, the order of the curve 
(p, g) as a curve in space is p+2q. Let m denote this order of the curve (7p, q) ; 
then, in general, m = p + 29. 

An edge or element of = isa straight line, hence of order unity as a curve 
in space ; consequently, an edge of & is a curve (1, 0), and as such is given by an 
equation of the form aA +bu=0. This equation gives the cuspidal edge if b/a 
has the value zero, and the inflectional edge if 6/a is infinite. Since this equa- 
tion of the edge does not involve the variable v, it follows that an edge, in gen- 
eral, has g= 0 points, i. e., no points in common with the cuspidal edge or the 
inflectional edge, apart from the vertex of >. Thus, a@ homogeneous equation 
Py (A, ) = 0 of degree p in the codrdinates 2, u represents p edges of &. These p 
edges may be wholly or in part distinct or coincident, and all together may be 
regarded as making up a (p, 0), as their equation ¢, =0 shows. Evidently, the 
only curve having g = 0 is that consisting of an edge or group of edges of >. 

To determine the points of intersection of any edge, whose equation is 
aa + bu = 0, with the curve (p, q) given by ¢ = 0, it is necessary to give 4 the 
value 4 = — b/a.u in the equation ¢= 0; this equation then takes the form 
uP =0, where is a homogeneous polynomial in uz, of degree g; the 
factor u’~ * corresponds to the p— q points of the curve at the vertex of >, and 

/=0 gives g values of u/» corresponding to the g points where the curve 
meets the edge in question. Hence, the curve (p,q) has q points on each edge of 
>, in addition to the p — q points of the curve lying at the vertex of ©. Particular 
edges of >, as already implied, may have one or more of their g points of the 
curve lying at the vertex of >, but none of the »—g points at the vertex of > 
is to be regarded as lying on more than a single one of the edges at that point. 

Since p+ 2q is congruent to p— q, modulus 8, it follows that the order of 
the curve (p, q) as a space curve is congruent, modulus 3, to the number of times 
the curve in question passes through the vertex of =; if ~ denote the order of 
multiplicity of the vertex of = as a point of the curve (p, gq), then m and x are 
connected by the relation m =x (mod 8). 
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Two curves (p,q) and (p’, q’), where p =p! and q=4q', are said to be of 
the same species. The theorem stated above shows that the only possible curves, 
when 2=0 (mod 3), are of the orders 8, 6, 9, 12, 15, etc., and of the species 
(1, 1), (2, 2), (3, 3), (3, 0), (4, 1), (4, 4), ete.; if w=1 (mod 38), the only possible 
curves are of the orders 1, 4, 7, 10, 13, 16, etc., and of the species (1, 0), (2, 1), 
(3, 2), (4, 0), (4, 3), (5, 1), ete., and, if w= 2 (mod 8), the only possible curves 
are of the orders 2, 5, 8, 11, 14, 17, etc., and of the species (2, 0), (8, 1), (4, 2), 
(5, 0), (5, 8), (6, 1), ete. 

It will be supposed, unless otherwise stated, that the equation @ = 0 is irre- 
ducible and entirely general in form; consequently, that equation will not repre- 
sent henceforth any curve (p, 0) where p has a value greater than unity. 


IV.—The Curve (p, q) as the Intersection, Total or Partial, of a Surface S with >. 


To find the equation of a surface S cutting the curve (p,q) from &, it is 
necessary to substitute 2, y, z and s in the equation of the curve (p, q), accord- 
ing to the laws connecting the space-coérdinates «x, y, z, s with the }-codrdinates 
A, “,v; 1. e., A’, Au, w® and A’y are to be replaced respectively by «, y, z and s 
in accordance with the proportion 


Or, the same result may be accomplished by replacing A, u and » respectively 
by x, y and s, which substitutions satisfy the proportion 


Following the latter substitutions, any curve (p,q), given by the equation 
@ = 0, meaning @(A, wu, v) = 0, is cut from > by a surface whose equation is 
(x, y, 8) =0; the surface is, in this case, a cone with its vertex at the point 
given by x=0, y= 0,s=0 or A=0,v=0, and will be designated by C. 
Since @ is of degree »—q in A, uw, the equation @(z, y, s)=0 is of degree 
p —q in the variables x, y; hence the cuspidal edge of > occurs p — gq times on 
Cas an edge of that cone, corresponding to the occurrence of the vertex of as 
a (p—gq)-tuple point of the curve (p,q). The cuspidal edge of > accordingly 
counts 2(p—q) times in the intersection of > and C, leaving a remainder of 
order 3p— 2(p—q)=p+2qg=™m, which remainder is the curve (p,q). 
Hence, the curve (p, q) is cut from > by a cone C of order p whose residual inter- 
section with & is made up entirely of the cuspidal edge of > occurring 2 (p— q) 


times. 


q 
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Let the order of the residual intersection in any case be denoted by R, 
while FR; shall denote that portion of the order of the residual intersection due 
to the intersection of sheets of surfaces regardless of contact of sheets, and R, 
shall denote the remainder of the order of the residual intersection, the portion 
of the whole order of the residual intersection which arises solely from contact 
between the surfaces in question; then, evidently, R= R,;+ R,. Let the order 
of multiplicity of the cuspidal edge of = on the other surface under consideration 
be designated by /. 

A sufficient condition in order that the curve (p,q) be the complete inter- 
section of > and C is that #& have the value zero, demanding that 2(p—q)=0 
or p=q; such acurve does not pass at all through the vertex of = and is char- 
acterized by that fact among all the curves (p, g) given by equations of entirely 
general form. Thus, any curve (p, q) having p=q ts the complete intersection of 
> with a cone C of order p. KHvidently no curve of this variety can be cut from 
> by a surface of order less than ». Curves of this kind will be grouped in the 
class designated as Class I. 

The vertex of the cone C is the infinite point of the cuspidal edge of },—the 
cusp of the infinite cubic, —a point having a special relation to the geometry under 
consideration ; and the question arises as to the number of times any curve (p, g) 
passes through this point. In order to determine this, the intersections of the 
curve (p,q) with the infinite cubic will be considered. The infinite cubic is 
given by the equation y= 0; hence, if the equation of the curve have its terms 
arranged according to the powers of v, thus 


the insertion of the value zero for the variable » gives the equation 9,= 0, 
homogeneous in 4, u, determining the p edges of > on which p intersections of 
the curve (p,q) with the infinite cubic lie; or, ¢,=0 gives p edges of ¥, on 
which edges infinite points of the curve in question are found; or, again, the 
equation @, = 0 determines p directions in each of which the curve (p, g) meets 
the infinite plane. In the general case 4 will not be a factor of ,, and, conse- 
quently, none of these p points will lie at the cusp of the infinite cubic. From 
the form of the equation @(x, y, s)=0, which gives the cone C, it is evident 
not only that the cone C contains the cuspidal edge of > p—q times, but also 
that the point in question is of multiplicity of order g on C in addition to the 
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multiplicity due to the multiple edge; this leads to the occurrence of the vertex 
of the cone C as a 2g-tuple point in the intersection of > with C, in addition to 
the occurrence of the cuspidal edge of > 2(p—g) times in that intersection. 
Hence, the curve (p, q) passes 2q times through the cusp of the infinite cubic. This 
makes the infinite plane meet the curve (p, g) in these 2g points, besides the p 
points elsewhere on the infinite cubic, giving in all p + 2q points of intersection, 
—the order m of the curve in question. The only curves (p, q), given by equa- 
tions of general form, which do not pass at all through the infinite point of the 
cuspidal edge of >, are, then, those having g=9, i. e., edges of the cone &; 
other curves (p, q) having this property, but given by equations of special form, 
will be considered later. 

Any curve (p, q) has then, in general, p —q + 2q or p+ q points at the 
vertices of the two cones > and C; and, since a plane through these two points 
contains the cuspidal and some other edge of &, the latter edge containing g 
points of (p, q), it follows that the cuspidal edge of > contains, in general, no 
points of the curve (p,q) apart from those at the vertices of } and C. Hence, 
the equation @ = 0, in tts most general form, can represent only those special curves 
(p, q) which cut the cuspidal edge of > at tts infinite point and at the vertex of & or 
at either of these two points. Thus the curves of Class I can meet the cuspidal 
edge of > only at the cusp of the infinite cubic, and must each have a 2p-tuple 
point there. The particular forms of the equation @=0, which give the most 
general irreducible curves on >, are for the present neglected. 

Let p denote the number of times the curve (p,q) passes through the cusp 
of the infinite cubic; then, in the general case, as has been seen, p = 2¢. 

The cones © and C can have no other common edge than the cuspidal edge 
of >, for the residual intersection is entirely made up of the cuspidal edge of & ; 
and it is supposed, in general, that m>2. Any plane through the cuspidal edge 
of > contains also a second edge of S, and on that second edge lie q points of the 
curve (p, q); hence, through each one of these g points of (p,q) must pass an 
edge of the cone C’; these q edges will be, in general, distinct, and will contain 
no other points of (p,q) apart from the vertex of C. If @ denote the number 
of points in which any edge of C meets the curve (p, q) apart from the vertex of 
C, and P, after the analogy of p, be defined by the equation P+ 2Q =™m, then 
will it be possible to call the (p,q) on > a(P, Q) on C. But it has been seen 
already that Q=1, hence P=m— 2Q=m—2=p+2q—2. The curve 
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(P, Q) passes through the vertex of C 2q times and through the vertex of > 
p—qgq times. The cuspidal edge of is a (p —q)-tuple edge of hence any 
plane through it contains p—(p—q) =q other edges of C; on each of these 
q edges lies a point of the curve (P, Q); these q points, together with the p + q¢ 
points on the (p — q)-tuple edge, make up the p + 2g points in which the curve 
(P, Y) or the curve (p, g) meets the plane in question. 

Every edge of © meets the curve (p, q) p — q times at the vertex of S, but 
only those edges will be regarded as meeting the curve there which are given 
by the equation @, _, =0, where 9, _, is the coefficient of the highest power of 
v occurring in the equation of the curve (p,q); ¢,_,=0 is homogeneous of 
degree p —q in J, uw and gives the p—g edges of > to which the curve (p, q) 
is tangent at the vertex of }, as will be shown in a subsequent section. The 
curve (p, g) can then have the direction of the cuspidal edge at the vertex of = 
only if g,_, has a factor 2, and the direction of the inflectional edge only when 
is a factor of the same polynomial; these cases have thus far been excluded 
from consideration. 

This completes the discussion of the curve (p, g) as cut from = by the cone 
C’, and the single class of curves of complete intersection here found may now 
be characterized thus : 


I. p=q, m=3p, n=0, p= 2p, M'=p, f=R=R, =f, =0. 


Any term in the equation $(a, y, s) =0, which contains x’, may have that 
factor changed to ~’z as many times as it occurs, since > =y* — az =0; and 
the surface S, whose equation is C= C’!+ C"y’= 0), has the same intersection 
with > as the surface whose equation is obtained from C= 0 by adding any 
multiple of > thus : 


This substitution of az for y’, wherever the latter occurs, will give at once 
the equation of a surface S which is not in general a cone, although it still cuts 
the curve (p, g) from & and has its residual intersection with > made up entirely 
of the cuspidal edge of =; and, further, it will make possible in many cases the 
reduction of the equation of that surface S by a factor x*, giving a surface, not a 
36 
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cone, of order less by a than p,i.e., giving a surface which is of the order 
m' =p—a. The residual intersection must consist in this case of the cuspidal 
edge of © occurring to the number of 2(p— q) — 3a times. If the factor x* has 
3a = 2(p—q), then will the curve (p,q) in question be a curve of complete 
intersection ; this demands that » — g=0 (mod 8), and thus it is seen that here 
a curve of complete intersection passes 3k times through the vertex of >, k being an 
integer as great as zero. The form which the equation @=0 must have, in 
order that it be factorable thus after the substitution is performed, is found in 
the following manner: Let the equation ¢ = 0 be arranged according to the 
powers of the variable » and represented thus: 


and, further, let the general term of the polynomial ¢,_,,, be denoted by 
ag Inserting 2 and y in place of A and wu respectively in this 


general terin, there results the form ag ,x°y?—%+7—*, which, on substituting xz 
for y® as many times as possible, reduces to 


if p—q +y—@=0 (mod 3), 
or Ap, if p—gq +y—6= 1 (mod 3), 


three cases, according to the congruence of the index of the power of u to the 
modulus 3. That a factor x*, where a= 3(p—q) be removable by division 
from each of these terms, it is necessary that 


i.e. Yy, if p—q t+ y (mod 3) 
48+ 3(p—qty—1)23(p—q), ie, Yy, 
ifp —q + y— G=1 (mod 38), 
$8 + i.e, @2>4—2y, 
ifp—q+y—@=2(mod 3). 


If y = 0, the last terms of ¢, _,, on which terms alone of this group any restric- 
tion could be placed by these conditions, are of the form 


and, since p — g=0 (mod 3), the necessary conditions for @ are all satisfied if 
only a,) vanish. Similarly, it is seen that no restrictions whatever are imposed 


hy 
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by these conditions for @ on any of the terms in the groups where y>1. 
Hence, there is given a curve of complete intersection whenever p— q=0 
(mod 3), and a,,=0. This case, which includes the curves of Class I above 
(the condition a, ,= 0 being always satisfied there), may be called Class I’, and 
is characterized thus : 
p>q, p—q=0 (mod 3), ,=0, m=p+ 29, 
p= 2q, m=} (pt 29), fH R=R, =0. 

In general it is not possible to divide out from the equation of the surfaces 
Sa factor of degree as great as the order of the residual intersection, but a cer- 
tain reduction can usually be made. The nature of such reduction in the gene- 
ral case will now be considered. The equation @ = 0, when arranged according 
to the ascending powers of », takes the form 


here arise at once three cases, according as 


1) p—q=0 (mod 38), 1) p—q= 3A, 
2) p—q=1 (mod fh e., according «| 2) p—q=3A +1, 
or 3) p—gq=2 (mod 3); or 38) p—q=3A+ 2. 
where A is an integer as great as zero. 


CaseIl. p—q=8A. Here A may be supposed to be as great as unity, 
since the case where p — g = 0 has been already considered. The general term 
of the polynomial ¢,_, is of the form a,A*~'u’; this term becomes at once 
a,a**—"y", and this, after neglecting the coefficient and changing y’ to az as many 
times as possible, may be reduced to one of three forms, according to the congru- 
ence of x to the modulus 8, thus: 


= — —D + if r=1 (mod 3); 


In each case there occurs a factor x*, where a>3A—}(r+ 4) >3%(p—q)—1, 
since A= q) and r<p—q; hence division by is made possible 
in all the terms obtained from the group @,_,. Since the terms derived from 
any other group ¢,_,, where 6<q—1, will be at least one degree higher in 
the variables x, y than those coming from ¢,_,, it is evident that the factor 
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xi'?—%—1 can be rejected from the entire equation. The order of the surface S 
then becomes m! = p #(p—q)+1=4(p+ + 1, and the residual inter- 
section must consist of the cuspidal edge of = occurring 2(p—q)— 3a 
= 2(p —q)— 2(p — + 3=8 times, requiring that f/=1, Rk; = 2 and R,= 1; 
hence the surface S has the plane given by «= 0 for its tangent plane all along 
the cuspidal edge of >, the surfaces S and > having contact all along that line. 
The same may be found at once to be true by investigating somewhat more care- 
fully the forms of the terms given above, thus: Dividing out 2*=a!”—%~—! from 
each of the three forms given leaves 

— —D +1 if r= 0 (mod 3), 


Since r <p —q, the lowest terms in x, y come from the first group and are of 
the first power in those variables, containing only x; all terms from the second 
and third groups will be of at least the second degree in x, y and will contain y. 
Curves of the kind here considered will be said to belong to Class II and may be 
characterized thus : 
Il. p>q, p—q=0 (mod 3), m=p+22, n=p—q, p= 2%, 

m =4(pt+ 29)+1, f=1, R=3, = 2, 1. 


Evidently no curves of complete intersection are included in this class. 


Case 2. p—q=8A+1. The general term of ¢,_,, of the form 
a,a54—*+14", becomes at once a,a**—"+1y"; and this, after neglecting the coefii- 
cient and changing y’* to az as many times as possible, takes one of three forms, 


These terms are all divisible by x*, where a = 3A — (r +1) >3(p—q-— 1). 
It is evident that all the terms of higher degrees in x, y coming from the groups 
$,—», Where 9<q—1 can be divided by the same x*; hence, the entire equa- 
tion contains the factor 23”~’—-”, The order of the surface S is then p—a 
= p— 3 (p—q—1)=4(pt 2¢ + 2), and the residual intersection consists of 
the cuspidal edge of } occurring 2 (p-—q) —8a = 2(p —q) — 2(p—q—1)=2 
times, demanding that f= 1, R= R,=2 and Rk,=0; thus the surface S con- 
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tains the cuspidal edge of = once. The same may be seen at once to be true 
from the forms of the terms given above. Curves of this kind will be grouped 
in Class III and may be described thus: 
III. p—q=1(mod 3), m=p+ 2%, n=p—q, p= 

m'=4(p+ 2+ 2), f=1, R=2, =2, 


Case 3. p—q=3A+2. The general term of $,_, is of the form 
a,A**—"+2 4"; this becomes at once a,a**-"+*y"; and this, after neglecting the 
coefficient a, and replacing y* by 2’z as many times as possible, takes one of 
three forms, thus: 


734-7 yak if r= 1 (mod 3), 


These terms are all divisible by x*, where a = 3A— }(r — 2) >%(p —q—2). 
It is evident that all the terms of higher degrees in x, y, coming from the groups 
where 1, can be divided by the saine hence is a factor 
of the entire equation. The order of the surface S may be reduced thus to 
p—a=p—t(p—q—2)=4(p + 2¢ + 4), and the residual intersection con- 
sists of the cuspidal edge of  & occurring 2(p—q) — 3a = 2 (p — Qq) 
— 2(p—q— 2) = 4 times, giving R = 4; and,since each term above is of degree 
at least as great as two in the variables x, y, after the rejection of the factor x’, 
it is clear that f= 2, R;=4, and, consequently, R,=0; accordingly, the sur- 
face S contains the cuspidal edge of } twice. This case includes the curves which 
will be said to form Class IV, and may be characterized thus : 


IV. p—q=2(mod 3), m=p+ 2, r= p—q, p= 2%, 
f=2, R=4, = 4, kh, =0. 


Since p — g=p + 2q (mod 8), and since a necessary condition for a curve (p, q) 
of complete intersection is that m= p-+ 2qg=0 (mod 3), it follows that no 
curves of total intersection are inciuded in Classes III and IV. 

This disposes of the cases of all curves (p,q) which are represented by 
equations of the most general form for the values of p and q in question. But, 
since every such general equation has been found to represent a curve (p, q) 
passing p —q times through the vertex of ¥ and 2q times through the cusp of 
the infinite cubic, it is evident that many general curves, including all curves of 


q 
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order greater than unity which do not contain either the vertex of > or the cusp 
of the infinite cubic, remain to be given by equations of special forms. 


Curves (p, q) given by Equations of Special Forms. 


It is possible to determine the conditions under which a higher power of x 
than that given above can be rejected from the equation obtained from the per- 
formance of the required substitutions in the equation @¢=0; such greater 
reduction will give a surface of lower order containing the curve in question, and 
it may happen that the curve itself will suffer a reduction in its order by the 
rejection of some of the terms which appear in the general equation for its 
arrangement of p and q. 

If the terms of the general equation of the curve (p,q) are arranged accord- 
ing to powers of v, thus: 


=O + + + + $,_,-v'=0, 


any term of the general group $,_,,, is of the form ag ,A°u’—**+7~—* and, if the 
substitution be performed, this term becomes at once a, ,v*°y?—~“+7—*; and this, 
on changing 7’ to xz as many times as possible, takes the form 


Ay, ath tie—a+y —aty—8), ifp —q+y — (mod 38), 
ap, if + y — ?=1 (mod 3), 
+P + if pg 4 y — = 2 (mod 3). 


If p—q=0 (mod 3), it has been found that the factor x*, where 
a= %(p—q)—1, can always be removed by division from the substituted 
equation ; if a factor «***, where a! > 1, is to be removable in the same way, it 
is necessary that the exponent of 2 in each of the above reduced terms be as 
great as a+ a! = 3(p—q) i. e., itis necessary that 4 6+32(p—q+ty) 
>%(p-- g)—1+2a’, which requires that 


B = 3a! — — 3, if p—q+y —@=0 (mod 3). 
Similarly must @>3a'’—2y—1, if p—q+y— =1 (mod 3), 
and — 2+ 1, if p—qty—P=2 (mod 3), 
These conditions require in general that all those terms of the general equation 


of (p, g) vanish, where @, or better 6 + 2y, falls below a definite limit depend- 
ing ona’. For smaller values of a’, the terms which must vanish in any group 


or 
or 
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%»-q+, are those of lower degrees in A, and the larger number of terms 
must vanish, in general, in those groups where y has the smaller values, i. e., 
where » enters to its higher powers. The terms in the group ¢,_,.»‘ cannot 
all be made to vanish, else the species of the curve in question would he changed 
by a reduction in the value of g; and the highest value of a’ may occur only 
when the single term highest in @ + 2y in this group, viz., a,_,,94?~‘ v% alone 
remains; this term, under the required substitution, becomes a, x? ~ ‘st and 
the upper limit for a’ here involved is found to be }(p—q)+1, since a +a’ 

Again, there must occur in the equation of the curve in question one term 
at least which does not invo've the variable 4, else that equation would be reduc- 
ible by some power of that variable. Among the possible terms in yu, v, that 
involving the highest value of @ + 2y, and hence the highest value of a’, is the 
term ao, ,”; this term becomes, under the required substitution, a, ,y’, and, on 
changing 7° to az as many times as possible, it is found that 


Ao, of? = if p=0 (mod 3), 
or = ay, xt? —Y yzt?—, if p=1 (mod 3), 
or = dy, if p= 2 (mod 8). 


Hence «+a! has for an upper limit 3p, 3(p—1) or 3(p— 2) according as 
p=O0, 1 or 2(mod 8); since a = 3(p— q)—1, this gives upper limits for a’ 
as follows : 

a’ <%q+1, if p=0 (mod 3), 
or al S<3q+4, if p=1 (mod 3), 
or a! <2q—}, if p=2 (mod 8). 


Then not only must a’ be less than or at most equal to $(p — gq) +1, but it must 
also satisfy the appropriate one of the last three conditions here found. 

To restrict the general equation of (p, qg) in such a way that the desired 
reduction by «*+* may be made, the coefficient a, , in the assumed general 
equation must take the value zero whenever the conditions found above for @ 
are not fulfilled. Examining these conditions, it appears that a; , would vanish 
by the third condition above, if the equations @ = 3a’— 2y and p—q+y 
— ?=2 (mod 3) were both satisfied, since 6 = 3a' — 2y < 3a’ — 2v +1; but 
if 8 = 3a’ — 2y, then is p—q+y —B=p—q+ 3(y —a’)=0 (mod 3), the 
condition that p—q+y—@=2 (mod 3) is not satisfied, and a,,, does not 
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vanish in this case. If =3a’— 2y—2, then p—q+y—8B=p—q 
+ 3(y — a’) + 2=2 (mod 3), and the coefficient a, , vanishes in this case under 
the third condition above, since 3a’— 2y — 2< 8a/—2y+1. Also az, must 
vanish for all values of @, y where 0 < B< 3a’ — 2y — 4. 

In order that all these conditions may be applicable to the coefficients of 
the equation in question, it is necessary that in the case of no one of them shall 
values of @ , y occur, which are not found in the coefficient a, , of some term of 
the equation; i. e., for all values of y occurring, must 3a! — 2y —2<p—q+t+y; 
this reduces to the condition that a'<4$(p—q)+3+y; difficulty arises here 
only when a’ takes its largest value 3} (p—gq) +1, and y has the value zero ; 
in that case }(p—q) +1 >4(p—Qq) +3 +, and this condition fails to find 
application; the form of the coefficient for the application of this condition in 
this case is dg , = 3. _2,.-2,9 =@p— 41,0, and it is evident that the equation 
of the curve (p, qg) contains no such coefficient. If, then, a. = 4(p—q) +], 
one condition above is inapplicable ; but if a’< 3 (p—gq)+ 1, the conditions all 
find application to the coefficients of the given equation. 

The number of conditions imposed on the equation @ = 0 in the case where 

Pp —q7=0 (mod 8) is then — 2y — 2) +1, if a <4(p—gq) +1 and 
even, or 2} (3a! — 2y — 2), if a <4(p—gq)+1 and odd; this amounts 


to 2a! (8a/ — 2) +1, if a’ be even, and to $(3a/—1)’, if a’ be odd; hence the 
number of conditions imposed on the general equation of (p, g) to ensure the 
desired reduction by a*+*, when a’ =4(p—q) +1, is da’ (3a’— 2), if a’ 
be even, and }(3a/— 1)*—1, if a’ be odd and greater than unity, but unity, 
fof = 1. 

The equation @¢ = 0, after such conditions have been imposed on its coeffi- 
cients, will be called the restricted equation @= 0; the curve represented by an 
equation thus restricted will be designated as a (p, qg),, and the surface cutting 
such a curve (p, q). from & will be denoted by S’. 

The most general equation for a curve (p,q), where p— gq=0 (mod 3), 
has been found to give a curve of order p + 2q, which is cut from & by a surface 
S of order 4(p + 29) + 1, the residual intersection consisting of the cuspidal 
edge of = occurring three times, so that f= 1, R=3, R; = 2, If the 
condition that a’ = 1 be imposed, the surface S’ will be given by an equation of 


4 

. 
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degree $(p+ 2g). The conditions imposed on the equation ¢=0 are not in 
general such that the restricted equation ¢=0 will be a reducible equation ; 
hence, if the curve (p, g) be broken up at all to form the curve (p, g),., it can 
be brought about only by introducing into the locus of (p,q) the cuspidal edge 
of > as many times as is demanded by the value of a’, that value having been 
reduced first by the order of the residual intersection of S and =; hence it will 
in general be true that the residual intersection of S’ and &, if any such residual 
intersection exist, consists entirely of the cuspidal edge of = occurring as many 
times as the order of the residual intersection in question. This will be true 
generally, whether p —q=0 (mod 3), or not. 

In the case under consideration, where p—g=0 (mod 3), the condition 
that a’ =1 does not cause the coefficient a), to vanish, for 8 =y—=0 makes 
p—aty—l =p—q=D (mod 3), and the first condition for @, viz., that 
(2 = 3a! — 2y — 3, is satisfied here since 0 = 8a/ — 3; hence the term ap) u?—% v4 
is not removed from the equation of (p, q); this term, under the substitutions 
required, becomes ay 9 = ay 51; and the rejection of the 
factor gives ay a term free from both and y; con- 
sequently the cuspidal edge of = does not occur at all on S’ and the curve 
(p, 7). is accordingly a curve of total intersection of S’ and > whenever a! = 1 
The number of conditions imposed on the equation in this case is found by the 
formula given to be }4(3a/— 1)? = }4(3—1)’=1, if a 3(p—q)+1, ie. 
if p >q, which is always true in the cases under consideration, the case where 
p=q having been finally disposed of on page 277; the single condition to be 
applied here, as determined by the value 62> 3a'/— 2y—2 and p—q+y 
— B=2 (mod 38), is ag, = = = = O- 

In the case where a’ had the value zero, the residual intersection was found 
to be made up of the cuspidal edge of = occurring three times. The rejection 
of x* = 2, since the plane x =0 contains that edge three times, simply removes 
the residual intersection and does not change the order of multiplicity of the 
vertex of > or of the cusp of the infinite cubic on the curve proper; i. e., 
7 and p have the same values in the cases of the curve (p, q); and the curve 
(p,q); p—q and p= 2q. 

The curves (p, g),, where p — g=0 (mod 3), are then identical with those 
of Class I' (page 279), characterized thus, 

I’. p>q,p—q=D (mod 3), a’ 
p= = 3(pt+ 29), f=R=h, = k,=0. 
37 
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vanish in this case. If @=3a'’— 2y—2, then p—q+y—8B=p—q 
+ 3(y —a’) + 2=2 (mod 3), and the coefficient a, , vanishes in this case under 
the third condition above, since 3a’— 2y —2< 8a'/—2y+1. Also ag, must 
vanish for all values of @, y where 0 < 6S 3a’ — 2y— 4. 

In order that all these conditions may be applicable to the coefficients of 
the equation in question, it is necessary that in the case of no one of them shall 
values of 8, y occur, which are not found in the coefficient a, , of some term of 
the equation; i. e., for all values of y occurring, must 3a’ — 2y —2<p—q+y; 
this reduces to the condition that a'<}(p—q)+3+y; difficulty arises here 
only when a’ takes its largest value } (p—gq) +1, and y has the value zero ; 
in that case 4}(p—q)+1>4(p—Qq) +3 +, and this condition fails to find 
application; the form of the coefficient for the application of this condition in 
this case is dg , = 3. _2,.-2,9 =@p— 741,90, and it is evident that the equation 
of the curve (p, g) contains no such coefficient. If, then, a’ = 4(p—q) +1, 
one condition above is inapplicable ; but if a’< 3 (p—q)+ 1, the conditions all 
find application to the coefficients of the given equation. 


The number of conditions imposed on the equation ¢ = 0 in the case where 
(mod 3) is then (3a' — 2y — 2) +1, if << 3(p—q)+1 and 


0 
[ga’—1] 


even, or Ds (au! — 2y — 2), if a <<$(p—gq)+1 and odd; this amounts 
0 


to 2a! (8a/— 2) +1, if a’ be even, and to +(3a/— 1)’, if a’ be odd; hence the 
number of conditions imposed on the general equation of (p, g) to ensure the 
desired reduction by a2***, when a!’ =4(p—q)+1, is (3a’— 2), if 
be even, and $(3a/—1)*— 1, if a’ be odd and greater than unity, but unity, 
if ao = 1. 

The equation @¢ = 0, after such conditions have been imposed on its coeffi- 
cients, will be called the restricted equation @= 0; the curve represented by an 
equation thus restricted will be designated as a (p, qg),, and the surface cutting 
such a curve (p, q)q from = will be denoted by S’. 

The most general equation for a curve (p,q), where p— gq =0 (mod 3), 
has been found to give a curve of order p + 2q, which is cut from & by a surface 
S of order $(p + 2q¢)+ 1, the residual intersection consisting of the cuspidal 
edge of occurring three times, so that f= 1, R=3, kh; = 2, R,=1. If the 
condition that a’ = 1 be imposed, the surface S’ will be given by an equation of 
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degree 4(p+ 2g). The conditions imposed on the equation @=0 are not in 
general such that the restricted equation ¢=0 will be a reducible equation ; 
hence, if the curve (p, g) be broken up at all to form the curve (p, q),., it can 
be brought about only by introducing into the locus of (p,q) the cuspidal edge 
of © as many times as is demanded by the value of a’, that value having been 
reduced first by the order of the residual intersection of S and =; hence it will 
in general be true that the residual intersection of S’ and &, if any such residual 
intersection exist, consists entirely of the cuspidal edge of = occurring as many 
times as the order of the residual intersection in question. This will be true 
generally, whether p — ¢=0 (mod 8), or not. 

In the case under consideration, where p—q=0 (mod 3), the condition 
that a’ =1 does not cause the coefficient a), to vanish, for 8 =y—=0 makes 
p—aty—8=p—q=D (mod 3), and the first condition for 6, viz., that 
2 = 3a! — 2y —3, is satisfied here since 0 = 3a/ — 3; hence the term ap.) u?~% v4 
is not removed from the equation of (p, q); this term, under the substitutions 
required, becomes dp =a) 57; and the rejection of the 
factor 2*t* = gives ay s’, a term free from both 2 and y; con- 
sequently the cuspidal edge of > does not occur at all on S’ and the curve 
(p, 7). is accordingly a curve of total intersection of S’ and = whenever a! = 1 
The number of conditions imposed on the equation in this case is found by the 
formula given to be 1)? =}4(3—1)’=1, if &<3(p—gq)+1, Le. 
if p >q, which is always true in the cases under consideration, the case where 
p= q having been finally disposed of on page 277; the single condition to be 
applied here, as determined by the value 62> 3a'—2y—2 and p—q+y 
— (mod 3), is dg , = Aga —2y—2, y = = = 

In the case where a! had the value zero, the residual intersection was found 
to be made up of the cuspidal edge of = occurring three times. The rejection 
of x* = «2, since the plane x =0 contains that edge three times, simply removes 
the residual intersection and does not change the order of multiplicity of the 
vertex of or of the cusp of the infinite cubic on the curve proper; i. e., 
7 and p have the same values in the cases of the curve (p, g),; and the curve 
(p,q); Viz., 7 = p—q and p = 2q. 

The curves (p, g),, where p —g=0 (mod 8), are then identical with those 
of Class I’ (page 279), characterized thus, 

Il. p>gq,p—q=0 (mod 8), a’ 
p = 2¢,m'=}(pt+ 29), f=R=Rh,= fh, =0. 
37 
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If a! >2, the natures of the curve (p, q),, resulting, and of the surface S’ 
cutting the same from =, are found as follows. The order of the surface S is 
3(p+2q) +1; hence the order of the surface S’ must be less by a’ than that 
number, i. e., $(p + 2¢)-+1—da’. It has been seen that the coefficient a, ,, 
where 8 = 3a! —- 2y — 8, is not made to vanish for any value of a’; since, in 
any group $,_,+,, the variable 4 occurs in general in some term to the power 
p—q+t+y, there wil] occur in the equation of the curve (p,q) a term where 
B= 3a! — 2y — 3 if 0< 3a! — 2y —3< p—q the former condition is satis- 
fied when y = 0 and a! > 2; the latter condition demands that 3a/<p—q+ 3y+ 8 
and is always fulfilled, since a’ <}$(p—q) +1; hence the equation of (p,q). 
always contains a term of the form 


— 3a’ —2y—3 —4+3y +3 


which becomes, under the required substitution, 


8a’ —2y —3 q+ 3y—30' +3 


If in this term az be substituted for y? as many times as is possible, it takes 
= from this term leaves only which is 
of the zeroth degree in x, y; consequently, the equation of the surface S’, which 
cuts the curve (p, g). from 2, where p—q=0 (mod 3), is of the zeroth degree 
in the variables x,y whenever a’/>2. The residual intersection, consisting 
entirely in every case of the cuspidal edge of > occurring a certain number 
of times, is wanting, since the surface S’ does not contain that edge at all. But 
the rejection of the factor x* from the equation of the surface S has reduced 
the common intersection of the two surfaces by the cuspidal edge counting 3a/ 
times, and has consequently not only removed the former residual intersection 
of order three, but has also subjected the curve to a reduction of its order by 
3 (a! — 1), since the cuspidal edge has been rejected that number of times from 
the curve portion of the intersection. Hence, in this case, where p—q=0 
(mod 3), the restricted equation ¢=0 represents a curve (p,q) of order 
m= p+ 2q —3(a' — 1); and this curve (p, q), is a curve of total intersection 
of the newly found surface S’ with >. 

The rejection of the cuspidal edge of > thus 3 (a’ — 1) times from the curve 
(p,q) effects a reduction by that number in the order of multiplicity of the 
vertex of > as a point of the curve; in the case of the curve (p, q) it has been 
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found that ~=p—q; hence, for the curve (p, g)~, t= p—q—38(a' — 1). 
Similarly, the curve (p, g). passes 3(a/— 1) less times through the cusp of the 
infinite cubic than does the curve (p,q); consequently, p= 2g — 3(a/—1). 
Since neither 7 nor p can be negative, the upper limits found already for a’ are 
here made evident again; and here, as in all other cases of curves of total 
intersection thus far considered, ~=0 (mod 3). If both w and p have in any 
ease the value zero, then must the curve in question be of a more general 
character than the (p, g) of the same order, which is known to pass p — q times 
through the vertex of > and 2q times through the cusp of the infinite cubic 
(since both » — q and 2q can in no case have the value zero). The curve (p,q)., 
which is, from this point of view, one of the most general curves on &, occurs 
when m= p—q— 3(a'’—1) =p = 2g— 3 (a'—1)=0, which demands that 
p= 3q and = 3q+1= 5p +1; while m=p, m' =p, and Ig=p—q=0 
(mod 3), making g=0 (mod 3) and p=0 (mod 9). Such a curve is the (9,3),, 
where =3 and a’=8, while m= 9, m'=3, and n=p= 0; this case may 
now be worked out according to the conditions already given, as follows: 
The most. general equation of the curve (9,3) is of the form 


Ay, + As + ag + as ut + ay + ag ue + ay 


Imposing the condition that all terms vanish where 6 = 3a!’ —2y —2= 7 — 2y, 
and where < — 2y —-4=5— 2y, removes }(3a' — 1)”,—1=15 terms, 
since it makes ds 5= = = Gs,1 = = Ag 1 — — Gy, 
= Ay, 9 = = = = =—0; this leaves the equation of the curve 


(p,q). in the form 

Ay 3A? + ds + 3A" + + ut + ay At 
+ Ay, 3 ui + 3 w+ + + + 45,2 + 
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Substituting x, y and s for A, uw and » respectively, changing y° to xz wherever 
possible, and removing the factor «*+” = 2°, there remains 


3 2 
Ay, 30° + Ag + az +, + As + Ay 3 3 + Oy, 3 
+ + LYS + Ag + Aso + Ay. + Ag, 9 


+ Ay, 08" + YS” + Ay 1 28" + 8° = 0, 


the equation of the cubic surface S’, whose intersection with > is the curve 
(9, 3); of order m = p + 2g—3(a'—1)=9. This equation contains all the 
terms of the most general homogeneous cubic equation in the four variables 
x,y, %,s except the term in y®, Suppose there had occurred the terms aj 34° 
and a,/3 2°2 in this equation, making it represent the general cubic surface ; the 
substitution of xz for y® in the former term would not have affected the inter- 
section of the surface with >, and the two terms aj,7° and aj’, x°z, NOW a5 
and ag’; x*z, could have been combined as a single term a, ,2*z; hence, the inter- 
section of this surface S’ with > gives the most general curve of total intersection 
that can be cut from > by a cubic surface; such intersection is a general 
curve of order 9, and is deservedly ranked as a curve of more general charac- 
ter than those which are required to pass a certain number of times through 
the vertex of > or the cusp of the infinite cubic, or both. Similarly, the general 
sextic surface cuts from > a curve of the species (18, 6), and of order 18, a curve 
of total intersection, where a =7 and a’=5. And in the same manner may 
be found here the curves of total intersection of } with the general surfaces S 
of orders 9, 12, 15, 18, 21, etc., those curves being of the species (27, 9),, (36, 12),’ 
(45, 15),,, ete. 

The curves of total intersection here occurring will be grouped as Class II’, 
and may be characterized thus: 


Il’. p>q, p—q=0 (mod 8), a m=p+ A= 
— 3(a’—1), p= 2g—3(a/—1), m'= 3 (p+ 29)—a' +1, 
8, = 8. 


Class II’ as here described, evidently includes the curves of Class I’, as those 
curves were designated on page 279; hence, the latter class will no more be 
mentioned as a distinct group, but will be regarded as coming in with Class II’ 
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This completes for the present the discussion of the curves (p, q),', where 
p—q=0 (mod 8). 

If p —q=1 (mod 8), it is known that the factor x*, where a has the value 
%(p—q—1), can be rejected in every case from the equation obtained from 
g@ = 0 by the required substitutions. The conditions under which a factor 2*+”, 
where a’ >1, can be divided out from that equation are readily found by 
the method employed in the preceding case. For that purpose the exponent 
of x in each term of the equation in question must be as great as a +a 
=$(p—q—1) +a’; ie, it is necessary that 58+ 2(p—q+ty), as found 
on page 282, be as great as 3 (p — gq —1) +a’, which requires that 


B > 8a! — 24y — 2, if p—gq + y—B=0 (mod 3). 
Likewise must 

B > 3a! — 2y, if p—q+y— B=1 (mod 3), 
and B > 3a! — 2y+ 2, if p—q+y—P=2 (mod 8). 


These conditions are entirely similar in form and application to those already 
discussed for the case where p — gq = 0 (mod 3). Hence, since the terms in the 
group $, _, cannot all be wanting, the largest value is allowed to a! when the 
only non-vanishing coefficient in that group is a,_,,; this leavesa term 
Ay —¢,0%~4v" which becomes a,_,,9x?~‘s'; hence a + a! < p—gq, which gives 
for a! an upper limit, a! <$(p—gq-+ 2). There must also occur in the equation 
of (p, q)w a term free from 7; and the one giving the highest limit for @ + 2y, 
and, hence, for a’, is this term becomes ay , y” and 


Ap, = if p= 0 (mod 8), 
or = dy, if p=1 (mod 3), 
or = dy, if p = 2 (mod 3), 


as given on page 283. Consequently, a + a! has an upper limit 3p, }(p—1) 
or 3(p — 2) according as p=0, 1 or 2 (mod 8); since a = 3(p—gq —1), this 
gives as upper limits for a’ that 


al <3q + 3, if p=0 (mod 3), 
or <3q, if p=1 (mod 8), 
or <¢q—#, if p=2 (mod 3). 
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Not only must the appropriate one of these last three conditions be obeyed by 
a’, but also in every case must a’ <}(p—q + 2). 

To obtain the equation of the curve (p,q), from that of (p, q), all terms 
of the latter, which have @ falling below the limits found above, must vanish. 
If = p—qty—B=p—q—3a' + 38y—1=p—q 
— 10 (mod 8), and the coefficient a3,,_.,4 ,, is not required to vanish. If 
=2(mod 3), and the coefficient a;,,_»,_;,, must be made to vanish, under 
the requirements of the third condition for 6 above, viz., that @ > 3a! — 2y + 2 
if p—q+y— =2(mod 8). These conditions require not only that 
= 0, when = — 2y — 1, but also whenever 0 < < 3a/ — 24y — 3. 
But if in any case these conditions require an a, , to vanish for a combination 
of values of @ and y which do not occur together in any coefficient of the equa- 
tion @ = 0, such a condition must not be counted in making up the number of 
restrictions to be actually imposed on the coefficients of the equation in question. 
The highest value of @ reached in the conditions is @ = 3a! — 2y —1; that will 
surpass the highest power of 4 appearing in the equation @ = 0 when and only 
when 3a’ — 2y —1 >p—q+); if a’ takes its largest value }(p — q + 2), 
the condition becomes 1 > 3y, which is unsatisfied except when y = 0; hence, 
none of the conditions fails to be applicable when a! < 3(p—gq-+ 2), and only 
a single one of them is inapplicable when a! = 3(p— q+ 2); the coefficient, the 
vanishing of which the inapplicable condition demands, is a3./_ = 
and it is evident that no such coefficient ever appears in the equation of the 
curve (p, q). 

The number of conditions imposed on the coefficients of the equation of 


the curve (p,q) to make it become the equation of the curve (p, q).’, in the 
4] 
case where p—q=>=1 (mod 3), is then > (3a! 2y—1), if a’ << 3} (p—q+t 2), 
0 


and that number diminished by unity if a’ =3(p—q-+ 2); this sum amounts to 
+ (8a’)*, if a! is even, and to (3a! — 1)(3a’ + 1), if a’ is odd; hence the number 
of conditions imposed, when a! << —gq + 2), is or —1), accord- 
ing as a’ is even or odd; while, if a’ = }(p—gq + 2), the corresponding number 
is $(3a’)*—1 or }(92*—1)—1, according as a’ is even or odd; but the 
number is always two, if a’ = 1. 
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The general equation ¢=0, where p—g=1 (mod 8), has been found to 
represent a curve (p, g) of order p+ 2q which is cut from = by a surface S of 
order 3(p + 2g + 2), where the residual intersection consists of the cuspidal 
edge of X occurring twice, so that f=1, R=2, R,=2,and R,=0. If now 
the condition that a’ > 1 be imposed, the surface S’ cutting the curve (p, g). from 
= is clearly of order 3(p + 2g + 2)—a’. The conditions imposed to make the 
equation of S reducible by x” will, if a’ >1, require that (p,q). be a curve of 
lower order than the corresponding (p, y), since the total intersection of § and > 
suffers a reduction by the cuspidal edge of >, occurring 3a/> 3 times, while the 
residual intersection for the curve (p,q) consists of that edge occurring only 
twice. But it is evident that the curve (p,q) is not in general subject to any 
other reduction, and the curve (p, q), will consequently be in general a proper 
curve, and any residual intersection of S’ and = will be made up entirely of the 
cuspidal edge of =. The coefficient a,,, where @ = 3a! — 2y —- 2 and p—q 
+ — @=0 (mod 3), does not vanish under the conditions of restriction here 
imposed; this condition is possible of satisfaction for @ in every case, since 
3a! — 2y — 2>0, if y=0 and a/>1; hence there occurs in the equation of 
the surface SS’ the term derived from that one in ¢ = 0 of the form 


Ba’ —2y—2 P—Ity—B - 


this term, on performing the required substitutions and reductions, becomes 


which is again 

(p—q—l) +0! 


On rejecting the factor 2*** = gi?—1—) + this term becomes 


Aga —2y—2, y 8 


which is of the zeroth degree in x, y; consequently the surface S’ does not 
contain the cuspidal edge of > at all, and the curve (p, q). is accordingly a 
curve of total intersection of } and S’. In the case of the curve (p, q), it has 
been found that x = p—q and p = 2q; since the cuspidal edge of & has been 
rejected 3a! times, and since the former residual intersection consisted of that 
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edge occurring twice, it follows that in the case of the curve (p, q),, where 
p—q=1 (mod 3), r=p—q—3a'+2 and p= 2¢g— 3a'+ 2. The upper 
limits here involved for a’ agree with those already found for the case in question. 
Here, again, the curves (p,q), of total intersection have 7=0 (mod 3). If 
both 2 and p have the value zero, then must the curve represented pass through 
neither the vertex of = nor the cusp of the infinite cubic, and hence the curve 
will be of more general character than the (p, qg) of the same order, which has 
been found to pass a certain number of times through one or both of those points. 
Such a curve (p,q). occurs when 1 = p— q— + 2=p= 2q— 3a' + 2= 0, 
which demands that p = 3q¢ and a’ = 3g + $= 3p + 3, while m= p, m' = 3p and 
2q =p —q=1 (mod 3), making g=2 (mod 8); the (6,2), answering these 
requirements,—that a’ = 2, etc.,—is cut from > by the surface S’ whose equation 
is determined as follows: 
The general equation of the curve (6,2) is of the form: 


Ae, 9A? + Au? + ay, rv? = 0. 


The conditions to be imposed on the coefficients, in order that a’ may have 
the value two, are found by the method used above to demand that a,,.= a, 
= Ay, 1 = Ap, 1 = Az, 9 = Ae, 9 = Ay, 9 = A, 9 — 0; this leaves the equation of the curve 
(6,2), which is of the form: 


+4, ta, At wy +a, a'r? =0. 
Performing the required substitution, this becomes 


changing y* to zz as many times as possible in each term of this equation, and 
rejecting the factor x*t* = a‘, there results the equation of the surface S’ of the 
form: 


2 
+ 5 + + As + Ay + dy 92 
+ G5, + Oy YS + Ay, 1 28 + ay = 0. 
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: This equation is that of the general quadric surface, and thus it is evident 
: that the curve (6,2), is the most general curve which can be cut from = by a 
quadric surface. 
Similarly, a general curve of order 15 is the (15,5), cut from = by a general : 
surface of order 5; likewise, the (24, 8),, a curve of order 24, is the total inter- 3 
section of the cone > with a general surface of order 8, the (33, 11), of order 33 : 
is the total intersection of > with a general surface of order 11, the (42, 14) 4, 
of order 42, is the total intersection of = with a general surface of order 14, 
etc., etc. 
These special curves of total intersection (p, qg), will comprise Class III’ 
and may be characterized thus: 


Ill’. p—gq=1 (mod 8), > 1, m= p+ 2g — + 2, n= p—q— 3a’ + 2, 
p = 2g — + 2, =3 (pt =f, =0. 


| If p — g=2 (mod 3), it has been proved that x*, where a = 3} (p—gq— 2), t 
. is a factor of all the terms of the equation obtained from @ = 0 by the required 3 
substitutions. The conditions under which «*+*, where a’>1, becomes a : 
i factor in the same equation, are readily found by the method used in the two ; 


cases already discussed. For the occurrence of such a factor, it is necessary that y 
the power of x in each term be as great as a + a! = $(p—q— 2) +a’; i.e, it : 
is necessary that 30 + #(p—q+y), a8 given on page 282, be as great as q 

3 (p—q—2) + a’, which requires that 

B > 8a! — 2 —4, if p—q + (mod 3). 

| Likewise must ; 
B = — — 2, if p—q+ y—G=1 (mod 38), 
or 


2 = 3a! — 2y, if p—q+ y—@=2 (mod 38). 


) As in the preceding cases, the terms in the group ¢,_, cannot all be wanting, 
and the highest value of a’ is allowed when the only coefficient remaining in that 
group is a@_,.9; this leaves the term a,_,.94”~“v" present, which term becomes 


hence a + a! <p —q, whence a! < p—q —a, giving as an upper 
limit for a’ that a! <3(p—q+ 4). The restricted equation ¢= 0 must contain 
a term free from 4 and hence of the form ay, ,u®~!*+’r'—”; this term will permit 4 
| | 38 
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the highest value of 6 + 2y, and thus of a’, when y= q; then it is of the form 
4”, which becomes this reduces to 


p,q if p=o0 (mod 3), 
or Ay xi? if p=1 (mod 3), 
or Ap, xt? yrs if » = 2 (mod 3), 


as seen on page 283. Consequently, a + a’ hasasan upper limit 3p, }(p — 1) or 
$(p — 2), according as p=0,1 or 2(mod 8); since a=?(p—gq—2), this 
gives as upper limits for a’ the requirement that a/<$q+4, $¢+ 4 or 3q 
according as p=0,1 or 2(mod 3). Not only must the appropriate one of 
these last three conditions be satisfied by a’, but also, in every case, the condi- 
tion found above,—that a! < + 4),—must be fulfilled. 

The equation of (p, g) is made to become the equation of (p, q),, by reject- 
ing from it all those terms in which @ falls below the limits found above for it. 
If @=3a' —2y —1, then (8a! — 2y—1) 
= p—qt+3(y—a’) + 1=1 (mod 3), and no coefficient a, , need vanish for 
such a valueof If @=3a'—2y—3, then p—q+y—@C@=p—q+t+y 
— (3a! — 2y — 3) = p—q+t 3 (y—a' + 1)= 2 (mod 3), and the coefficient 
—2y—3,y Must vanish. Likewise must every coefficient a, vanish where 
0<@<3a'— 2y—5. It may happen here that 6, y and a’ may satisfy the 
conditions for such an arrangement of values of @ and y as does not occur in the 
equation @ = 0, in which case the condition in question should not be counted 
in making up the total number of conditions to be imposed on that equation. 
Such an inapplicable condition occurs when @ = 3a! — 2y — 3 is greater than 
the power of 4 occurring with the value of y in question, i. e., when 3a! — 2y 
—3>p—qty; since a’ <3(p—q-+4), such a case can arise only when 
p—qt+4—2—3>p—qty,i.e., when 1>3y, and this is satisfied only 
when y=0; hence, one of the above conditions is inapplicable when and 
only when a! =3(p—q+4)andy=0. The coefficient required to vanish in 
this case is @,_, 4,9, and no such coefficient appears in the equation ¢=0. 

The number of conditions imposed on the coefficients of the equation @ = 0 


to obtain the equation of the curve (p, g), in the case in question, where p— q 
= 2 (mod 8), is >; 2y — 3), if C3(p—q+4); this sum amounts to 
0 


| 
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+ (3a! — 2)", if a’ is even, and to }(a’ —1)(3a’— 1) if a’ be odd and greater 
than unity, but to unity, if a’ = 1; hence, the number of conditions imposed, when 
a’ =3(p—q+4), is — 2)?—1, if a! is even, and ? (a! — 1)(8a/ — 1) —1, 
if a’ is odd; a’ cannot take the value unity in this case, since a’ =3(p—q+4)=1 
requires that » — q = — 1, which is impossible, p always being at least as great 
as g in the geometry on >. 

The general equation ¢=0, for any possible values of p and g, where 
p—q=2 (mod 8), has been found to represent a curve (p,q) of order p+ 2g, 
cut from > by a surface S of order 3(p + 2g + 4), the residual intersection con- 
sisting of the cuspidal edge of > occurring 4 times, while f= 2,R=4,R;=4, 
R,=0. Ifa’ =1, the equation of the resultant surface of intersection S’ must 
be of degree as great as unity in a, y, since the equation of the surface S was 
found to be of degree two in a, y, and the factor «*=a only has been 
rejected to obtain the former equation from the latter ; the coefficient a) ,>= 0, 
in accordance with the conditions imposed here, and that is the only coefficient 
! made to vanish in this case; some term in the variables u,v of the form 
My, where y >1, must appear, otherwise the equation of the curve 
(p,q); would be reducible at once by 4; the term a, ,u?—‘+*v!—%, under the 
required substitutions, takes the form 


Ao, gi (ep + y) if p—q y=0 (mod 3), 


Ap, y gi if p—qt+ (mod 3), 


or Ao, y gie—aty—2) if p— qt+y=2 (mod 3). 


The condition that p— g=2 (mod 8) demands that y take a value at least as 
' great as two in some term of the equation ; y = 2 makes p—gq + y=1 (mod 3), 
giving a term ap the rejection of the factor 
= gi”—1+ leaves this term of degree unity in x, y and containing the variable 
y; hence the surface S’ contains the cuspidal edge of > twice and only twice; 
thus the residual intersection of = and S’ is made up in this case of the cuspidal 
edge of > occurring twice; consequently, = 2q +4)—1 =3 (p+ 2¢+1) 
and m= p+ 2qg—1, while f=1, R=2, R;,=2, R,=0. The curve (p, 
was found in the cases in question to have 7 = p—q; that curve has now been 
broken up into the curve (p,q), and the cuspidal edge occurring once, since the 
total order in each case is p + 2g; hence the curve (p, q), hasn=p—q—1l, 
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and, similarly, p= 2g—1. Curves (p,q),, which are none of them curves of 
total intersection, when p—g= 2 (mod 3), will be grouped as Class IV”, and 
may be characterized thus : 


IV". p—q=2 (mod 8), = 1, m=p+ 2q—1, n= p—q-—1, 
p= 2g—1,m'=3 (p+ 294+ 1), f=1, R=2, R,=0, 


If a! > 2, the surface S’ must be of order less by a’ than the order of S, i. e. 
m' =43(p+ 2q+4)—da’. As in the preceding cases, the curve (p, q), will be 
in general, a proper curve, and the entire residual intersection will be made up of 
the cuspidal edge of = occurring the necessary number of times. The coefficient 
a, ,, where = 3a! — 2y— 4 and p—q+y—8=p—q+ 38y — + 4=0 
(mod 3) does not vanish under the conditions imposed ; this condition is possible 
of satisfaction in every case in question, since 3a’ —2y—4=>0 so long as a! > 2; 
hence there occurs in the equation of the curve (p, q),, a term or terms of the 
becomes + —@) t 2y — 20’ + § + 4) y— and on reject- 
ing aft“ = this becomes which 
involves neither x nor y; hence SS’ does not contain the cuspidal edge of &, there 
is no residual intersection, and consequently all curves (p, q),, where a/> 2 and 
Pp —q=2 (mod 38), are curves of total intersection of > and a surface 8’. The 
curve (p,q). is of order m= 3[}(p+ 2q + 4) —a’'] =p + 2q — 3a’ + 4, 
which is less by 3a/—4 than the order of the curve (p,q); this reduction in 
order has resulted from rejecting the cuspidal edge of } 3a/ — 4 times; hence the 
number of times the curve (p,q), passes through the vertex of > must be less 
than in the case of (p,q) by that same number; thus it is found here that 
a= p—q—3a'+4. In like manner it is seen that p= 2g—38a'+ 4. Here 
again t=0 (mod 3). If both wand p have the value zero, then must the curve 
(p,q). contain neither the vertex of > nor the cusp of the infinite cubic, and 
hence is a more general curve than a (p, q) of the same order, which must 
always contain one or both of the two points in question. Such a curve (p, q), 
is given when n= p—gq— 3a'/+4= p= 2¢— 3a'/+4=0, which requires 
that p= 3q and a while m=p, m'=}3p, and 
—q = 2(mod 3), making g=1 (mod 3); the (8, 1), answering these conditions, 
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—that a! = 2, etc.,—is cut from > by the surface §’ whose equation is found as 
follows: The most general equation of a curve (8, 1) is of the form 


The conditions to be imposed on the coefficients of this equation, in order that 
a’ may take its greatest value two, are found by the method used above to be in 
number } (3a/— 2)?— 1=4(6— 2)*—-1= 8; these conditions are satisfied by 
making @,; = @),) = d,) = 0, the other coefficients remaining; this leaves the 
equation of the curve (3, 1),, which is then of the form 


Performing the required substitution, this becomes 
+ a, + a, 927s = 0, 


and the change of 7° to ~*z allows the rejection of the factor z’, so that the 
equation of the surface S’ is found to be 


Y 1% + M98 = 0, 


the most general equation of the plane; hence the curve (3,1), is the most 


general curve which can be cut from > by a plane. 

Similarly, the (12,4), of order 12 is the total intersection of >} with the 
general quartic surface ; the (21,7),, a curve of order 21, is the total intersection 
of > with the general surface of order 7; the (30,10),, a curve of order 30, is 
the total intersection of } with the general surface of order 10; etc., etc. 

These special curves (p. q), of total intersection will form Class IV’ and 


may be characterized thus: 


IV’. p—q=2 (mod 8), a/>2, m= p+ 2q— 3a! + 4,2 =p—gq— 3a’ +4; 
p = 2q — 3a! + 4, m' =3 (pt 299+ f= 


Letting C denote the number of conditions imposed on the equation of 
general form to obtain the restricted equation ¢ = 0, the results derived in the 
preceding pages may be collected and arranged thus: 
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Curves (p, 7) Given by Equations of General Form. 


1. Curves of Total Intersection. 


I. p=q,m=3p,n=0,p= 2p, m'=p, 


2. Curves of Partial Intersection. 


Il. p—q=0 (mod 3), m= p+ 29, n=p—q, p= 
m =3(p+ =2, 2, =1. 


Ill, p—gq=1 (mod 3),m=p+ 2,x=p—q, p= %, 
=4(p + 2), 


IV. p—q=2(mod 3), p= 29, 
m' =4(p + 29+ 4), f=2,kR=4, 


Curves (p, q) Given by Equations of Special Form. 


1. Curves of Total Intersection. 


Il’. p>q, p—q=0 (mod 38), a! >1, m= p+ 2¢— — 1), 
m= p—q—8 (a'—1), p= 1), m (pt +1, 
f=h=R,= =,0; here a! <3 (p—gq) +1, 


and also sq + 1, if p=0 (mod 3), 
if p=1 (mod 3), 
— if p= 2 (mod 3), 

and fa! (3a/- 2)+1, if a! << $(p —q) + 1 and even, 

+ (8a’ — 1)’, if a! << 4(v—q) + 1 and odd, 

or if = +1=1, 
fa! (3a! — 2), if a! = 3(p—q) + 1 and even, 
| (8a/ —1)*—1, if a! =} (p—q) +1>1 and odd. 


Ill’. p—g=1 (mod 3), a! 2>1, m=p+ 38a! + 2, xa =p—q— 3a! + 2, 
p = 38a! + 2, m’ = (pt 2+ 2)—a’, f= R=R,=R,=0; here 
a’ 2), 


and also 3q + 3, if p=0 (mod 3), 
al << 39 , if p=1 (mod 8), 
3q — 3, if p=2 (mod 3), 
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and ($a’)?, if a’ << 4(p — q+ 2) and even, 
(9a/?— 1), if a’ << $(p—qt 2) and odd, 
C= or if = $(p—q+ 2) =1, 
($a)? — 1, if ao! =3(p— q+ 2) and even, 
— 1) —1, if a! = 3 (p—q +t 2) and odd. 


IV’. p—q=2 (mod 3), a >2, m=p+ 2g— + 4, an=p—q—3a'+4 
p = 2g— 3a! + 4, = 3 (pt 4)—a’", f= R=R,= =0; here 
a! (p—qt 4), 
and also $q+4%, if p=0 (mod 3), 
if p=1 (mod 8), 
$q if p=2 (mod 3), 


and (3a! — 2), if a! <3 (p—gq + 4) and even, 
# (a! —1)(8a/—1) if a! <3 (p—gq + 4) and odd, 
C=< if 4) and even, 
—1)(3a’—1), if a’ = 3(p—q + 4) and odd 
(the case where a! = 3(p — q +4) = 1 coming under IV"). 


2. Curves of Partial Intersection. 
IV”. p—q=2 (mod 3), = 1, m=p+ 29—1, rn=p—q-—1, 
1, = 3(pt+ 2q + 1), f=1, K=2, h,= 2, =0 
and C= 1. 


The following table gives the results found by the formule given above for 
the cases of all proper curves (p, qg) for values of p and qg as far as the curve 
(8, 6). 
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The Plane Geometry of the Point in Point-Space of 
Four Dimensions. 


By C. J. Keyser. 


I.—JIntroductory Considerations. 


1. As is well known, the dimensionality (in Riemann’s sense) of any given 
space depends upon the element chosen for its construction; and in accordance 
with the Plicker principle of counting constants, any given space may be made 
to assume any prescribed dimensionality & by merely taking for element a con- 
figuration for whose determination within that space k independent data are 
necessary and sufficient—a configuration, in other words, whose general analyt- 
ical representation in the given space involves exactly & parameters. A space 
being assumed, there are, in general, infinitely many possible choices of element 
for which the space will have a previously assigned dimensionality. Of such 
possible choices the great majority would be inexpedient as not leading to inter- 
esting results. Of all elements, in case of any given space, those are, in general, 
most practicable which present themselves in pairs of reciprocals, as in the 
familiar examples of the point and line in the plane, the line and plane in the 
sheaf, and the point and plane in ordinary space. 

A space that is n-dimensional in points is also n-dimensional in point-spaces 
of nm — 1 dimensions. It has 2(m — 1) dimensions both in lines and in point- 
spaces of n — 2 dimensions; and, in general, its dimensionality is p(n — p +1) 
if the point-space either of p— 1 or of n —p dimensions be taken as element. 
Not only, however, do the two last mentioned elements furnish the same dimension- 
ality, which is a necessary though not a sufficient condition for reciprocity, but 
they are indeed reciprocal elements in n-fold point-space ; for the same system 
of equations, which on proper interpretation defines one of the elements, admits a 
second (dual) interpretation defining the other. It thus appears that by taking 


as elements the various point-spaces of less than m dimensions for the construc- 
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tion of n-fold point-space, there arise n geometries of this space ; or, if we regard 
two reciprocal theories as but two phases of one geometry, the elements in ques- 


n n—1 
t 
ion yield 


+ 1 geometries according as n is even or odd, the element 


having a dimensions being, in case of n odd, its own reciprocal, or self-recip- 


rocal. 
Like considerations hold for spaces of n dimensions in other elements than 


points. It will be convenient, however, and sufficient to conduct this discussion 
for space supposed n-fold in points. 


2. Of such geometries the self-reciprocal, or those arising from the use of 
self-reciprocal elements, are of special interest as well from the artistic as from 
the scientific point of view. ‘The precise nature of the distinction in question 
may be made sufficiently clear by the following considerations. In n-fold space 
a definite configuration C, including this space itself as a special case, may, in 
general, be regarded at will as an assemblage of points or of lines or of planes 
and so on up to n— 1-fold point-spaces. These n assemblages, which may be 
denoted respectively by ...., the subscripts indicating the point 
dimensionality of the elements of the corresponding assemblages, are equivalent 
not only in the assemblage theory sense of the term but also in the logical sense 
that they serve as so many distinct definitions or conceptions of one and the same 
configuration. While distinct, they are of course not independent. If, for 
example, C be supposed to represent a curve of n — 1-ple curvature, E, will 
naturally be the assemblage of its points, #, the assemblage of its tangent lines, 
E, that of its osculating planes, .... , and the Z’s are accordingly to be thought 
as having a one-parameter dependence, by virtue of which to each element of 
C belonging to one LZ, there corresponds in general one and but one element of 
C belonging to each other #. Now, under a homographic transformation, the 
n E’s are converted into other assemblages Hj, ...., in such a way 
that any # and the corresponding £’ are of the same kind, have, i. e., the same 
subscript. The #’’s are connected like the #’s and in their turn serve as n dis- 
tinct definitions of one and the same configuration C’, the transformed of C. We 
may say, then, that each of the indicated definitions or conceptions of a given 
configuration is preserved in kind under a homographic transformation. Such is, 


q 
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however, in general, not the case under a dualistic transformation ; for, while the 
latter converts the » E’s into n £’’s, of which each serves as a definition of the 
transformed configuration C’ of C, any # and the corresponding £’ are, in gen- 
eral, not of a kind; if the subscript of the former be &, that of the latter will be 
n — k —1, and these cannot be equal unless 7 be odd, and in this case only for 
a single value of k, namely, k=n—1:2, n being given. This case excepted, 
no definition of C is preserved under dualistic transformation ; the point, line, 


. , conceptions of C pass over respectively into the n — 1-space, n — 2-space, 

. , conceptions of C’; but in the case where n is odd and equal (say) to 
2m + 1, the assemblage #,, defining C is converted into an assemblage E), defin- 
ing C’; the conception is preserved in kind. Now when n= 2m-+1, the ele- 
ments of #,, are self-reciprocal elements of n-fold space, and under no other 
circumstances are the elements of any F# self-reciprocal. We arrive accordingly 
at this conclusion: The distinction of the self-reciprocal geometries among other 
geometries is the definitional or conceptual invariance,* in case of the former, of all 
configurations, under both the homographic and the dualistic transformations. 
Because of this property of invariance, one may say that the m-space conception 
of configurations in space of 2m +1 dimensions is of higher scientific value, as 
being more central and penetrating, in more perfect accord with the intimate 
nature of space itself, than are such conceptions as lose their identity under one 
or the other of the mentioned modes of transformations—an estimate, moreover, 
that seems to be justified by the highly artistic analytical form which self-recip- 
rocal theories are, it is well known, capable of assuming. 


3. Point-space of 4 dimensions is also 4-dimensional in ordinary 3-dimensional 
spaces, or lineoids,} the point and the lineoid being reciprocal elements. It is 
6-dimensional in lines and in planes, which are also reciprocal elements. This 
space contains no linear self-reciprocal element and admits of no self-reciprocal 
construction. Nevertheless there are two self-reciprocal theories of spaces (the 
point and the lineoid) within 4-fold point space, which, besides their own intrinsic 


* It is interesting that the significance of this property, which was pointed out and made a principle 
of procedure in the line geometry of ordinary space by Klein, Koenigs and others, seems not to have 
been fully appreciated by Pliicker, whose method even in line theory never became quite free from the 
relatively cumbrous point-plane conception of space. 


+Cf. Cole: ‘‘On Rotations in Space of Four Dimensions.’’ Amer. Math. Journ., Vol. 12. 
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interest, are of the greatest importance in building up as well the point-lineoid 
as the line-plane geometry of 4-fold space itself. Just as any lineoid of this space 
is 3-dimensional in points and in planes and 4-dimensional in lines, so any point 
of the same space is 3-dimensional in lineoids and in lines and 4-dimensional in 
planes ; and just as the line geometry (the Plicker theory) of a lineoid, regarded 
as a space of lines, is a self-reciprocal geometry, so the plane geometry of a point, 
regarded as a space or plenum of planes containing it, is a self-reciprocal theory. 
With the evidently possible parallelization of these coordinate self-reciprocal 
theories with the point-lineoid geometry of 4-space, we are not here concerned. 
Our interest lies in the theories as such, in their relations with one another and 
in the completely correlative réles they play particularly in the development of 
the line-plane geometry of 4-space. The line geometry of the lineoid has been 
often treated and is familiar enough, at least in its elements. On the other hand, 
the plane geometry of the point (in 4-space) has not, so far as we are aware, 
been systematically developed.* This paper undertakes to construct so much of 
this theory as in connection with the other will be of immediate service in 
investigating the line-plane geometry of 4-space, to which subject this article is 
intended as a preliminary contribution. 


II.— Homogeneous Coordinates of the Plane. 


4. We enter here directly upon the subject proper of this paper: the plane 
theory of the point in 4-space. The space with which we have to deal is the 
point regarded as the assemblage of all the lineoids, planes and lines of 4-space 
that pass through (or contain) it. As the plane is to be taken as element, the 
point will be for us primarily a space of planes. This hypersheaf will be sup- 
posed given once for all, and, except where the contrary is indicated, all lines, 
planes and lineoids considered will be supposed to belong to it. 

Let the assumed point be given by the four lineoids 

A,=0, 4,20, 4, = 4, 
where A, Saf? + (i= 1, 8, 8, 4). 
The assemblage of generating lineoids may be represented by the equation 
a, A, +x, A, + 3A; +2, 4, = 0, 


*In the cited article by Cole several theorems of the present paper are established. 
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where the x; are parameters. Hach system of values of x; defines a lineoid and 
to each lineoid corresponds a unique system of values of the ratios a: xy: 23: 2%, 
A linear equation 


+ + + = 0S DE, (1) 


where the £; are supposed given, will define a line &; as an envelope of lineoids. 
On the other hand if the &; te regarded as variable and the 2; as given, the same 
equation will define a lineoid x; as locus of lines, a bundle. Accordingly a pair 
of equations 

will represent a plane (£,, £;) as an envelope of lineoids, while a pair 


will represent a plane (a;, x;) as a locus of lines, a flat pencil. 

We will employ a; and &; respectively as associated homogeneous lineoid 
and line coordinates.* The configuration of common reference will be that 
composed of the four lineoids A,, A,, A;, A,, the six planes A,A,, A,A3, A,A,, 
A,A,, A,A,, A34,, and the four lines A,A,A,, A,A,A,, A,A;A,, A,A,A,. The 
coordinate lineoids will be represented in line coordinates by £;=0, &=0, 
£&,= 0, &,=0, and in lineoid coordinates by 1, =a, = 2,=0, 
= % = 27,=0, = 2, = x, = 0; the fundamental lines will be represented by 
= 0, =0,%,=0,%,=0,0r by £=F=2,=0, = 
=£§,=0, §,=£,—=£,= 0; while the planes of reference will be given by x, =x,=0, 
2,0, = 0, 0, = a, = 0, or by &£, = 
also signifies that the line &; and the lineoid x; are united in position, 7. e., that 
the line lies in the lineoid and the lineoid contains the line. 


5. As already indicated, any plane whatever may appear in either of two 
aspects: as a locus of its lines, t. e., as a flat pencil, or as an envelope of its 
generating /ineoids, 1. e., the lineoids containing the plane. These dual concep- 
tions of the plane correspond precisely, in the order named, to the two Pliicker 


*Such systems might legitimately have been assumed immediately by virt.e of the projective 
correspondence, already noticed, between the elements of the hypersheaf under investigation and the 
elements of the lineoid, according to which the lines, planes and lineoids of the one assemblage corre- 
spond respectively in a one-to-one way to the planes, lines and points of the other. 
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conceptions of the line (in ordinary space), namely, axis and ray (Aze, Strahl). 
The plane, being geometrically determined as a flat pencil by any two of its 
lines, is determined analytically by two sets of line coordinates; while, being 
geometrically determined as an envelope by any two of its (generating) lineoids, 
it is determined analytically by two systems of lineoid coordinates. As explained 
below, the first two sets when combined will furnish one system of homogeneous 
plane coordinates and the second two sets similarly combined will yield a second 
system. 

Consider any two lines £; and y, (‘= 1, 2, 38, 4). These determine a plane 
a, which is equally determined by any two lines of the pencil 


> (aE, a; + = 0, 1, 2, 3,4), (2) 


and in particular by any two of the four special lines obtained by equating 
successively to zero the coefficients of 2, x2, 73, x, in (2), 


(E12 — + (E1ms — + (Ei — = 0, 
— — S21) + (Ss — &s me) + (Som — 72) = 0, (3) 
— (E13 — &3 1) — — + — Ears) = 0, 
— — — (E24 — — — E324) = J 
These are the four lines of the pencil (2) that lie one in each of the fundamental 
lineoids. The ratios of the coefficients of any two of the lines furnish the four 
constants upon which the position of 7 depends The choice of two of the lines 
would, however, be arbitrary, and we may avoid such choice, while at the same 
time securing symmetry, by retaining for coordinates of 7 the entire six coeffi- 
cients of equations (3). These, again, may be replaced by an arbitrary multiple 
of them, since only their ratios are material. We will accordingly have for 
coordinates of the plane regarded as a flat pencil the six quantities 


PPiz = Erne — (4) 


On expanding the identically vanishing determinant 
Es 
m 3 A, 


NM 


in terms of quadratic minors, we find that the six coordinates are connected 
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by the identity 
40(p)=0 = py py + Pris Psz + Prs Pos (5) 


showing, as ought to be the case, that the 5 ratios of the 6 p’s are equivalent to 
but 4 independents. It can be readily shown that any six quantities p,, satisfying 
the identity (5) and being such that py, = — p,:, serve to determine a plane (or 
pencil), and that if £/ and y/ be any two lines of the pencil, p,,: p), = &, a constant. 


5. To find a corresponding system of coordinates for the plane conceived as an 
envelope of lineoids, suppose it given by two lineoids a, and y;. Of the lineoids 


of the pencil 
p> (Ax; LY = 0, («= 1, 2, 3, 4) (6) 


of generators of 2, the following 


+ bs + = 0, 
dau 1 + G23 + = 0, 
L da bi + + = 0, 


where = — (8) 


are the four generators of which each contains one and but one of the fundamental 
lines. 
The six coefficients gy, are connected by the quadratic identity 


and for reasons precisely analogous to those given for the p’s, any six quantities 
du. satisfying the identity (9) and being such that gy = — qu, suffice to determine 
a plane uniquely, and may be taken for homogeneous coordinates of the same 
regarded as enveloped by lineoids. 


7. Inasmuch as the configurations with which we shall be concerned are, 
most of them, to be conceived as assemblages of planes, and since the latter are 
self-reciprocal elements (cf. §I), there is, in general, no advantage, but often 
rather a disadvantage, in observing the distinction between the two aspects of 
the plane, as flat pencil of lines and as envelope of lineoids, in which alone the 
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difference between the two systems* p,, and gy originates. And in fact it is easy 
to show that these systems, while they differ in the sense indicated, are as coor- 
dinates, as data fixing the position of a plane, identical function for function, a 
proportionality factor being of course excepted. To effect this identification it is 
sufficient to find the condition that p, and g, shall determine one and the same 
plane. Suppose the plane determined by p,, to be that represented by equations 
(3). If@z give the same plane, then the latter must lie in each of the lineoids 


Which requires 


Piz Xe + Piz Xs (10) 
+ Puys = 9, 
Px | (11) 
PuYi + Pes Pays = 9, 
(12) 
Pa Yi + Y2 + 


and a third pair, not needed. 


From (10) we derive 
Pre: = Prs = Pra? 


from (11) = = Pas? 
and from (12) Piz = Pes Vis = Psa 
On combining we have 
= = Pra? = Psa? Nie = Vis = Pes Yrs» (13) 


which shows that if the quantities p,,, taken in any order, as 12, 18, 14, 34, 42, 
23, determine a plane as a flat pencil, the same quantities, taken in the equally 
general corresponding order 34, 42, 23, 12, 13, 14, determine the same plane as 


an envelope of lineoids. 


8. In general, two planes have no intersection, 7. e., no common line. The 
condition that they shall have a line in common, or, what is tantamount, shall 


* There are, of course, many equivalent systems of coordinates for the plane in the hypersheaf as 
there are for the line in ordinary space. Indeed, in the appendix to his very first paper on the latter 
subject Pliicker presents no less than eight distinct systems. Cf. Pliicker, “‘On a New Geometry of 
Space.’’ Phil. Trans. of the R. Soc. of London, Vol. 155. Also Wiss. Abh. 

t Cf. Pliicker : ‘* Neue Geometrie des Raumes,”’ p. 4. 
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lie in a same lineoid, will, like the corresponding condition* for the intersection 
of two lines in the Pliicker line theory, assume the following four forms, if the 
i distinction of locus and envelope be observed. According as the two planes 
| 7m and vw are regarded (a) both as flat pencils, (6) 7 as a pencil and 7’ as an 
envelope, (c) 7 as an envelope and 7’ as a pencil, (d) both as envelopes, the forms 
in question will be 


PwPu + PisPi2 + Pos + PuPiz + Ps Pis + Pos Pu = 9, (a) 
Tx =9, Gu =, (4), 
re + Via + + + dis + 923 Gis = 

By virtue, however, of (13) we may write for coordinates of the plane 


simply six quantities r,, such that 7,—=—r, and that o(r)=0, and then 
disregard the distinction of locus and envelope. The condition that two planes 


Tyo Vo + = 

Wy / / / ain 

/ / / in 

— 193 + = O, 

shall lie in a same lineoid, or intersect in a line, is, then, bi 

0 Te Tu 


0 the th | 
rie O Tey Tr 
from which by help of the conditions, 7;,= —7,; and @(r)=0, we readily find 


/ / / / / _ 
T1234 113 714723 + 713 + = O- 


Writing the left member of this polar form 


we have the fundamental proposition: The necessary and sufficient condition that 4 


* Cf. Cayley : ‘* On the Six Coordinates of a Line,’’ Collected Papers, Vol. VII. Klein: ‘‘ Kinleitung id 
in die h6here Geometrie,” Vol. 1, p. 168. 

+Cf. Pasch: ‘Zur Theorie der linearen Complexe,” Crelle, Vol. 75, p. 11. Also, Koenigs: ‘‘ La 
geometrie reglé,” Annales de La Faculte des Sciences de Toulouse, Vol. III, p. 9, 
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two planes r;, and rj, shall have a line in common, or lie in a same lineoid, is that 
the polar form w(r, 7’) with respect to these planes, shall vanish. 


9. The coordinates 7;, admit of generalization. We know from the theory* 
of forms that the new variables y, in the transformation 


ix = + t+ ---- + 


where the modulus is not zero, are connected by a homogeneous quadratic 
identity Q (v) = 0, where © (v) is the transformed of w(r). Moreover, the polar 
form a(r, r’) of a(7) is converted by the same transformation into the polar 
form Q(v, r’) of Q(v). It is well known that w(7) regarded as a quadratic form 
has a non-vanishing discriminant and that it is possible to find a linear trans- 
formation which will convert this form into any quadratic form (vy) whose 
determinant does not vanish. Accordingly we may employ for homogeneous 
plane coordinates any six variables », connected by the quadratic relation 
Q(v)=0, where Q(v) has a non-zero discriminant. Hence the condition that 
the planes », and 7; shall intersect in a line, or lie in one lineoid, is that the 
polar form Q (y, v’) shall vanish. 


10. It is now perfectly clear, it was indeed a priori evident, that the theory 
here in process of construction and the line theory of ordinary space, while they 
are geometrically distinct, disparate in fact, may be made to assume one and the 
same analytical aspect. Accordingly three courses lie open. The theories being 
coordinate in rank and being correlative auxiliary instruments for the construc- 
tion of the line-plane geometry of 4-space, the ideal would seem to be to develop 
them as such, side by side. On the other hand, as the line theory already exists 
in a score of presentations, one might be content to derive the plane theory from 
it by translation, by merely replacing the old system of ideas by the new. 
Again, as neither doctrine can claim logical priority as against the other, it 
appears to be desirable to present the new doctrine once on its own account, the 
old having been often so presented, and not as a secondary discipline derived 
from another. The first course is rejected as being too long; the second is 
scarcely shorter and offers, besides, a false perspective. The third recommends 
itself as a compromise, and accordingly we shall continue, as we have begun, to 
construct the theory in question, as self-justified, upon its own foundations,—a 
course which will allow occasional pauses to note correlative propositions in the 
corresponding line geometry. 


* Cf. Klein: Op. cit., pp. 190, 191. 


i 
4 
4 
e 
4 


Point in Point-Space of Four Dimensions. 


III.— Systems of Planes.—The Linear Complex of Planes. 


11. We pass to the study of systems of planes. Of such systems there are 
five sorts as follows: (a) the 4-parameter system, which is composed of all the 
planes of the point, or hypersheaf under investigation, and which may be 
regarded as the locus of a single plane 2 of the system, 2 being subject to no 
condition ; (b) the 3-parameter system, or complex, which is defined by imposing 
one condition upon the 4-parameter system ; (c) the 2-parameter system, or con- 
gruence, the assemblage defined by a pair of conditions upon the planes of the 
hypersheaf; (d) the 1-parameter system, or configuration or plane series, an 
assemblage defined by a 3-fold condition; (e) the zero-parameter system, always 
a finite assemblage, defined by a set of fowr conditions upon the parameters of 
system (a). A plane will be said to have 4, 3, 2,1, or 0 degrees of freedom or 
indetermination according as it is regarded as belonging to a 4-, 3-, 2-, 1-, or 
0-parameter system. 


12. Two or more planes having a line in common may be called collinear ; 
two or more planes contained in a same lineoid may be called collineoidal. An 
assemblage of planes that are all of them at once collinear and collineoidal is 
an ordinary azal pencil of planes. We will, however, call such a pencil a flat 
axal pencil, reserving the name azxal pencil for the totality of planes containing 
a line. Denote by »j and »;{' any two collinear, or collineoidal, planes and 
consider the expression 


We have by hypothesis 
Gi’) =90, 
=0, 
Q = 0. 


Also, by identity 
Q (v) = +A, = Ai + Az + 2D 
whence Q(v)=0, 


i. e., the quantities », are the coordinates of a plane for all values of 4, and ”,. 
If 2; be any plane whatever having a lineoid in common with each of the planes 
and v4’, 

=0, Q(r", x)=—0, 
and therefore 
(vy, 1) + QA(v", 
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i. e., the planes 7; are collineoidal with 2, and they consequently contain the 
common line of xj and 7’. It is likewise plain that the planes », are all contained 
in the common lineoid of »; and vj’. The planes », are therefore all found in the 
flat axal pencil (v/, »/’). Is the converse true? Is every plane of the pencil 
one of the planes »,? Suppose »;’’ to be an arbitrarily chosen plane of the 
pencil and let 7; be any plane collineoidal with »/’’ but not with any other plane 
of the pencil. Let 2;'’’ be that one of the planes »; for which 


Q(y, 2) = a!) ay + Q(v", Ay = 0. 


The planes v/"' and 7’ are identical. We see, therefore, that the planes »; con- 
stitute the flat axal pencil (v/, xj’). Accordingly, any two collineoidal planes 
v; and v{' determine a flat axal pencil and the coordinates of the planes of the pencil 


are of the form 
A; + As 


This last is identical with the form giving in ordinary space the line coordinates 
of the lines of a flat pencil determined by two concurrent lines. 


13. As a plane of a flat axal pencil has one degree of freedom and that of 
a complex three degrees, a plane that belongs to both will have zero degrees 
of freedom, being subject to four conditions. The number of planes of a given 
complex that belong to an arbitrary flat axal pencil is, therefore, finite. This 
number will be called the degree of the given complex. 

The assemblage of planes having a line in common—the axal pencil proper— 
and the assemblage of planes contained in a lineoid—the ordinary bundle of 
planes—are the analogues respectively of the sheaf and the plane of lines in 
ordinary space. The two assemblages in question, t. ¢., the axal pencil and the 
bundle, being each bi-dimensional, may with propriety receive a common name. 
Following a suggestion of Koenigs, we will adopt for such common designation 
the term hyperpencil of planes. 


14. We may now prove that a hyperpencil of planes is completely determined 
by any three plunes v}, v{', v{'', such that each is collineoidul (or collinear) with each 
of the other two, and that all and only the planes of the hyperpencil are given by 


coordinates of the form 


| 
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Two cases may arise. The three given planes may determine three distinct lines 
and one lineoid containing them or three distinct lineoids and one line contained 
in them. In the former case the planes are the faces of an ordinary trieder and 
the hyperpencil will be a bundle. We will conduct the argument for the second 
case, for which the hyperpencil will be an axal pencil, the proof being identical 
in form for both cases. By hypothesis, we have 


AW)=0, 
QA", A,r") =0, 


from which it follows that 
Q(v) + Ag + A; 
+ v')Agay + 2Q.(r', = 0. 


Hence for every system of values of the ratios 2,:A2,:A3, the six quantities 


vy; determine a plane. Now let 7; be an arbitrary plane collineoidal (or collinear) 


with each of the given planes rj’, Then 


Aix) 0, Al, QA", xz) — 0. 


Consequently 
Q(v, + Ag Ag 1) Ay + Q (v", 1) Ay + 1) Az = 0, 


every is collineoidal with every 7; and hence contains the line (v’, »”, 
Conversely, every plane »/’’ containing this line is one of the planes v;. For let 
nt; and 2;' be any two planes each collineoidal with but not belonging to the axal 
pencil. Only one plane »;{’’ is collineoidal with each of the planes xj and 7;’. 
We prove that one of the planes »; is so collineoidal, whence it follows that this 
y; is identical with »/’’.. The proof consists in showing that 


Q(y,2#)=0, Aly, x) =0. 


Now 


which may both be made to vanish by a proper choice of values of the ratios 


of the a’s. Hence the planes », constitute the planes of the axal pencil deter- 
mined by the collinear planes 4’, In like manner, if be the 
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faces of an ordinary trieder, they determine a bundle whose planes are given by 


the formula 


15. A plane that is required to belong at once to a complex and a hyper- 
pencil, being subject to three conditions, has one degree of freedom. The locus 
of such a plane is, therefore, a ‘‘configuration.” We will name it a cone C,, or 
a cone C, of the complex according as the hyperpencil is an axal pencil or a 
bundle. C, and C, correspond precisely and respectively to the curve and the 
cone of a complex of lines in ordinary space. Just as the curve has all its 
lines in a bi-dimensional point manifold, the plane, so C, has its planes in a 
bi-dimensional /ineoid manifold, the line; and just as the (line) cone has all its 
lines joined by a point while their points require for their representation a 3-fold 
manifold of points, ordinary space (a lineoid), so C, has all its planes in a lineoid 
while their (generating) lineoids require for their construction a 3-fold manifold 
of lineoids, a point; and soon. Every line has its C, and every lineoid its C, 
of any given complex. A flat axal pencil will be said to belong to a given 
hyperpencil when the latter contains the planes of the former. The degree of 
a O, or a QO, will signify the number of planes common to the cone and an 
arbitrary flat axal pencil belonging to the hyperpencil to which the cone belongs. 
It should be noted that as the notions, locus and envelope, of the Pliicker geometry 
correspond respectively to envelope and locus in the present theory, so also the 
notions of order and class in the former doctrine correspond to those of class 
and order in the latter. Thus the curve of a line complex is an envelope of lines, 
but its correlate, C, of a plane ‘complex, is a locus of planes. The degree of C, 
will be called the order of this cone, and the degree of C, will be called its class. 
We have immediately the proposition: The degree of a complex is equal to the order 
of any of tts C;'s and to the class of any of its C,’s. 


16. A complex of first degree is said to be linear. A C, of such a complex 
is of order 1, it is a flat axal pencil, to be viewed as a lineoid of collinear planes ; 
while a C, of the linear complex, being of class 1, is also a flat axal pencil, to be 
viewed, however, as a line of collineoidal planes: the lineoid C, is a locus of the 
planes of the flat axal pencil; the line C, is an envelope of the planes of the flat 
axal pencil: the line and the lineoid are thus but reciprocal phases of one con- 
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figuration, just as in line geometry the flat pencil is regarded now as a point and 
again as a plane. Given an arbitrary linear complex of planes. Of these 
there pass through any line whatever a single infinity of planes all contained 
in a lineoid and constituting a flat axal pencil; the lineoid so determined 
will be called the polar lineoid of the given line. Reciprocally every lineoid 
contains a single infinity of the planes of the given complex and these, too, are 
collinear, constituting a flat axal pencil; the axis, or line so determined, will be 
called the polar line of the given lineoid. Accordingly with respect to any linear 
plane complex, every lineoid has a polar line, and every line has a polar lineoid. 
Every lineoid or line is wnited in position with its polar line or lineoid. 


17. These propositions, showing the distribution of the planes of a linear 
complex, are of such fundamental importance as to justify their separate estab- 
lishment by analytical means. As a preliminary we will show that a linear 
plane complex is representable by an equation of first degree in »;, and con- 
versely, that every such equation defines such a complex. 

Let the equation 


F(v;) =0 
represent a linear complex of planes. The identity 
Q(v)=0 
is, of course, supposed given. Denote by »{ and »;/ any two collineoidal planes. 


We have seen that the coordinates of the planes of the flat axal pencil determined 
by 2{ and »;’ are 


= 
The condition that one of these planes shall belong to F' is 
F + = 0. 
Since by definition of F, only one plane of the pencil belongs to F, the last 
equation must be linear in 4,: a,, and is, therefore, of the form 
= 0. 


The converse is obviously correct. 
Now let x denote any plane whatever and let (a, wz, x3, x4) and (y1, Ye, Ys» Ya) 
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be any two generating lineoids of 2. Then for coordinates of 7 we may take 


Y2— V4 = Le Y3 — Xz Yo, 


Vo = X1Y3 Vs = Ys — Yo, 


The condition that 7 shall belong to the complex 


= 0, 
may, therefore, be written 


(C1 Yo + C2 + C3 Ys) + (— + + C5 Ys) Xe 
+ (= 41 — C4 Yo + C5 Ys) + (— 41 — Y2 — Co Ys) =O. 


This equation, if the y’s be regarded as fixed and the a’s as variable represents 
a straight line, and as the equation is satisfied by 1=y,, Ys, 
x,—= ¥,, this line lies in the lineoid y. It thus appears that the planes 1 of a 
given lineoid y that belong to a given linear complex envelope a line, the polar of a 
given lineoid. They constitute a flat axal pencil within y. 

In like manner, if 7 be supposed given by two of its lines & and 7, reasoning 
analogous to the foregoing will show that the planes of a given line y that belong 
to a given linear complex have for locus a lineoid, polar of the given line. 

The flat axal pencils which are thus determined, one for each line and one 
for each lineoid, by any given linear complex, may be called the pencils of the 
complex. 

Denote by / any line and by L any lineoid containing /, and consider Z/ and 
l’, the polars respectively of 7 and Z with respect to a given linear plane com- 
plex C. The plane (Z, LZ’) being contained in JZ’ and containing the 
polar 7 of Z’, belongs to C, and, therefore, as it is contained in Z, it contains /. 
Consequently, 7’ lies in ZL’. Hence, the polars of a line and lineoid united in 
position are themselves united in position. 

Let 2 be any plane. Every generating lineoid Z of a is united in position 
with every generating line 7 of x. Hence, every polar line /’ of the L’s is united 
in position with every polar lineoid Z’' of the /’s Hence, the L’’s and the /'’s 
generate one and the same plane a’. Two planes ~ and 7’ thus related will be 
called conjugate planes with respect to the given complex. Two conjugate planes are 
such that either of them is the locus (or envelope) of the polar lines (or lineoids) of the 
generating linevids (or lines) of the other. 
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18. It thus appears that a linear complex of planes serves as a dualistic 
transformation establishing a unique and reciprocal correspondence* between 
lines and lineoids, and between planes and planes. In this correspondence each 
plane of the complex corresponds to itself; for obviously, if 2 belongs to the 
complex, a and its conjugate zm’ coincide, i. e., every plane of the given complex is 
self-conjugate or self-polur with respect to that complex. On the other hand, no 
other plane is self-conjugate. In fact, if two conjugates 7 and w’ are not planes 
of the complex, they are not collineoidal, for suppose them contained in a lineoid 
L; the polar line of Z lies in both w and w’, and hence these planes belong to 
the complex and consequently coincide. Therefore, two conjugate planes cvincide 
and so belong to the complex or else they are non-collinear and so do not belong to the 
complex. This proposition is a corollary to the following: Jf two conjugates, x, 
and 7, are each collinecidal with the plane n, the latter belongs to the complex. To 
prove this proposition, denote by Z, the lineoid determined by a, and a, and by 
Lj that determined by zj and 7; the polar line 7, of Z, lies in mj, and hence in 
L;, and the polar line 7; of Z; lies in 2, and hence in L,; therefore, J, and /j are 
both lines of 2, the common plane of Z, and Zi; hence a belongs to the com- 
plex. 

Let 2, any plane of the complex, be collineoidal with a plane z,. If LZ be 
the lineoid containing 2 and 7, the polar line / of Z lies in 7, and as LZ con- 
tains 7, 7 also lies in 7;, the conjugate of 7; hence, if a plane of a complex is 
collineoidal with any other plane, it is also collineoidal with the conjugate of the latter. 


19. The foregoing and additional properties of conjugate planes may be 
investigated analytically as follows: The condition 
dQ. (r’) 


vy) =O =F 


that the planes »; and », shall be collineoidal (or collinear) will assume the form 
on taking Q (vy) to be of the form 


+ 


* Exceptions to the one-to-one character of this correspondence will he noted at a later stage. 
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The condition, being linear in »j and »,, shows that the assemblage of planes of 
which each is collineoidal with a given plane is a linear complex. Such a linear 
complex will be called a special complex. The condition that the complex 


== 


shall be a special complex is thus seen to be 
= + + = 0, 


which is identical with the condition in the Pliicker geometry that every line 
of a line complex shall have a point in common with a given line. Employing 
Klein’s terminology for the line theory, we will call the quadratic form Q (c) the 
invariant of the complex. In case of a special complex the plane which is col- 
lineoidal with each plane of the complex will be called the director plane or direc- 
trix of the complex, this plane being the analogue of the directrix of the special 
line complex of the line theory. 

Let = 0 (1) 


be an arbitrary chosen complex, and denote by »/ any given plane. The latter 
is director plane of the special complex 


Q(r', =0. (2) 


The planes common to (1) and (2) are identical with the planes of the flat 
axal pencils (lines) that are polar to the generating lineoids of »{ with respect 
to (1). Denote by »;/ the plane common to any two of these pencils. The planes 
common to (1) and the special complex 


Q(v", v) =0 (3) 


are identical with the planes of the polar flat axal pencils (lines) of the generating 
lineoids of vj/. The plane v}/ common to any two of these pencils is identical 
with »{; for if Z, and Z, be the lineoids whose polar lines (pencils) give 7’, then, 
as the polar line 7 of any lineoid Z of 2{/ must lie in both Z, and ZL,, it follows 
that 2; is the locus of such polar lines7?. We have accordingly the proposition : 
Any pair of complexes C and C', of which one of them as C' is special, determines 
a third special complex C" such that the assemblage of planes common to C and C' 
is tdentical with the assemblage common to C and C". 

The director planes of C’ and C” are evidently conjugates with respect to C. 
In order, therefore, that »{ and »;’ shall be conjugate planes with respect to (1), 
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it is necessary and sufficient that 
Loy, = v) + A,Q(v", v), 


for some value of the ratio 4,:4,; or, writing the complexes in the form 
Ov; Ov; 


dc; Ov; 


the condition may be written 
dQ. ( 


By the aid of the condition 
dQ. (c) 
Q (a ) =0 


that the »/! shall be coordinates of a plane, we readily find 
A, = : 
whence the coordinates of the conjugate »” of vj are given by 


V; 
Cc; 


— 


Four cases may arise : 
Q(e) #0, Leni $0, 
Q(c)#0, 
Q(c)=0, 
Q(c)=0, Serj =0. 


Ai 2,.... , 6). 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(10) 


(a) 
(b) 
(c) 
(d) 


In (a), which is the general case, the complex (1) is non-special and the 
plane xj does not belong to (1). From the symmetry of (7), in respect to »/ and 
v{', it appears that v;{/ does not belong to (1). Hence, of two conjugates with respect 
to a complex either both belong or neither belongs to the complex. Equation (10) 
shows that under (a) to two planes vj there correspond two planes yj! and recip- 


rocally (cf. §18). The equation 
=0 


(11) 
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signifies indifferently that »;/’ belongs to (2) or that »j belongs to (3) ; the direc- 
tor plane of a special complex may be considered as belonging to that complex ; 
hence, if (11) be true, both »j and ;{/ belong to both (2) and (3) and hence also 
to (1), but this is contrary to (a). Hence, two conjugates that do not belong to the 
gwen complex are non-collineordal. 

In (b), »{ belongs to (1), which is non-special ; 2; = 0, and we have from (7) 


— 
Ay: Aa, = — Vis 


which shows that every plane of (1) is self-conjugate. 
In (c) the complex (1) is special, A, = 0, and 


Oc 


hence the conjugate of any v| with respect to a special complex not containing v} is 
the director plane of the complex. 

In case (d), a, is indeterminate; the meaning is that the conjugate of any 
vi with respect to a special complex containing »j is indeterminate, i. e., may be 
indifferently taken to be either »; itself, as in (b), or the director plane, as in (c). 
One and the same line 7 is polar to all the lineoids of a given »;, and 7 is the 
intersection of », and the director plane. 

The results under the four cases may be summarized thus: Given a complex 
C and let x stand for plane ; 1 1s self-conjugate or not so according as it belongs or 
does not belong to C; if nm, and nm, be any two planes, their conjugates are distinct 
or not according as C is non-special or special. In case of C special, the director 
plane is conjugate uth all planes, itself included. 


IV.—Linear Congruences of Planes, and Pencils of Complexes. 


20. A two-parameter system of planes, i. e., a system in which a plane has 
two degrees of freedom, has been named congruence (§11). It follows that the 
assemblage of planes that are common to two complexes is a congruence. The 
two-dimensional assemblage of planes constituting an axal pencil is a congruence. 
In like manner, the manifold of planes contained in a lineoid constitute a con- 
gruence, i. e., a bundle of planes is a congruence. A congruence being given, the 
number of planes it has in common with an arbitrary axal pencil will be called 
its order, while the number it has in common with an arbitrary bundle will be 
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called its class. In other words, the terms order and class of a congruence 
signify respectively the number of planes common to the congruence and an 
arbitrary line and the number common to the congruence and an arbitrary 
lineoid. The notions order and class of a plane congruence are seen to correspond 
respectively to cluss and order of a line congruence in the Pliicker theory, the 
order of a line congruence being the number of its lines that go through an 
arbitrary point, and its class the number that lie in an arbitrary plane. A bundle 
of planes is of class one and order zero, while an axal pencil is of class zero and 
order one, just as in the Pliicker theory a plane of lines is of class one and order 
zero, while a sheaf of lines is of order one and class zero. 


21. We shall be chiefly concerned in this chapter with such congruences as 
are definable by two linear complexes of planes. Such congruences may be 
themselves called linear. We have seen that, given a linear complex, an arbi- 
trary lineoid contains a flat axal pencil of planes belonging to the complex. It 
follows that an arbitrary lineoid contains one and but one plane of a given linear 
congruence. Reciprocally, an arbitrary line is contained in one and but one 
plane of the given congruence. It thus appears that a congruence composed of 
the planes common to two linear complexes is of order one and class one. 

The assemblage of complexes represented by the equation 


Aden; + ASely, Sd (Ae; + = 0, (1) 


the c’s being supposed given, and the 4’s being parameters, will be called a pencil 
of complexes. The given complexes ¢; and c/, which determines it, may be called 
the fundamental complexes of the pencil. 

If A,: Aj and A, :”; be any two complexes of the pencil (1), this last is iden- 
tical with the pencil 


[(GA, + G'A,) 6; + (GA, + = 0, 
the 6’s being parameters, for,in order to identify any given complex of either 
pencil with one of the other, we need only the relation 
Ay: Ag = GA, + G/AQ: GA, + 


which, it is plain, can always be found. Hence, the pencil of complexes determined 
by any two complexes of a given pencil is identical with the given pencil. 
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22. It is obvious that the congruence defined by any two complezes ¢; and 
c; is common to all the complexes of the pencil determined by ¢; and c/, and from 
the foregoing theorem it follows that the congruence may be regarded at will as 
defined by any pair whatever of the complexes of the pencil. A pencil of com- 
plexes and the congruence determined by a pair of the complexes may be said to 
correspond. In this way, to every pencil there corresponds a congruence, and 


conversely. 
The condition that a complex of the pencil determined by the complexes 


ce; and cj shall be special is 
Q (Ae + Ale!) SO (c) a? + a" + 2Q(c, av! =0. (3) 


Two cases are to be considered according as the roots of this equation, regarded 
as an equation in 1:2’, are 

(a) determinate 
or (b) indeterminate. 


Under (a), the general case, there fall two sub-cases : 
(a!) A(c, #0, 
(a) c)=0, 
where A(e, ()=Q(e)Q(¢) — (e, 


In (a) equation (3) has two and but two roots. These, which may be real 
or conjugate imaginaries, are definite and distinct. The pencil accordingly 
contains two definite and distinct special complexes. The congruence corresponding 
to the pencil consists of the planes that are at the same time collineoidal with 
the two director planes of the special complexes. These director planes may 
therefore be called the director planes of the congruence. 

Denote by »; and »;' the director planes in question. The special complexes 


of the pencil 
> (Ac; + A’c{) », = 0 (4) 


will be given by the equations 
Q(',v)=0, v) =0. (5) 


As the director plane of a special complex is, with respect to that complex, 
conjugate to all planes whatever, the planes 1; and 7; are conjugate with respect 


Point in Potnt-Space of Four Dimensions. 323 


to both complexes (5). These two planes are conjugate (§19, Eq. 7) with 
respect to all and only the complexes of the pencil 
(pw; + = 0 (6) 
where 
Wi, Wy, WL, wh, = of, vl, vi, 


Therefore (6) contains the complexes (5), and as these are also contained in (4), 
it follows that (4) and (6) are identical. Hence, the two director planes of a linear 
congruence are conjugate with respect to every complex of the corresponding pencil. 
Also if two planes are conjugate with respect to each of two complexes, they are the 
director planes of the common congruence of those complexes. 

In sub-case (a) the two roots of (3) are equal, the two director planes coin- 
cide, are one plane. This plane is to be counted twice, once as belonging to the 
one and once as belonging to the other, of the two (coincident) special com- 
plexes. This double plane (vj =7/') is, therefore, a plane of the congruence. All 
' planes of the congruence are collineoidal with vj, but the converse is not true, 
for while a plane of a congruence has two, a plane merely required to be colline- 
oidal with a given plane has three, degrees of freedom. The precise way in 
which a plane having three degrees of freedom as specified, loses one degree on 
being required to belong to a linear congruence having the given plane »j for 
double directrix, may be seen as follows: If 2 belongs to the congruence, the 
he lineoid (2, vj), since it contains two planes of each complex of the pencil, is, in 

regard to each complex, the polar lineoid of the line (a, 7j). Of the »* planes 
containing this line, only ' planes, viz., those contained in the lineoid (x, »/), 
belong to the congruence. If, therefore, a bilinear relation be set up between 
the generating lines and the generating lineoids of any plane 7;, then the assem- 
blage of planes obtained by taking all and only flat axal pencils that are contained 
in the lineoids corresponding to the axes (lines) is a linear congruence having 1; 
as double directrix. 

The necessary and sufficient conditions for the occurrence of case (b) are 


Q(e)=0, Q(e)=0, Ale, c)=0. 


4 The first two of these equations indicate that the fundamental complexes ¢; and 
c, are special, and the third equation signifies that the director planes of ¢; and 


ce; are collineoidal. The indetermination of 2:4 shows that the pencil is com- 
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posed of special complexes. The corresponding congruence has for director 
planes any pair of an infinity of planes, the director planes of the pencil, all of 
which belong to the congruence. We may readily prove that these director planes 
constitute a flat axal pencil. For if 


(Ac, + 0 
be any complex of the pencil of complexes and if x; be the corresponding direc- 
tor plane, then 


(ale + ale’) 


or (c) (c’) 

y= + HX 


which shows that as 4:4’ varies through all real values, the director plane 
v; generates a flat axal pencil p, namely, that determined by the director planes 
of the complexes ¢; and c/. The congruence consists of all the planes of which 
each is collineoidal with each plane of p. It is accordingly composed of two 
hyperpencils, one of each kind: the bundle contained in the lineoid contain- 
ing the planes of p, and the azal pencil having for its axis the axis of p. 
Each of these components is of itself a congruence, the former of order zero and 
class one, the latter of order one and class zero, showing what should be the case 
that the congruence under consideration is of order one and class one. 


23. The propositions of line geometry that correspond to the foregoing may 
be briefly stated as follows: 


Case (a), sub-case (a’). The linear congruence has two distinct non-inter- 
secting directrices (lines). The assemblage of lines joining the latter is the con- 
gruence. The directrices are conjugate lines with respect to every line complex 
of the pencil of complexes defining the congruence. 

Case (a), sub-case (a’). The congruence has one (double) directrix. If a 
bilinear relation be established between the points and the planes of any given 
line 7, 'this line is the double directrix of the congruence obtained by taking all 
and only the lines of such flat pencils as lie each in the plane that corresponds 
to the vertex (a point of 7) of the pencil. 

Case (b). The congruence has an infinity of directrices, which belong to it 
and which constitute a flat pencil of lines, The congruence is composed of two 
congruences: the assemblage of lines of the plane of the pencil and the sheaf 
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of lines containing the vertex of the pencil, the former component being of order 
zero and class one, while the latter is of order one and class zero. 


24. The geometric properties of the discriminant A of Q (Ac + A/c’) show 
that A is an invariant both under a reversible linear transformation of the 
variables » and under such a transformation of the A’s; for the coincidence or 
non-coincidence of the director planes of a congruence is independent alike of 
the coordinates employed and of the particular choice of a pair out of the 
corresponding pencil of complexes for fundamental complexes. We will merely 
state without proof that, if J, be the modulus of the y-transformation and A, be 
the new discriminant, and if M, be the modulus of the A-transformation and A, 
the resulting discriminant, then 


4,= MA. 


The A-transformation being merely equivalent to replacing the fundamental 
complexes ¢, and by a new pair as A, ¢; + Aj,c; and + A,c/, we may write 
A,=A(Aye + Age + Age’) = (A, Ay — Aj)’. A. 


As the vanishing or non-vanishing of A is not a mark of any particular pair of 
complexes of the pencil but characterizes the pencil as such, we may name A(c,c’) 
the discriminant of the pencil Ac, + A'c{ or of the corresponding congruence. A 
pencil of complexes being given, it contains two distinct or two coincident special 
complexes, and the corresponding congruence has two distinct or two coincident 
director planes, according as the discriminant vanishes or does not vanish. 


V.—Projective Transformations by Means of Complexes. 
Orthogonal Complexes: Involution. 


25. We have seen that a linear complex of planes serves as a means of 
dualistic transformation according to which lines or lineoids correspond to lineoids 
or lines, and planes correspond to planes. If ¢; be any linear complex and if 
nm and 7’ be any pair of conjugate planes with respect to ¢,, then the generating 
lines or lineoids of 2 or w are projectively related through ¢; to the generating 
lineoids or lines of 7 or 2, any line or lineoid being with respect to ¢; the polar 
of the corresponding lineoid or line. If 4, i, 13, 4, be any four lines of 7 or 7’, 
42 
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and L,, L,, L;, L, be the corresponding lineoids (of z’ or 2), the anharmonic 
ratio of the /’s is equal to that of the L’s, i. e., 
Us Us U4) = (Ly Ly Ls Ly). 


If a belong to c,, 7 is self-conjugate, and if generated by / it will at the 
same time be generated by Z, the (polar) correspondent of 7. The plane being 
at once a locus of lines (a pencil of lines) and an envelope of lineoids (a pencil 
of lineoids), we have the proposition: Any linear complex of planes establishes a 
projective correspondence between the lines and the lineoids of each of its planes. 

If now we suppose 2 to be common to the two complexes ¢, and cj, and if 
to the lineoids Z,, Z,, L;, L, of there correspond with reference to c,, the lines 
l;, 2, 1, and with reference to cj the lines 7}, 3, Uj, then, as 

(L, L, L; = (4441), 
(L, L, Ls Ly) = (05%), 
we have 444%)= (G84). 


Accordingly, if we regard 7 as two superposed pencils, viz., of lines / (associated 
with c,) and of (the same) lines 7’ (associated with c/), it is seen that these pencils 
are brought into projective relation by means of the complexes ¢, and cj. 
Reciprocally, 7 may be conceived as two superposed pencils of (its generating) 
lineoids, Z and L’, and these, too, are projectively related through the complexes 
in question. Given either of the line (or lineoid) pencils, the other pencil (of 
the same kind) is obtainable from the given one by means of a linear line (or 
lineoid) transformation of 2. Hence, the assemblage of two given complexes plays 
the role of a definite linear transformation at the same time of the lines and the 
lineoids of any given plane of the corresponding congruence. 
As 2 is common to all the complexes of the pencil 


> (Ac; + = 0, (7) 


it follows that the lines and lineoids of 7 are transformed by every pair, a’':4 = /,, 
a':% = k,, of these complexes. The equation of the transformation will assume 
its simplest form when referred to its foci. What then are these? Denote by 
m, and xj, the director planes of the congruence, and let 7, and 7; be the lines and 
L, and Lj, the lineoids determined by x and the director planes. As 2, and 7; 
are conjugates with respect to both &, and &,,1, and Lj are each the other’s 
polar in regard to both #’s. Similarly, 7; and Z,. Hence /, and (; are the foci 
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of the line transformation, and Z, and L/ are the foci of the lineoid transforma- 
tion, effected on 2 by the pair 4,, 4, of complexes. Taking 7, and /) as base 
elements of homogeneous coordinates, z = x: 22, of the lines of the pencil deter- 
mined by J, and 7;, the line transformation assumes the form 


f= pz. 


In like manner, if z be interpreted as coordinates of the lineoids of the pencil 
lineoids referred to ZL, and L/ as base elements, the lineoid transformation takes 


the form 


26. In case of the line transformation, the characteristic constant p is the 

anharmonic ratio formed by any pair z and 2’ of corresponding lines of 7 with the 
foci 7, and Writing 


a = —. loge, 


20 
a will be the (generalized) angle of the lines z and z. If the foci be the isotropic 
lines of the pencil in question, a will be the ordinary angle of z and zz’. In like 
manner a!, where 


a! = log 


is the angle between any pair z and 2’ of corresponding lineoids. 


42. Since the transformation is determined completely by the given com- 
plexes k, and k,, it must be possible to express p and 9! in terms of the parame- 
ters k,, k, and the coefficients of the fundamental complexes c; and cj. We pro- 
ceed to determine such expressions for p. 

Let Z be any lineoid of x. With respect to each complex of the pencil (7), 
Lhasa polar line. By virtue of this one-to-one correspondence, if ki, 
be any four of the complexes and 1, ,, /;, J, the corresponding polar lines of L, 
we shall have 

(4008) = (hy ky hy). 
If, now, we replace /{ and &, respectively by s, and s,, where A’/:A=3s,,V:A=s8, 
are the special complexes of (7), Jj and @ will be replaced by the foci 7, and 1 
and we shall obtain, since /, and 7, are any pair of correspondents, 


(4, Lt = (K, k, S2). 


a 
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In precisely like manner, it may be shown that 
= (Ay 82) , 

whence 

Hence, The line and lineoid transformation effected by two given complexes hy, kz 
on any plane 1 of their common congruence are algebraically identical. The trans- 
formation remains unchanged if 1 be supposed to generate the congruence. The 
angle of two corresponding lines of a given n ts constant. The same is true of the 
angle of two corresponding lineoids. 


27. The angle of any pair of lines of one plane is equal to that of any pair 
of any other plane of the congruence. The two pairs are, however, not congruent 
(in the ordinary sense). The equality is merely arithmetic, not geometric. The 
systems of measurement in the one plane and in the other are not the same. 
The foci (the Cayleyan absolute) in the one plane are not congruent with the 
foci in case of the other. Like remarks apply to the lineoid transformations, and 
to the equation a =a’. 


28. There is a simple infinity, 1, of linear transformations having the same 
assigned foci. On the other hand, there are »” pairs of complexes defining one 
and the same congruence and each pair gives a line (lineoid) transformation of 
the planes. It is, therefore, to be expected that, if one pair gives a transforma- 
tion, there are «’ pairs giving the same transformation. That such is the case 
appears in the equation 

p = (hy 52), 
which, being linear in /, and in &,, is satisfied by «1! of pairs of values of the k’s 
This statement is independent of the value of p, and as the foci in case of any 
plane are the same for all pairs of &’s, we have the proposition: The lines (lineoids) 
of every plane of a congruence are transformed by «' distinct transformations by 
pairs of complexes of the corresponding pencil of complexes, each transformation 1s 
effected by «* pairs, and all transformations of any given plane have the same foci 

Holding p fixed, the above equation may be regarded as a linear transforma- 
tron of the pencil (7) of complexes. The foci of the transformation are the special 
complexes s, and s,, for on writing 


(4, — 81) — 8) 
(8; — hy) (82 — 


y 
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it is seen that &, and &, coincide when and only when one of them coincides with 
8, or 8, (the s’s are here supposed distinct). The constant p is, then, the anhar- 
monic ratio formed by any pair k, and &, of complexes with the pair of special 
complexes s, and s,, We may therefore call 


amet log 


the angle of the complexes k, and k,. Hence the proposition: The angle of any 
pair of complexes is equal to the angle between any two corresponding lines (lineoids) 
in the transformation effected by the given complexes upon any plane of their common 
congruence. 


The case where p= — 1 anda= 3 is of special interest. In this case the 


complexes k, ank &, may be said to be orthogonal, or, since the pair h,, , is har- 
monic to the pair s,, s,, the complexes &, and &, may be said to be in involution 
with respect to the two special complexes. The condition for such orthogonality 
or involution is 

Qt — (81 + + he) + 28,8, = 0, (8) 
which shows that every complex of a pencil of complexes is in involution with one 
and (in general) only one other complex of the pencil. 

It is plain also that any pair of corresponding lines (lineoids) of a plane trans- 
formed by two orthogonal complexes is harmonic to the pair of foci in that plane. 

If, in equation (8), we let 4, = 0, then &, = 2s,8.:(s,; + 8,), and this will be 
co when and only when s, + s,=0, or, since the s’s are the roots of equation 
(3), the condition is 

Q(e, 0. 
The values k, = 0, 4, = correspond to the fundamental complexes ec; and cj of 
the pencil (7). The vanishing of Q/(c,c’) is, therefore, the condition that the 
complexes e; and ¢; shall be orthogonal. This function of the coefficients ¢ is that 
which, in the Pliicker geometry, Klein has called the simultaneous invariant of 
the complexes ¢; and cj. 


29. Suppose that the plane »; belongs to c/, and that »/’ is the conjugate of 
v; with respect to c;, then (IV, Eq. 7), 


= Ay vil 
dc; 2 


; 
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whence > cf =A, + A, Se} 


i. e., 20 (c, = Ag dej 
Since, by hypothesis, 

== 0. 
Accordingly, if »// belongs to c/, the simultaneous invariant vanishes. Therefore, 
if two complexes are such that one of them contains a plane conjugate to one of tts 
planes with respect to the other complex, the complexes are orthogonal. 

It is, moreover, seen that, if vj! is in ¢{, then 2; the conjugate of any other 
plane v{" of cj is also in c{, i. e., the planes of ¢/ fall into pairs of conjugates with 
respect to c,, and, as the relation is a reciprocal one, the planes of ¢;, fall into 
pairs of conjugates with respect to c;. Two complexes thus related may be said 
to be each its own conjugate, or self-conjugate, or self-polar, with respect to the 
other. This property of self-conjugateness characterizes both complexes of every 
orthogonal pair and might be taken as the defining property of orthogonality. 


30. The notion of orthogonality has as yet been attached only to pairs of 
non-special complexes. Nevertheless if (following Klein and Koenigs in the line 
theory) we agree to say that two complexes are orthogonal always when their 
simultaneous invariant is zero, then it readily follows: (1) That every special 
complex is orthogonal to all complexes cont ining its director plane, and conversely ; 
(2) that the necessary and sufficient condition for the orthogonality of two special 
complexes ts that their director planes be collinevidal. 

Consideration of the net 


Ay + = 0, 


of complexes, which correspond respectively to the one-parameter system (con- 
figuration, plane-series) and the zero-parameter system of planes, is reserved. 


COLUMBIA UNIVERSITY, Aug. 10, 1901. 
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On the Functions Representing Distances and 
Analogous Functions. 


By H. F. BuicHrepr. 


INTRODUCTION. 


Having given the analytical expression for the distance between two points 
21, Y13 %, Y2 in the plane, it is a simple matter to prove that the six distances 
connecting any four points in the plane are connected by one relation, and to 
find this relation.* 

Again, having given the analytical expression for the angle between two 
planes in space, axz+hy+2=¢,a07+bh,y +z=Cy, we easily find that one 
relation exists between the six angles made by any four planes in space. 

In these examples certain functions of the analytical expressions representing 
a distance or an angle, namely 
__, + by bs + 1)" 
+ 
have this in common, that each is a function of four independent variables 
occurring in pairs, as 2, ¥,; %, Y,, in such a way that the interchange of the 
constituents of one pair with the corresponding constituents of the other pair 
leaves the functions unaltered. Moreover, the six functions representing the six 
distances between four points or the six angles made by four planes are connected 
by one relation, which, however, is fundamentally different in the two cases. 

Other geometric magnitudes might be chosen whose analytical expressions 
would possess the same characteristic properties, and the question then arises, 


(a; — + ye)? and 


*See ‘or example Salmon’s ‘‘ Higher Algebra,” 4th Edition, p. 27. 
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what are the typical forms of all such expressions? This question, slightly 
extended, will be answered in the following paper, and a few geometrical appli- 
cations of the solution will be given (§§4-7). Using the coordinates of points 
of the plane to represent the pairs of variables in the functions sought, we shall 
formulate this question as follows: 

Calling a function of the coordinates of two points of the plane, left unaltered 
by interchanging the two points, a two-point function, it is desired to find the two- 
point functions possessing the following property : 

The ten two-point functions of the ten pairs of points of any five points are 
connected by two or more relations independent of the coordinates of the points. 

Some of the more general terms and properties of Lie’s Continuous Groups, 
such as infinitesimal transformations, commutators (‘‘ Klammerausdriicke ”’), point- 
invariants, similarity of groups, will be used and will be supposed known. The 
phrase “change of variables,” or ‘‘ transformation of the variables,” frequently 
employed in the following analysis, is understood to mean a change in the | 
coordinate system of the plane of reference. It, therefore, denotes a transforma- : 
tion of the form 


yi), Y=d(ai, 
@ and y being the same functions whatever may be the subscript i. We shall, 
for brevity, write ‘the function (i,7)” in place of “ the two-poimt function of the 

In order to determine the two-point functions having the properties stated 
above, it is convenient to divide them into three classes, according as the ten 
two-point functions of five points are connected by just two relations, by three, i 
or by more than three such. 


DETERMINATION OF THE Two-Point FUNCTIONS. 


I.—The Ten Two-Point Functions of Five Points are Connected by 
Just Two Relations. 


§1. 
Let the five points be 25, Ys, and the two-point functions 
(xis 1,7 =1, 2, 3,4, 0r 5,47. Only eight of these are independent, 
according to hypothesis. We can therefore construct, in the usual way, two 
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independent linear partial differential equations satisfied by all the ten two-point 
functions. Denoting the partial differential coefficients of any solution / of 
these equations with respect to a, and y; by p, and g; respectively, the differential 
equations may be written 


5 5 
(air + =0, > (Ari + Big) = 0, (1) 
i=1 
the coefficients a,, 5;, etc., being functions of the ten variables 2,, y;; ---- 3 +°5) Ys- 


Two different numbers, 2,7, say 1, 2, can now be found among 1, 2, 3, 4, 5, 
such that the equations (1) can be solved for two of the derivatives p,, 915 Ps; Q2- 
Suppose the derivatives thus selected are p,,q,. The equations (1) can then be 
written in the forms 


Pi = ap, + Bq, + > (a; p:+8:9:), 


= + + (y: pi +0; 


(2) 


J 


As these differential equations are satisfied by all the two-point functions of 
the five points considered, the equations obtained from them by leaving out the 
terms a; p; + 2,9; and y;p; + 46;g; must be satisfied by all the two-point functions 
of the four points 7, Y¥3 2X2, Yo; Xs, Y33 4, Ys, Whatever may be the values of 
xv; and y;. 

These last two variables may, or may not, be present in the coefficients of 
the equations (2) thus abridged. If they are present, we derive more than two 
independent differential equations that must be satisfied by the functions (1, 2), 
(1, 3), (1, 4), (2, 3), (2, 4), (3, 4). These six functions, containing eight variables, 
can therefore not all be independent. But then it is easily proved that the ten 
two-point functions of the five points 2,, -.-- ; y;, satisfy at least three 
relations, contrary to hypothesis. 

Leaving out of (2) in the same manner the terms a,p,;+@;g, and 
t= 8,4, we find that the coefficients a;, etc., contain the variables 
Yas Yor Xi, Yi, Only. 

By definition, any one of the two-point functions is unaltered by inter- 
changing the two points. The ten two-point functions determining the equations 
43 
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(2) are therefore at most interchanged by interchanging any two of the five points 
considered. Subjecting the equations (2) to such a change would accordingly 
give us two new equations equivalent to the first two. It is thus immediately 
evident that a;, @;, etc., are the same functions of %, Yi, 28 a,, 
etc., are of 2, Yj, yj, and that we could solve the equations (2) for two 
of the derivatives 4; Ps, 
Now, the two-point function Ys), satisfying (2), must satisfy the 
following equations: 
549s + + 5595 = 9, 


which are independent for general values of 2, y,,”, and y,. Substituting 
some constant values for these variables that will not destroy the independence 
of the equations (3), we find that the function (4, 5) must satisfy two indepen- 
dent differential equations of the form 


CPs + 4595 (4) 
Dat+ 


where the coefficients with the subscript 4 are functions of x, and y, only, and 
those with the subscript 5 the same functions with 2, and y,; in place of a, 
and y,. We may remark that c,D,—d,C, +, 0, otherwise it would follow from 
(4) that the ten two-point functions, (1, 2), ...., (4, 5) would satisfy the equa- 
tions ¢;p; + dg; =0,t=1, 2, ...., 5, in which case at most five of them could 
be independent, contrary to hypothesis. 

Now, by the theory of partial differential equations, any solution common 
to the equations (4) must satisfy the equation obtained by forming the ‘‘commu- 
tator” of these two and putting it equal to zero, 


+ )( Ome + + Cops + Deas) 


Ox, 
(G ox, + D, Oy, + Dat, + D; + ¢5 ps + ds qs) =0. (5) 


The left-hand member is readily seen to be the commutator of c,p,+ d,q, and 
C.p,+ Diya, plus the commutator of and C;p,+D;q;. The new 
equation is, therefore, of the same form as the equations (4). 
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New differential equations may now be formed from this one and each of 
the equations (4), and soon. As all the differential equations so obtained have 
a solution (4, 5) in common, at most three of them can be independent. If 
three of them are independent, the ten two-point functions of the five points 
X11 Yi; Ys are connected by at least three relations. For, let aj», 
+ 2ids + 25 Ps +859; = 0 be any one of the equations satisfied by (4, 5), and it 
is clear that the differential equation 


+ Bin + a3 + B3 qe + 3 Ds + 2349s + + BiG + 45 + 839s = 0 


is satisfied by all the ten two-point functions considered. We should have at 
least three such equations, independent of each other, and, therefore, at most 
10 — 3=7 independent common solutions. 

Consider next the case where only two of the differential equations of the 
form 


ay Pst Bigs + a5 ps + BE 95 = 0 


are independent. The differential equation (5) should here be derivable from 
the equations (4). Applying this condition, we find the following identity in 


Ps and g,: 


+ + Ox, + D, + d, a) 
= $5 (C4 Ps + + + Digs), 


o; and »), being functions of x, and y, only. Since none other of the coefficients 
involve x, and y,, we can take some general constant values of these and obtain 
the result that the commutator of c,p, + d,q, and C,p,+ D,q, is of the form 


Mm (Cy Ps + +2 (Ci py + 


where m and n are constants. But this is evidently the necessary and sufficient 
condition that the two expressions 


t Digs (6) 


regarded as infinitesimal transformations in Lie’s group theory, generate a two- 
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parametric group of point transformations in two variables. By a transformation 
of the variables x,, y, of the form 


y), 
the two expressions (6) can be changed into one of the following two types :* 


We have thus the theorem: 

1. If the two-point function (i, 7), tJ, ts of such a nature that by select- 
ing any five points 71, +--+ Lg, the ten functions (i,7),7,7=1, 2,...., 5; 
i+ 7, are connected by just two relations independent of the coordinates of these five 
points, then must the function (i, 7) be a two-point invariant of a continuous group 
im two variables similar to one or other of the groups (7). 

Conversely, if a given two-point function is a two-point invariant of such a 
group, then must the ten two-point functions of any five points be connected by at 
least two relations, as they satisfy two independent linear partial differential 


equations. 


Il.—The Ten Two-Point Functions of Five Points are Connected by just Three 
Relations. 


$2. 


In this case we have three differential equations corresponding to the equa- 
tions (1). Two cases may now present themselves as follows: 


(A). The three equations can be solved for three of the derivatives 


Pris Pos 

(B). From the three equations can be eliminated the derivatives 
Pis Vis Par 

In (A) we can proceed as above in the case 1. We get three independent 
equations corresponding to the equations (4), from which we build commutators 
and get equations of the form (5). The condition that the latter should be 
-derivable from the former gives two different results, found by equating to zero 


*See Lie’s ‘‘ Differentialgleichungen mit bekannten infinitesimalen Transformationen,’’ page 425. 
The types p, 2p; q, xq are omitted here, as ii our groups the determinant c,D,—C,d,+0. 
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the determinants of the coefficients of all the equations obtained. These results 
are : 
1°. The two-point function (4,5) satisfies a differential equation of the 


form 
(8) 


where s, and ¢, are functions of a, and y, only. 
2°. The two-point functions are two-point invariants of a three-parametric 
continuous group in two variables. 


In case 1°, the ten two-point functions of five points must evidently satisfy 
the five independent differential equations 


8 


They must, therefore, satisfy at least five relations, contrary to hypothesis. 

In the case 2°, no two of the independent infinitesimal transformations of 
the group considered can differ only by a factor. For, let ap + bq, o(ap + bq) 
be two such transformations. The functions (4, 5) must then satisfy the equa- 
tions 


Ay Py + bg + a5 Ps + 9, (Os + + (a5 ps + 5595) = 0, 


from which we get 


equations of the form considered in 1°. 
The three-parametric groups in two variables having no such pairs of infini- 
tesimal transformations are of the following types :* 


*P—YQ, YP; 

P, wpt(xt+y)q. : 


It is readily found that the two-point invariants of any one of these groups 
can be written in such a form as to satisfy all the requirements of the two-point 
functions under consideration. 


**‘*Theorie der Transformationsgruppen,’’ Lie-Engel, Vol. III, p. 57. The types here given are 
taken from the list on p. 436. 
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Let us now consider case (B). One of the three differential equations 
satisfied by the ten functions (1, 2), .... , (4, 5), can be written 


S3 Pst ts + 84 Pa + t+ 8525 +459; 0. 


Suppose 5,0. The two functions (1, 4) and (2, 4) must evidently satisfy 
the differential equation 


p+ (10) 
84 


It follows that “ is a function of a, y, only, unless the two-point functions 
4 


are constants merely. If, however, a is a function of a, y, only, the equation 
(10) is of the same form as (8) in 1°, an impossible case. 

To resume, we have the theorem: 

2. The necessary and sufficient condition that the ten two-point functions of any 
Jive points satisfy just three relations is that they are two-point invariants of a three- 
parametric continuous group in two variables similar to one or other of the types (9). 

By examining the invariants of the groups considered we find that the six 
two-point functions of the kind here defined in any four points satisfy just one 
relation. 


IIl.— The Ten Two-Point Functions of any Five Points Satisfy 
at least Four Relations. 


§3. 
In the first place we find, by considering the possible sets of four relations 
connecting the ten two-point functions (1, 2),...., (4, 5), that one relation 
at least must connect the six functions (1, 2),...., (3,4) of any four points. 


Then we find that one relation at least must exist between the functions (1, 2), 
(1, 3), (2, 3); (1, 4), (2, 4); (1, 5), (2, 5). If (2, 5) is actually present in this 
relation, we may replace 2,, ¥;, %3, Y3, %, Y, by arbitrary constants, and change 
the variables so that (1, 5) becomes the new 2;. We thus obtain (2, 5) as a 
function of 2,, x2, yz, which must evidently reduce to a function of x,, x, only ; 
say (2, 5)=/(a,, 25). The ten two-point functions of any five points will 
obviously satisfy at least five relations. 
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In the same manner all possible cases of having one relation connect the 
functions (1, 2), (1, 3), (2,3); (1, 4), (2, 4); (1, 5), (2, 5) may be considered. 
The same result will be obtained. 

If more than five relations connect the ten two-point functions of five points, 
we find that one relation at least connects the three two-point functions of three 
points. Suppose there is one such relation. Let the three functions be 


and, by our usual process of building a linear partial differential equation, etc , 
we find that this can, by a suitable choice of variables, be put into the form 


Pit Pot ps = 0. 


The two-point function (1, 2) is, accordingly, of the type (a, — 2,)*. Additional 
relations existing among the two-point functions considered will cause these to 
be constants merely, as is readily proved. 

Accordingly, we have the theorem: 

3. If at least four relations connect the ten two-point functions of any five points, 
these two-point functions are, by a proper choice of variables, reducible to the form 


%). 


Conversely, if the two-point functions have this form, at least five relations connect 


the ten two-point functions of five points. 
More than five relations connecting these functions could exist only if the two- 
point functions, which are not supposed to be constants merely, are reducible to the type 


(x; — 


By consulting the theorems 1-3, observing that each of the groups (9) con- 
tains two-parametric subgroups similar to one or other of the groups (7), we can 
make the following statement : 

4. The necessary and sufficient condition that the ten two-point functions of any 
Jive points are connected by two or more relations, is that the two-point function (i, 7), 
tJ, is reducible to the form f(x;,2;) by a change of variables, or that the two- 
point functions are two-point invariants of a continuous group in two variables simi- 
lar to one or other of the groups 

Psd; Pi 
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Thus, by a proper choice of the variables x, y, the two-point functions possess- 
ing the property just stated are represented by the three different types 


SomE GEOMETRICAL APPLICATIONS. 


I.— Concerning Angles. 


§4. 
Certain functions of the angles 
VJ 1+ aj+bi/1+a3 +5; 1+ m,m, 


between the two planes a,x+)y+2=c,, qv+6,y +2=c, and the two 
straight lines y + mx=b,, y + m,x = b, respectively, as 


(a, a, + 5, b, + 1) d (m 


(I+ a+ mm)’ 


are types of two-point functions. 

The first, written in the variables x, y in place of a, b, is a two-point inva- 
riant of the second of the groups (9). The six angles made by four planes in 
space are connected by one relation. 

The second may be written [tan (tan~’m,— tan’ m,)]’, and is one of the 
types of two-point functions considered in §3. The three angles made by three 
straight lines in a plane are connected by one relation. 


II.—Concerning Distances. 


The two-point functions which are such that just one relation exists between 
the six two-point functions of four points must, as has been demonstrated, be 
two-point invariants of continuous groups similar to the group-types (9). Re- 
placing the first of these types by the similar group 
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the two-point invariants of the two points 2,, y,; 22, Y, are respectively for the 


four groups 


Denoting, as above, by (a, d), the 


"1 
B. (%2— 2) + Hi)? + (21% — 
(1 + xyar, + rye)? 
D. 


(11) 


two-point function of the two points 


Las Ya} Xs Yp, the relations connecting (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), 
for the different types given, are found by elimination of the coordinates 2, ¥;, 
etc. They are, respectively, 


where 


where 


and 


where 


where 


A. The result of eliminating s and ¢ between the equations | 


44 


[23](s — 1)’ — [13] s° + [12] =0, 
[24] (¢— 1)°— [14] ¢ + [12] =0, 
[34] (¢ — s)’ —[14] + [13] s*=0, 
1+ 2[23][24][34] = [23]? + [24]? + [34], 
— (a, 6) —(, a)(1, 6) 

(a 1 1 + + Yi Ye . 

[12][34] + [13][42] + [14] [23] =0, 
[ab] = (a, ; 


The result of eliminating s and ¢ between the equations 
(s —- 1) log (s —1)—8 log s = (s—1)[23]—s[13]+ [12], 
(t— 1) log (¢—1)— ¢ log ¢ = (¢ —1)[24]—¢ [14] + [12], 
(t —s) log (¢(—s) tlogt+slogs 


[ab] = 4 log(a, 6). 


= (¢ — s)[34] —¢[14] +5[13], 


(12) 
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The distance between two points in the plane is a two-point function of the 
kind here considered. Thus we see that the property of the analytic expression 
for the distance between two points of remaining unaltered by exchanging the 
coordinates of the two points, added to the property that the six distances 
connecting any four points are connected by just one relation, limits this expres- 
sion to a function of one of the four types (11). 

Exemining more closely the two-point invariants (11) and the relations (12) 
we get the following result :* 

The distance between two points, or a function of this distance, in the euclidean 
or non-euclidean plane, is determined by the following conditions : 

The distance is a two-point function, which is real if real coordinates are used. 
Through any general point in the plane no real curve passes, the distance from every 
point of which to the given point is indeterminate, a constant, or is infinitely great. 
The six distances connecting any four points in the plane are connected by just one 
relation, which is an algebraic relation between certain functions of these distances. 

To apply these conditions we have first to find what values of the arbitrary 
constant % and what transformations of the coordinates involved will render 
certain functions of the invariants (11) real quantities for real coordinates. To 
answer this question it is plainly sufficient to find all the real group types} 
similar to the types (9). 

These types are given in Lie’s “Theorie der Transformationsgruppen,’ 
Vol. III, p. 436. To the four given in (9), assumed to contain real elements, 
must be added the following two: 

also containing real elements. These groups are similar to the first two of the 
groups (9), and their two-point invariants (1, 2) are respectively (A) of (11) and 


E. (27 Y2 — — (x2 — — 1)" 
(1 — — 


The two-point invariant (1, 2) of the first of the groups (9) is 
(y2— (®2— 2%)" **. 


* Compare ‘‘ On the determination of the distance between two points in space of » dimensions,”’ 


by the author, Transactions of the Am. Math. Soc., Oct., 1903, p. 467. 
+ Cf. ** Theorie der Transformationsgruppen,”’ Vol. III, Chapter 19, for real groups. 
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Applying the second condition given above to the six invariants obtained, 
we find that the invariant (F) just given and the two last, (C) and (D) of (11), 
must be excluded having respectively the curves 


y = constant, 4 = constant, «= constant, 


of the kind excluded. 

The types (A), (B) and (E) must now be considered. The two last fulfill all 
the conditions given, and are, in fact, functions (tan’d and tan*7d) of the distance 
d between two points in the elliptic and hyperbolic plane respectively, proper 
coordinates being chosen. In the type (A), % must be real by the first condition, 
and by referring to the relations connecting the six invariants (1, 2), etc., given 
under (A) in (12), we find that c must be real in order that the relation connect- 


ing these six invariants may be algebraic. Since c= ed += ./—1, from 


which k=1 ae, the only permissible value for kis zero. (If k=, the type 


(A) of (11) will reduce to a particular case of type (F).) 


86. 


IIll.— Problem: What are the surfaces for which, any five points be taken and 
joined by chords, the lengths of the ten chords so obtained are connected by two or 
more relations independent of the location of the points on the surface ? 

Let such a surface be given by z= /(x, y), and let us write p, qg, 7, 8, ¢ for 
Ox’ dy’ Ox?’ dxdy’ dy’ 
henceforth write of of for p, g in the infinitesimal transformations concerned, 


Ox’ oy 
Oz 


, as is customary. To avoid confusion, we shall 


reserving the letters p, for 


Oa’ dy” 
The square of the distance connecting the points 2,, y;, 2 and 22, Ys, % is 
(1, 2) = (x, — x)? + — + (a 2)’, 
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According to the theorem (4), §8, the two-point function (1, 2) must be a 
two-point invariant of a continuous group similar to one or other of the groups 


On’ dy’ "ax 
or it must, by a change of variables, be reducible to the form @ (a, a). 
If the latter is the case, we must have the identity 


P (a1, — + (Yi — + (4 — 
where a, is a function of x, and y,, only, a, the same function of x, and y. 
Differentiating this equation in turn by a, and y,, and eliminating se , we 
obtain the equation 


(% n) % + api +m) = 0, 
where p, = etc. 


If we now give to 2, and y, general constant values, we get the equation 
ma+tyb+x,c+d=0, a,), etc., being constants, at least one of which is dif- 


ferent from zero, as _ and a cannot both be zero identically. The surface is, 
1 1 


in such a case, a plane, for which the conditions of the problem are, a priori, 


satisfied. 
Thus it remains for us to find the surfaces z = f(x, y) for which the function 


(1, 2) is a two-point invariant of a group similar to one or other of the groups 


Ox’ Oy’ Ox’ Ox 
Let the infinitesimal transformations of such a group be 


In order that the function (1, 2) be a two-point invariant of this group, it 
should satisfy the differential 


of Of _ of 
thie + 8, 0 ’ 


a, being written in the variables y,;; a2 in x2, Ys, ete. 


— 


| 
of of of 
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That the first of these equations may be satisfied by (1, 2), we must have 
identically 


— az) (4% — + — Y2)(B1 — Be) 
+ — + — Pe — (13) 


By substituting in turn different sets of constant values for x, and y, in this 
equation, we can solve for a,;p, + 6,9), a, and (, linearly in terms of 2, y, 
and z,, unless the surface sought is a plane. 

Disregarding the latter case (an obvious solution of the problem), we find 
the identity (13) satisfied by 


a=—az+hy+g, B=—be—ka+h, apt Bq =art+ byte, 


a, b,c,k, g, h being constants. 
Similarly, 


y= Ky t+ G, =—Be—Ket+ A, ypt+sbq= By + C. 


The equations 
ap+Cq=ax+by+c, yp+sq=Ax+ By+C 


(being made consistent by modifying the constants a, 5, etc.), will now deter- 
mine z. Restricting ourselves to real solutions, the following surfaces only sat- 
isfy the conditions of the problem under consideration : 


1°. Any series of a finite number of parallel planes. 
2°. Any series of a finite number of concentric spheres. 
3°. Any series of a finite number of co-axial right circular cylinders. 


The mutual distances connecting four points on either of the first two sur- 
faces are found without much difficulty to be connected by one relation, whereas, 
in the remaining surface, the mutual distances connecting five points are bound 
by just two relations. Thus, the surface consisting of any series of co-axial right 
circular cylinders is the only real surface for which. any five points being taken, the 
mutual distances (along chords) connecting these five points are connected by just two 


relations. 
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87. 


IV.—Problem: What are the surfaces for which, any five points being taken 
and joined by geodesics, the ten geodesic distances so obtained are connected by two or 
more relations independent of the positions of the points ? 


Before going into the details of this problem, we may remark that the six 
mutual geodesic distances of four points on a surface of constant curvature are 


connected by one relation. 
Any two such surfaces with the same curvature are, as is well known, appli- 
cable one upon the other. As representative surfaces, the sphere z+ ¥’+ 2= a, 


with curvature = and the pseudosphere* 


sin’ 9, 2 =a (log tan + cos >) 


with curvature — + may therefore be selected. The geodesic distance d be- 


tween the two points 2,, ¥;, 2%; X2, Yo, % are respectively given by 


= 
2a 43, 20a 43, Be 


where a and @ are certain functions of x, y and z.+ 

Now, the distances connecting four points on a sphere are, as we know, con- 
nected by one relation. The distances on the pseudosphere in question being 
of the same type as the distances on the sphere, differing from these only by the 
multiplier 7 after a proper choice of coordinates, it is evident that one relation 
must connect the six mutual distances of four points on the pseudosphere. 

Now, we shall prove that the surfaces required in the present problem, if 
real, must have constant curvature. 


* Darboux, ‘‘ Theorie des Surfaces,”’ T. III, p. 394. 
¢t Darboux, ‘‘ Theorie des Surfaces,’’ T. III, p. 401. The variables x, y used by M. Darboux in the 


formule referred to are here replaced by a and respectively. 


4 
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Under the conditions of the problem, the distance (1, 2) must be a two- 
point invariant of a continuous group similar to one of the groups 


F 


Oa’ Oy’? “dx 


dy 


or it must be reducible to the form (z,, x,) by a change of variables (theorem 
4, §3). 

For a real surface, the distance (1, 2) could not be of the form $(a, 22). 
This would, namely, require the linear element ds of the surface to be rational 
in dx, as is easily seen. The linear element of a real surface z= f(a, y), 


ds = + + 2pq da dy + (1+ dy*} 


could, however, not become rational in dx and dy by any change of variables. 
Thus the distance (1, 2) must be a two-point invariant of a group similar 

to one or other of the groups (14). Taking the two points indefinitely near each 

other, and writing x, y, x+du, y+dy for x, ¥;, %2, Y2 respectively, we have 


(1, 2)? =ds* = (1 + p*) da? + 2pq da dy + (1+ 49’) dy’. 


Introducing in this expression the variables x, y used in the groups (14) we 


obtain 
= Edz’? + 2F dxdy + Gdy’, 


E, F, G being functions of x and y. In order that this expression may be 
unaltered by the point transformation determined by one or other of the groups 
(14), ds* must satisfy one or other of the following systems of simultaneous par- 
tial differential equations in x, y, dx, dy: 


=0, 

af _ af, af af Of _ 


The solutions are respectively 
ade? + Ida dy + edy?, (ada? + 2bdx dy + edy?), 


a, 6 and c being constants. 
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Linear transformations will reduce these expressions to the forms 


dat dy’, 


which are representative forms for the linear element of surfaces of constant 
curvature, zero and & respectively. Hence, 

If two relations exist between the ten mutual geodesic distances of any five 
points on a real surface, independent of the coordinates of the five points, this must 
be a surface of constant curvature. On such a surface one relation exists between 
the six mutual geodesic distances of any four points. 


STANFORD UNIVERSITY, CAL., April, 1902. 
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L Surfaces whose Lines of Curvature in one System are 
Represented on the Sphere by Great Circles. 


By L. P. Eisenwart. 


Guichard* has shown that the determination of all congruences whose devel- 
opables have a given spherical representation, reduces to the solution of an equa- 
tion of Laplace, after the direction cosines have been found. We apply this 
method to the case where one family of lines on the sphere is composed of great 
circles and the other consists of their orthogonal trajectories. It is evident that 
all of these congruences are normal, and that the lines on the sphere are the 
images of the lines of curvature of the parallel surfaces which cut the lines 
orthogonally. This furnishes a means for the determination and study of sur- 


i faces whose lines of curvature in one system are represented on the sphere by 
great circles. 
In the first place, we find that when such a configuration is given upon the 


sphere, the determination of the direction cosines of the lines of the congruence 
is the same problem as the finding of a skew curve from its intrinsic equations. 
| The equation of Laplace for this special case can be solved by two quadra- 
. tures, and as two arbitrary functions are introduced, there is a double infinity of 
families of parallel surfaces whose lines of curvature have the given represen- 


tation. 

It is found that these surfaces are characterized by the property that one 
| : family of the lines of curvature are geodesics, and along the lines of curvature of 
F the second system one of the principal radii is constant. From these properties 
( it follows that one of the sheets of the evolute is a developable surface, and 


i * ** Surfaces rapportées a leurs lignes asymptotiques et congruences rapportées a leurs develop- 
pables ’’ (Annales Scientifiques de l’Ecole Normale Supérieure, t. VI, 3¢ serie). 
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conversely. Hence, the surfaces under consideration are the surfaces of 
Monge,* and consequently can be generated by a plane curve whose plane rolls 
without sliding upon a developable surface. It is shown that one of the arbi- 
trary functions, which appear in the expression for the semi-focal distance, de- 
pends entirely upon the generating curve, and that the other function in connec- 
tion with the spherical representation determines the character of the generat- 
ing developable. In particular, the moulwre surfaces are considered from this 
point of view. 

The second sheet of the evolute is a surface of Monge with the same surface 
generator, and its generating curve is the evolute of the curve for the surface. 
These curves are represented on the sphere by the same great circle and corre- 
sponding points are at the distance of a quadrant. 

Surfaces of revolution form a subclass of moulure surfaces, corresponding 
to the case where the surface generator is a straight line. It is evident that 
there are only particular families of great circles which can be the images of the 
meridians. For these systems the direction cosines can be found by quadratures, 
and hence the complete determination of all surfaces of revolution, whose meri- 
dians have a given representation, reduces to quadratures. 

Finally, we show that surfaces of revolution are the only surfaces of Monge 
which are Weingarten surfaces, and that they are the only isothermic surfaces 


of Monge. 


1, Consider a sphere of radius unity and with center at the origin of coor- 
dinates, and let XY, Y, Z denote the cartesian coordinates of a point on the 
sphere, or, what is the same thing, the direction cosines of the radius. Let the 
sphere be referred to a system of lines vy = const., wu = const., and write 

OX OX 
du /’ du dv dv (1) 
In particular, we consider the case where the curves w= const. are great circles 


and « = const. are their orthogonal trajectories ; then # is zero and & is a func- 
tion of v alone By a proper choice of parameters we can have 


G=1. (2) 


* Application de l’Analyse a la Géométrie, 5me edition, p. 322. 
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Since S, 4, Y cannot be chosen arbitrarily, but must satisfy the Gauss 
equation* 


Ou dv VEG— HF du 
of 
wlVEG— VEG—F W au | 
= WEF — (3) 
which, for the present case, reduces to 
S af G =20, 
Ov" 


we find that ./G is of the form 
6 = U, cosv + sin v, (4) 
where U,, U, are arbitrary functions of wu alone. 
Denote by ay, 41, 71; Az, M2, ¥2, the direction cosines of the tangents to the 


curves v=const., w= const. respectively on the sphere. They satisfy the fol- 
lowing relations 


a,du—Xdv, IX=V EA, dut dv, (5) 


and similarly for Y, u,, uw, and Z, 7,, 72. From the last two we have 


ox 


A=0, =a”, 
ae ao (6) 
2 
whence 
Ov" 
so that X = U,, cosv + Uy sin v, (7) 
and in like manner 
Y = U,, cosv + U2, (7) 
Z = Us, cosv + Us. sin 
where ..-- , U3, are functions of alone. Since these functions 


* Bianchi, Lezioni, p. 67. + Bianchi, Lezioni, p. 94. 
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must satisfy the conditions 
Uy, + Un + Us, = 0. (8) 


Again from (5) we have 


eliminating 4, and replacing he, ee by their expressions, we get 
UO, Uj, — =0, U,U,—U,U,=0, U,Uy— U,U3,=0, (9) 
where the accents denote differentiation with respect to w. 
In the first of (1), substitute for G6, X, Y, Z, their expressions from (4), 


(7); then 
(U, cos v+ U, sin v)? = (Uj, cos v + Uj, sin 
and, consequently, 

= ZUR, U,U,= 2. 


Combining these results with (9), we find 
/ / 
21 31 = U,, 
7 7 7 (10) 
Ox 32 = U,. 


These conditions, (8), (10), which the six functions Uj,, .... , U2 must sat- 
isfy in order that the expressions (7) shall be the coordinates of a point on the 
sphere of radius unity for which the curves w= const. are great circles, are the 
very conditions which these functions would necessarily satisfy if U,,, Uy, Us 
were the direction cosines of the tangent and U,,, U2, Uy of the binormal of a 
curve defined by the intrinsic equations 


1 1 


t= 


where p and ¢ are the radii of curvature and torsion respectively. Hence, the 


Ory 
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problem of finding the direction cosines of the lines of a congruence, whose develop- 
ables are represented on the sphere by a given family of great circles and their orthog- 
onal trajectories, is equivalent to the determination of a skew curve from its intrinsic 
equations. 

When the coordinates of a point on a sphere are given by (7), where 
Uy, ---+ , Uze satisfy the conditions (8), the curves «—=const. on the sphere are 
great circles and v = const. are their orthogonal trajectories. Hence the inverse 
of the above problem reduces to the determination of functions satisfying the 
conditions (8). 


2. For the special spherical system which we are considering, the equation 
of Laplace, found by Guichard* and which is satisfied by the semi-focal distance 
for any of the congruences with the given representation of their developables, 
reduces to the form 

dlog/S dp = 
By one quadrature we get 


Op , _ 
(11) 


where V is a function of v alone, and by a second quadrature 


p= sz(fve + (12) 


where U is a function of w alone. Since it can be shown that to every solution 
of the general equation found by Guichard there corresponds a congruence with 
the given representation ; it follows that the functions U and V are perfectly 
arbitrary in the present case. 

Guichard has shown that the cartesian coordinates, x, y;, 2,, of a point on 
the middle surface of the congruences corresponding to a particular solution of 
equation (11), are given byt 


* Bianchi, Lezioni, p. 262. t Bianchi, p. 262. 
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Ox, __ x ox 

_ log S ox 

Ov — 4+ av Ov’ | 


and similar expressions in y, and %. 


3. We consider now the congruence corresponding to a given function /G 
and a particular form of p, and let S denote one of the surfaces orthogonal to 
this congruence. Denote by x, y, z the cartesian coordinates of a point on S and 
by 7 the distance of the point from the corresponding point on the mean sur- 


face; then 
yoytry, 2=4472Z. (14) 


Differentiating these equations and multiplying by X, Y, Z respectively, we 
find 


dr = —>Xdx, (15) 
or Ox, Or_ Ox, 
When the expressions for ay? yp? 28 given by (13), are substituted in 


these equations, they reduce to 


Or _ Or 


From the first of these we get 


where JV, is a function of v alone. Substituting this expression in the second of 
(16), we find that V, satisfies the condition 


m= 2 (2 + 
(J) 


| 
4 
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where the accent denotes differentiation with respect to v. Comparing this with 
(11’), we remark that 


V,=2f + 
where C is a constant, and consequently 


r=—p+2f +20. (17) 
From the formule (13), (14), (17) we find 


=a ( C—p 


and similarly in y and z. 

The preceding development shows that when in these formule (18) we assign 
to p a particular form, they give by quadratures the family of parallel surfaces 
cutting the corresponding congruence orthogonally, each surface of the family 
being determined by a particular value of the constant C. Since p contains two 
arbitrary functions, U, V, there exists a double infinity of families of parallel 
surfaces whose lines of curvature in one system are represented on the sphere 
by a given family of great circles, and after the functions XY, Y, Z have been 
found, the further determination of these surfaces reduces to quadratures, 


Ox" ~ Ox Ox 


| 
(18) 
J 


then from (18) we have 
2 2 


From the last of these expressions, it follows that G is a function of »v alone; 
hence the lines of curvature whose spherical representation is a family of great 
circles, are geodesics on the surface, that is, they are plane curves. 
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4. Recalling the Rodriques formule,* 


@X @c. Of 


du Gu? Gv Gy’ 


where p, and p, are the principal radii of curvature of the surface, and comparing 
them with (18), we get 


(20) 


From the second we have that p, is a function of v alone. 
Conversely, let > be a surface for which p, is a function of v alone; we may 


write 
p=2(fVdo+ 


Denote by 2p the distance between the focal points and by r the distance from 
the middle point to the surface ; then 
p2 = (7 +p) = 2(Vdv + C). 


From this we have 


du 
and if x, y;, %, are the coordinates of the middle point, 


Ox, _ Op Oa, Op 


For any normal congruence referred to its developables and with z,, y,, 2 for 
coordinates of the middle point, we havet 


Ox 0 log S 

Ov Ov Ov 


* Bianchi, Lezioni, p. 101. ft Bianchi, Lezioni, p. 262. 
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Comparing these with the preceding, we have 


_ Op log _ 


These equations are satisfied by p=0, V=0. In this case p,; = p,, and hence 
= isasphere. Since every line on a sphere is a line of curvature, it follows that 
the sphere is an evident solution of our problem. However, when & is not a 
sphere, the first equation shows that 9 is a function of v alone, and the second 
equation which p must satisfy is the equation (11'). Hence, for all surfaces hav- 
ing one of their principal radit constant along each line of curvature in one system, 
the spherical representation of the other lines of curvature is a family of great circles 
and these lines are geodesics on the surface. 


5. Consider now the surfaces for which the lines of curvature w= const. are 
geodesics ; then G is a function of valone. In this case the second Codazzi equa- 
tion® reduces to 


from which it follows that D” is a function of v alone. Hence p,, which is equal 

cussing are characterized by the property that their lines of curvature in one 
system are geodesics. 

The first and second sheets of the evolute of any surface may be defined as 
the envelopes of the planes through a point on the surface and perpendicular to 
the tangents to the lines of curvature v = const., « =const. through the point. 
For the surfaces which we are considering, the former plane is the same at all 
points along a curve u= const. and is, in fact, the plane of the curve. Hence 
this plane depends entirely upon one parameter uw, and, consequently, its envelope 
is a developable surface. Conversely, when the first sheet is a developable, the 
curves u= const., on the surface are geodesics. From this it is seen that the 
surfaces which we have been considering are the very ones which Monge dis- 


to is a function of v alone, and consequently the surfaces which we are dis- 


* Ib., p. 91. 
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cussed as surfaces for which one of the focal sheets is a developable surface and 
which are known as the surfaces of Monge.* Hence, surfaces whose lines of 
curvature in one system are represented on the sphere by great circles are surfaces 


of Monge, and conversely. 


6. Monge has shown that the most general surfaces of this kind are gene- 
rated by an invariable plane curve whose plane rolls without slidmg upon a 
developable surface. The radius of curvature of the curve is, in this case, the 
radius of principal curvature of the surface corresponding to the lines of curva- 
ture which are the successive positions of the plane curve, and consequently the 
latter radius depends only upon the parameter of these lines of curvature; in 
the preceding development this radius was denoted by p,. We have found for 
its expression, 


Vdo +20. (21) 


Since v is the parameter of the curvature, it follows from this expression that 
for a definite form of the function V the character of the curve is completely 
determined and the variation of C gives parallel curves with the same evolute. 
Recalling the expression for the semi-focal distance, 


p= sa ( Vdv+T), (22) 


we remark that the arbitrary function V, which appears in this expression, is 
the same as in (21), and consequently when a particular form is given to the 
function V in (22), the character of the geodesic lines of curvature of the sur- 
face is determined, which are to be represented on the sphere by a given family 
of great circles. We will now find in what way the function U serves to deter- 
mine the surface. 

Since the planes of the great circles on the sphere are parallel to the planes 
enveloping the first sheet of the evolute, the intersections of the former are par- 
allel to the lines generating the developable. Hence, when the spherical repre- 
sentation of the surface is yiven, the directions of the generatrices of the 


* Monge, ‘‘ Application de l’Analyse 4 la Géométrie, 5me edition, p. 322 et seq. 
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developable are determined, and consequently the function U determines the 
manner in which these lines are arranged so as to form the developable. For 
example, if all the great circles on the sphere have a common diameter, all the 
planes of these circles intersect in this line, and consequently the generating 
developable of the surface is cylindrical. In this case the function U determines 
the character of the right section of the cylinder. The corresponding surfaces 
are the so-called moulure surfaces. We consider this special case further and 
show in what manner U enters into the expressions for the cartesian coordinates 
of the surface S. 

Let the axis of z be the common diameter of all the great circles, and there- 
fore parallel to the axis of the cylinder. The coordinates of a point on the 
sphere can be written 


A=cosusinv, Y=sinusnv, Z—cosrv, 


and from this 
Gumi. 
Now (22) becomes 


(fosin + v), 


and from (13) we have, by a quadrature, for the coordinates of the middle sur- 
face of the congruence, 


ay = f( U'cosu + U sin u) du — cos wf V sin v dv, 


Y = sin u— Ucosu) du—sinv f V sin v de, 


de 
z, = Ucotv — dv. 


sin” v 


If we denote by x,y, z the coordinates of the surface S corresponding to 
the value zero for C in (17), and substitute the value for 7 and the preceding 
expressions for a, y;, 2 in (14), the surface S is given by 
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2 f Usinwdu + 2 cos cos v dv, 


y=—2f Ucosudu+t 2sinu V, cosudv, } (23) 


— 2 Visinv de, 
where V,= fv 
From the above we find for the square of the linear element of JS, 
dt =4(U—fV, cos vdo) de’ 4+ Vi de® (24) 


It is evident that the surfaces of revolution are a particular class of the surfaces 
defined by (23) and correspond to the case where the cylinder reduces to its axis. 
From (24) it follows that for surfaces of revolution U is a constant, and con- 


versely. 


7. Since the evolute of a line of curvature w= const. is a plane curve in 
the same plane as the latter, and since the locus of these evolutes is the second 
sheet S, of the evolute of 8, this second sheet also is a surface of Monge. Since 
its generating plane is the same as for S, the family of great circles on the sphere 
is the same for both surfaces. However, the normals to these two surfaces at 
corresponding points are perpendicular to one another. Consequently if the 


point (w, v) on the sphere is the image of a point on S, then (u, o+ =) is the 


image of the corresponding point on §,. Again, since the differential dv denotes 
the angle between consecutive radii of the sphere along a great circle, or, what 
is the same thing, the angle between consecutive tangents to the geodesics 
u = const. of the surface, the evolute of the curve 


is given by AV, 


As the generating developable is the same for both S and S,, the function U is 
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the same for both. Therefore, given a surface S corresponding to a system of 
expressions for the functions ./G, U and JV,; if, in the first cos v, sin v, are 
dV, 


the corre- 
v 


replaced by —sinv, cosv respectively and V, is replaced by 


sponding surface is the second sheet of the envelope of S. 
For example, if we make these changes in (28), we have the following 
expressions for the coordinates of the corresponding surface 8, : 


af U sin wdu—2 cos uf sin v do, 
— 2 f Ucosudu—2sinuf 5" sin dv, (25) 


From the definition of the evolute, we have that 
Y=y—pY, 


If the previously found expressions for x, y,2,,,X, Y, Z are substituted 
here, these equations can be brought to the form (25). 


8. We have remarked that surfaces of revolution belong to the class under 
discussion and have given an example of a spherical representation of these sur- 
faces. Now we wish to find all possible forms of the functions U,, U,, U corre- 
sponding to surfaces of revolution. We do this by expressing the condition that 
p, shall be a function of v alone. From (12) this gives 


V cos v do + Vsinvdv+ U 


——— =@Q(v). 


U,cosv + Uz sine 


The following cases give all the possible ways in which this equation of condition 
is satisfied, and, furthermore, there are surfaces of revolution corresponding to 
each of these cases. 


where 4 is a constant equal to or different from zero. From (10) we find that 
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Us, are constants ; put 
Ux, = eg. 
On account of the relation between U,,,.... , Ug. we can introduce two func- 
tions 6, and 6, as follows: 
U,, = sin 6, cos 6,, U2, Us, = sin 6, sin 6,, c, = cos 
From (10) Comm 
whence 
where y, is a constant. Therefore 


= /1— cos +f Uidu), 


and similarly for U,, and U;,. Hence X, Y, Z are given by quadratures and, 
therefore, the complete determination of the surfaces of revolution, for which 

/ GS = U, cos v, reduces to quadratures. This is the case previously discussed , 
at which time we took U,= 1. 


This case is similar to the preceding and leads to similar results. 

3°. U,=aU,=nU, 
where 4, u« are constants, and U is either a function of u or a constant different : 


from zero. Recalling the preceding results and remarking that Tr =A, we 
2 


see that the problem of determining the direction cosines of the normals to the 
surface is equivalent to that of finding general helices from their intrinsic equa- 
tions. By methods similar to those used in case 1°, it can be shown that this deter- 
mination reduces to quadratures. Hence the surfaces of revolution, for which 
/6 = U,(cosv + Asin v), are found by quadratures. 


4°, U,=au,, 


where A, « are constants. This case is similar to the preceding. [ 


9. Since p, is a function of v alone, for p, to be a function of p, it also would 
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be a function of v alone, and, consequently, S would be a surface of revolution. 
Hence, surfaces of revolution are the only surfaces of Monge which are Weingarten 
surfaces. 

Again, from (19), 


(J Vato—p) ve US cos vdo— U, f Visinvdo—U 


J Vdv Vy 


For S to be an isothermic surface, it is necessary and sufficient that the numera- 
tor of the right-hand member be a product of a function of w by a function of v- 
It is readily seen that the four cases 1°, 2°, 3°, 4° of the preceding section are the 
only ones satisfying this condition; hence, the surfaces of revolution are the only 
surfaces of Monge which are isothermic. 


10. It is well known that the direction cosines XY, Y, Z, corresponding to a 
given family of great circles and their orthogonal trajectories, are particular 
solutions of the equation* 


6 logWS 00 _ 
(26) 


and the envelope of the plane whose equation is 
Yy+ W, 
where W is a particular solution of the above equation, has the curves w = const., 


» = const. for lines of curvature. Moreover, the cartesian coordinates of the 
point of contact arey 


x= WX+A(W,X), y= WY+A(W,Y), WZ+A(W, Z), 
where A(@, ) is the mixed differential parameter defined by 


1 OW 4 dO 4 % oy oy 
The general integral of (26) is readily found to be 
W=cosvf UU,du + sinvf U0, du + V, (27) 


* Bianchi, Lezioni, p. 119. + Ib., p. 137. 
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where U, V are functions of w and v respectively. From (7) we see that the 
problem of finding X, Y, Z reduces to taking zero for V and the choice of three 
sets of values for Uso that the resulting forms shall satisfy conditions (8) and 
(10). After X, Y, Z have been found and the two quadratures in (27) for 
any value of U have been effected, the corresponding surface S is found by differ- 
entiation. When we compare this result with those of the preceding sections, 
we see that the actual determination of the surfaces requires fewer quadratures, 
but an inspection of the above formule shows that the preceding method leads to 
a more ready geometrical interpretation of the results. 

It is of interest to remark that when V=0 in (27), W has the same form 
as /G. Substituting 6G for 6 in (26), we find U,=AU,, where A is a con- 
stant, taking any value. Hence, when 


A=0, G=1, 


the envelope of the plane 


is a surface of revolution having the lines u = const. for meridians and v = const. 


for parallels. 


PRINCETON, March, 1902. 
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On the Invariants of a Homogeneous Quadratic Differ- 
ential Equation of the Second Order. 


By D. R. Curtiss. 


The subject of invariants of linear differential equations under the trans- 
formation 
E=u(xz), yoa(z)n, (1) 
where u(x) and A(x) are arbitrary functions of x, has been discussed by many 
writers. A brief summary of this work may be found in a paper by Dr. Bouton 
, on the invariants of the general linear differential equation.* These considera- 
tions have been extended to systems of linear differential equations by Dr. Wil- 
ezynski,f at whose suggestion the work of this paper was undertaken. But 
although Staeckel has shown{ that (1) is the most general point transformation 
which converts a homogeneous differential equation of any degree and of order 
greater than one into another of the same degree and order, equations of degree 


higher than unity have so far received very little notice. 
In this paper I propose to treat the equation 


(53) + 4p, + psy” + 4psy + 2q2y da? + 4p, 0, (2) 


where 7, Pz, P35 Ps; 92 are functions of «, and determine those functions of the 
coefficients and of their derivatives which are the same for (2) and for any equa- 
tion obtained from (2) by any transformation of form (1). A few applications 
will also receive brief notice. 

Appell has published a paper§ in which he finds some of the invariants 


* American Journal of Mathematics, Vol. XXI, No. 2, 1899. 

+ Transactions of the American Mathematical Society, Vol. II, No. 1. 
t Crelle’s Journal, Vol. CXI. 

4 ? Journal de Mathématique, 4th Series, Vol. V. 
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of this equation, but he investigates only so much of the subject as is useful in 
certain applications which form the bulk of his paper. His work will be referred 


to later on. 
The transformations (1) evidently form an infinite continuous group which 


may be defined by differential equations. We may therefore use Lie’s theory of 
such groups, and this method of treatment constitutes the main advance of this 


paper over Appell’s on the same subject. 


A.—Seminvariants. 


Let us first transform the dependent variable alone. Functions of the coeffi- 
cients and of their derivatives which remain invariant under this transformation 
we shall call seminvariants. 

Denoting derivatives by accents, we have 


y =A(x)n, 
(x) 0, (3) 


As Appell remarks, y, y', y are expressed linearly in terms of 7, 7’, 7", so 
that the invariants of the ternary quadratic form corresponding to (2) will be 
included among the seminvariants of (2), and will, in fact, be relative invariants 
under the general transformation, since this again transforms y, y’, y’’ linearly in 


terms of 7, 7’, ". 
Substituting (3) in (2), we obtain the equation 


Aran” + + + + 47" = 0, 
in which the coefficients have the values 
+P, (>) + + peo, 


/ " " / 2 / 


r (4) 
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The infinitesimal transformations of the group (8) are obtained by putting 


A(x) = 1+ $ (ax) dt, 
= dt, etc. (5) 


@ (x) being an arbitrary function of x alone, and d¢ an infinitesimal. 
By inserting in (4) the special values (5) for 4, A’, etc., we find the infini- 
tesimal transformations of the coefficients to be 


= ot, dp, = 2p,9' dt, ) 
= + 2p, 9] dt, 

Ops = [pi + + 92) ot, 
Ops = 2 + 2p, dt. 


(6) 


To obtain dpj, dp3, etc., dp', dps! ete., we need only take derivatives, of the corre- 
sponding order, of dp,, dp, etc., since the independent variable is left untrans- 
formed by the group (3). 

We have then, finally, the extended transformation 


(v) 


is a seminvariant, it must be a solution of XY (f)=0, and conversely, any solu- 
tion of this equation is a seminvariant. We shall first look for the rational inte- 
gral seminvariants; we shall find that all others can be expressed in terms of 
these. 

Let us assign to y, 7’, y” the weights 0, 1, 2 respectively. Then, in order 
that (2) may have all of its terms of the same weight, namely 4, we must assign 
to p, the weight x, and to q, the weight 2. Further, let the weight of p{” be 
++, and let that of gf be 2+ u, and let the weight of a product be equal to 
the sum of the weights of its factors. We say that an expression is isobaric of 
weight A if all of its terms are of weight 2. 

It is evident that there is no integral rational seminvariant of weight 1. 
Seminvariants involving expressions of weight no greater than 2 must satisfy 
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the equation 


+ + + + 2.9) = 0. 


Since @ is arbitrary, this breaks up into the two equations 


These are independent and form a complete system; hence we have two inde- 
pendent solutions, and these are easily found to be 


P.= py — (8) 
Q2 = — pi — pj. (9) 
Let P; be a seminvariant of weight 3. The most general expression isobaric 
of weight 3, written with undetermined constant coefficients, is 


Ps = aps + bp, + + api + eps + gpi pr t+ 


Hence, if this is a seminvariant, we must have 


oP; = ap, + a (2p. + G2) + bp. + 2bpi + + cp, + 2p, 9’) 


ot 
+ 3dpi + + + fo" + go" + 
+ + grid! + ho” = 0. 


From this condition follows the system of equations 


a+c=0, 2b+2c+ 3d =0, 


Of these only five are independent, so that we have three independent seminva- 
riants of weight 3, one being : 


P; = ps — 2P, — 92 Pi + 2p}. (10) 


The others turn out to be P; and Q3. In fact, since the independent variable is 
untransformed, any derivative of a seminvariant will itself be a seminvariant. 
P, must be a solution of the four equations 


sa, of _ Of Of _ 


Differential Equation uf the Second Order. 


Without going through the details of solving this set, we may notice that it 
is a complete system of four independent equations thirteen argu- 
ments; the nine independent solutions are P,, Q2, Q3, Qs, P;, Pi and 

Py=Ps— 4PsPit Pi + — + Pr + 2ipi. 

Turning now to the general case, and considering the case of irrational as 
well as of rational seminvariants, it is evident that any function of seminvariants 
alone is itself a seminvariant. The question now arises: Can we obtain a com- 
plete system of seminvariants, i. e., a set such that all other seminvariants are 
functionally dependent upon it? We can answer this in the affirmative ; in fact, 
P., Q,, P3, P, and their successive derivatives constitute such a set. For the 
fundamental differential equation, taken to terms of weight v, will contain the | 
first » derivatives of ¢; we shall have then a complete system of » equations in 
the 5y — 7 arguments 


Poy Pay 

98 ™] 


That these » equations are all incependent, follows at once from the fact, 
illustrated by (11), for the case » = 4, that each contains one and only one 


Of 
Op” 


term of the form r being different for each equation. Accordingly, there 
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are 4y—7 seminvariants, and no more, functionally independent, involving the 
arguments (13) only. Such a set is formed by the quantities 
P,, Po, 
(v — 2) 
Qe, Qi, ’ (14) 


for they involve only the arguments (13), are 4y— 7 in number, and are all 
independent. The truth of this last statement may be shown thus: The members 
of any row of (14) are evidently independent of each other ; the second row has 
in each member a term of the form q§” not to be found in the first row ; the third 
row has in each member a term of the form p§” not to be found in the two pre- 
ceding rows ; the last row, a term of the form p{” not to be found in any preced- 
ing row. 

We have thus demonstrated 

TurorEM I.—All seminvariants, rational or otherwise, of equation (2) are 
functionally dependent on P,, Qs, P3, P, and their successive derivatives. 


B.—Jnvariants. 


It is evident that invariants can be functions only of the seminvariants. If 
we apply to (2) the transformation § = u(a#), we need only examine how this 
affects the seminvariants, obtaining in terms of them the differential equation an 
invariant must satisfy. It should be noted that the derivative of an invariant is 
not, for this general transformation, an invariant, since the independent variable 
is now also transformed. 


We have & =4(z), 
dy dy 
ls ag 
d’y _ ay 
det — + | 
Equation (2) now becomes 


+4 m (3) + + y + 47 = 0, 


i 


Differential Equation of the Second Order. 


where the new coefficients are 


The infinitesimal transformations are obtained by putting 


dt, (16) 


v (x) being an arbitrary function of x, and d¢, an infinitesimal. We have writ- 
ten — v(x) rather than + v(x) so as to harmonize with the infinitesimal trans- 
formations of the dependent variable y. If we denote by dx and dy the infini- 
tesimal transformations of « and y respectively, taken both times in the sense— 


new value of x or y minus the old value—we have, in our notation, 
du =—v(x)dt, dy=— p(x) de. 


From (16) follows 


uw =1 (17) 


ul = —v" Ot. 
This leads immediately to the following expressions for the infinitesimal changes 
y Pp 
in the coefficients: 
= pi— dt, dp, = p, — pv") 
= dt, = dt, Spy = dt. (17') 


To obtain the variation of a derivative of a function whose variation is 
known, we make use of the formula 


d df ad 
(df) da (dx). 
In the present case, since du = — vdt, this equation becomes 
= (3f) + (18) 


In particular, we have 
Spl = + — 


The variations of the seminvariants can now be obtained. They are given 
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by the equations 
OP, = 2v' Pi dt, SQ. = (20 Qe + Ot, 
OP; = P; + v" P,) ot, (19) 


OP, = (40! Py t+ 2v" P; + Q,) 


while JP, 5Pi/, dQ), etc., are readily calculated from (19) and (18). 

Having thus applied the general infinitesimal transformation of the group 
to the seminvariants, we may at once write down the equation characteristic of 
an absolute invariant : 

4 

It is easy to verify the fact that for our present equation the following state- 
ments, quoted almost verbatim from the paper of Dr. Wilczynski, already 
referred to, hold true equally as well as for linear equations : 

1. Every absolute invariant is isobaric in the coefficients (and therefore in 
the seminvariants (14) ) and of weight zero. 

2. An absolute invariant, rational in the seminvariants (14), must be the 
quotient of two relative invariants of the same weight. 

3. A relative invariant is isobaric in the seminvariants (14), and if the com- 
mon weight of all its terms is w, it satisfies the equation 


(E) = "Ow (a); (21) 
or, for infinitesimal transformations, 
= w6,, v'dt. (22) 


For proofs which need scarcely any alteration, Dr. Bouton’s paper on the 


linear equation may be referred to. 
The first equation of (19) shows that P, is a relative invariant. Therefore, 


Clearly 6; must have the form aP; + 6Q;+ cP 3. Accordingly, 


003 = {a (3x Py + 2v"P.) + + Q + + ¢ + v" Pe) | dt 
3v'6, ot, 


from which follows b= 0, o+ 0, 
so that we have 6,;= P;,—4 Pi. (24) 


| 
6, (23) 
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The equation for an absolute invariant involving the seminvariants (14) 
up to weight 4, breaks up into the following system: 


of af 
dQ, 
of of Of _ 
459, t 2Q2 + 2Ps opr + Ps + op, = 
= of of , Of of 
+ (3P; + P2) = + = ‘| 
3 
+ 4P! + 4Q! + 4P, 


These are all independent, hence there are 9 — 5 = 4 functionally independent 
solutions ; i. e., four absolute invariants, or five independent relative invariants. 
These five relative invariants are solutions of the first four equations, their left- 
hand members having been multiplied into »®, »®, v', v respectively in (20) 
(see (22)). 

One of these solutions should be the discriminant of the ternary quadratic 
form corresponding to (2); this is 


6,= P3— P.(Pi— (26) 


Two others we already know, @, and 6,. Without going through with the 
process of solving the equations, we know a priori another, given by Forsyth’s 
Jacobian process :* 

6, = 30,6; — 26; (27) 

For the fifth, we may take 

0, = Pi + 4P3Q, — 2P, Pj + Py. (28) 


These are all independent, as may easily be verified. 
Before leaving this part of the subject, let us note an invariant 6, which we 
shall refer to later on. This is connected with the invariants already obtained 


* Phil. Trans., I, 1888, pp. 407-418. 
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by the relation 
6,6, — 1263 — 36, + 156, iia 20, = 0. 


Its value in terms of the seminvariants is 
6,= 15(P,— Q3) — + + 12P, Q,. (29) 
Let us now attempt to find a complete system of independent relative inva- 
riants containing seminvariants (14) up to weight o (co > 2). These will be the 
solutions of the system of equations which (20), taken to terms of weight o, 
breaks up into (excluding that one whose left-hand member is multiplied by 
v' in (20)). (19) shows us that these equations are o in number. They are 
linearly independent ; for a consideration of (18) and (19) shows that two of 


them are 


= 
while if we write down the other equations obtained by equating to zero the 
coefficients of 7”, », .... , in (20) in this order, each contains a term of the form 


ety ape 3) (x, a constant) which does not occur in any of the preceding equa- 
tions. Hence, since the arguments are 46 — 7 in number, there are 80 — 7 
functionally independent solutions. 
We may now state 
THEOREM II.— The number of independent relative invariants of (2) containing 
seminvariants (14) of weight o or less is 830 —7.(o > 2). 
It can now be shown that Forsyth’s Jacobian process yields, when applied 
to the invariants already in our possession, a complete system. Let us write 
6, = 3050, — 20! 
6, = 265 6,, 
= 66; 6, — 264 Oe , 
9 66; 6, 20; 
(30) 
6 = (3A — 9) 9 — 205, 
Os, —¢ = (34 — 9) 0, 205, —9 , 
= (834 — 9) 6565,» — 204, 


. 

. 

. . 

J 
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The invariants 6, 63, 9s (A= 4, 5, 6,...-.,0) are 30 —7 in 
number, and they are functionally independent, for, taken in this order, each 
contains at least one seminvariant not to be found in the preceding ; these are 
this set involves seminvariants of weight o, and of no higher weight ; for, by 
their law of formation, 63, _¢- 4s, — 6; .. contain seminvariants of weight higher 
by unity than any entering into _ 9, 0s, _», and of no higher weight ; 6, 
contains a seminvariant of weight 2, 6; one of weight 3, while the highest weight 
of any seminvariant in 6, 6,, 6, is 4; a simple induction completes the proof. 

We have now established 


THEOREM III.—6,, 63, 95a (A = 4, 5,.... , 0) form a complete 
system of relative invariants containing seminvariants (14) of weight o or less (a >2); 
all other such relative invariants are functionally dependent upon these. 


Hence, all absolute invariants, rational or irrational, containing these semin- 
variants, depend functionally upon the 30 — 6 independent rational absolute 
invariants formed from the above system of relative invariants. 

Note that another system might have been obtained by substituting 0, for 
6, in (30). 

In passing we may notice another important class of invariant expressions. 
We have d§ = w' (x) dx. Accordingly (see (21)), denoting by 6, (€), as in (21), 
the invariant corresponding to 6, formed for the transformed equation, 


6, 6, (x) 6, (x) 
There exists, therefore, a class of integral invariants of the form 
— {9,41 
‘bay & (31) 


C.—Semicanonical Form. 


We may choose 4 so as to make the coefficient 7, in the transformed differ- 
ential equation vanish. Equations (4) show that this may be accomplished by 
putting 


=— py, 


Ce 
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As the expressions for the seminvariants show, and as may be verified by 
substituting the above value for 4 into equations (4), the transformed equation 
becomes | 

+ + + + 2Q, xn" = 0. (32) 
Its coefficients are seminvariants. This form of the differential equation, which 
is characterized by the condition p,;=0, will be called the semicanonical form. 
The transformation leading to it requires only a quadrature. 


D.— Canonical Form. 


The general transformation (1) contains two arbitrary functions, a and u, 
so that we should be able to obtain a transformed equation lacking any two 
terms, except of course the first. But, in general, the equations determining the 
values of 4 and « for such a transformation are not solvable by quadrature alone. 
We can, however, by mere quadratures, determine 4 and wu so as to make the 
coefficients of yy’, y'y' disappear in the transformed equation; i. e., we can 
reduce (2) to the form, 


2 2 ad 2 2V 
+ + + = 0, (33) 


which we shall call the canonical form. 
Let the transformation reducing (2) to this form be 


y =A(z)Y, 
X=M (za). 


Instead of actually carrying out such a transformation, we may determine 
I, Jand K by means of the invariants of (2). 
We find that for equation (33), 
dI dz 


6,= 4FK, 6, = —I(J — 
Therefore, making use of (21), we have 


“PK =, 


6, 


(34’) 
J 
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From these equations we can easily calculate J, J, K, their values being 


In addition, we obtain from (34’) 
M = 0, 


C, and C; being arbitrary constants. 
If we apply (34) to (2), the coefficient of Y’Y" in the transformed equation 


will be 
+ (<- + Ps) 


Since this must vanish, we have the following determination for A (a) : 
83 
A (a) = 0,0; Se (oth (37) 


We have, in the preceding work, taken it for granted that a transformation 
exists which will reduce to form (33) equation (2). We may, however, by 
actual substitution, readily verify the fact that (34), as determined by (36) and 
(37), really does reduce (2) to the desired form. 

We should note one exceptional case where the canonical form fails, namely, 
where 6, =0. An extended discussion of this case will not be attempted in this 
paper. We may here reduce (2) to a form containing only three terms, but the 
transformation can no longer be obtained, in general, by mere quadratures. In 
fact, it may be readily verified that if & is any solution of the equation 


+ QE=0, 


the transformation 


! ey, 
* dx 


j 
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where & is any constant, reduces (2) to the form 


At this point we may compare Appell’s results. (33) is substantially his 
canonical form, but throughout he uses only indefinite integrals, neglecting the 


constants in (36) and (37); J, J, K and fu dx are then absolute invariants, 


and these, with the derivatives of J, J, K, with regard to X, form a complete 
system. To show how this system may be connected with the one we have 
assigned, the following equations may serve as examples: 


4K _ 6 K*—J_ 6, 


aX/ _ 


Our system has the advantage of giving us explicitly rational integral rela- 
tive invariants, and also takes into account the constants of (36) and (37), thus 
giving the most general transformation reducing (2) to the canonical form. To 
find the most general transformation leaving (33) invariant, we need only sub- 
stitute M/"/ for 6, and — 4 MJ’ for 6, in (36) and (37). The result is 


y= GY, X= G,, (39) 


The most general infinitesimal transformation leaving the semicanonical 
form invariant is easily deduced. The total infinitesimal change in a coefficient 
for transformations (5) and (16) together is evidently the sum of the changes due 
to the transformation of each variable separately. We wish, then, to obtain all 
those transformations which make dp, vanish if p, is zero. From (6) and (17’) 


we find 


Op, = (' + v'p, —3 Ot. 


Hence for any infinitesimal transformation leaving the semicanonical form 


unchanged, 


(c an arbitrary constant). 


CZ 
a 
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This gives the infinite subgroup, whose infinitesimal transformations are 


dy = — (a) ydt= — (x) +e) y &, 
dx = — v (x) dt. 


The corresponding finite transformations are 
y = Iw! *y (% an arbitrary constant), (41) 
=«(2). 
The equations for the most general subgroup leaving the canonical form 
invariant are 
—4r"=0, (22+ =0, 
giving 


The infinitesimal transformations sought for are therefore 


dy = — St, 
(42) 


and, of course, (39) gives the corresponding finite transformations. We should 
note that under the subgroup (39) the derivative of a relative invariant is itself | 
invariant. For, by (18) and (22), ) 


56. = © (80,) + = + (o + 1) | dt. 


dx 
But, since for all infinitesimal transformations of the subgroup v” = 0, 
60) = (o + 1) Ode; 


i. e., 6! is an invariant of the subgroup. Clearly any transformation (2) agreeing 
with (39) in its change of independent variable has the same property. 


E.—Remarks and Applications. 


If 6, vanishes identically, the complete system of Theorem III apparently 
reduces to 6, alone, while if hoth 6, and 4; vanish, every member of the system 
become equal to zero. The vanishing of 6, and 6; means no more or less than 
the vanishing of P, and P;; hence we might go back to the differential equation 
(20), omitting terms in P,, P, and their derivatives, and from its solutions build 
up a newcomplete system. Nevertheless, the system of Theorem III, though 
all its members vanish, is still complete; all relative invariants may be obtained 
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as the limits of combinations of its members; an illustration is afforded by 6, 
which equals 15 (P,— Q}) when 6, = 6; = 0. 

For some purposes a form of (2), in which (y")? has a coefficient p, different 
from unity, may be advantageous ; it will be general enough to take yy as a con- 
stant. In this case p, is absolutely invariant. Seminvariants and relative inva- 
riants are readily obtained from those given in this paper by writing a > ' 

0 0 
etc., for p,, pe, etc., and multiplying the resulting forms by a power of py suffi- 
cient to clear of fractions. Isobaric seminvariants and invariants are then homo- 
geneous in the coefficients. From these results we could easily construct the 
invariants of a form of (2) lacking the term in (y”)’. 

In conclusion, a few applications are here given, the discussion in each case 
being as brief as is consistent with clearness. 

1. Two equations of form (2) are equivalent under a transformation (3) of 
the dependent variable alone, when all the seminvariants of the one are the same 
functions of the independent variable as are those of the other. This condition 
is necessary, as is clear from the definition of a seminvariant, and it is also suffi- 
cient, since the semicanonical forms of the two equations are then identical. 

2. Two equations of form (2) for which 6, + 0 are equivalent under a trans- 
formation of the group (1) if a transformation § = @(x) exists which, when 
applied to the absolute invariants entering into the canonical form of one equa- 
tion, gives the corresponding invariants of the other equation. 

First, this is necessary ; for, suppose a transformation § = u(x), y= A(x)» 
changes an equation (A) in terms of x and y into an equation (B) in terms of & 
and 7. The absolute invariants of (B) are in terms of £, and, from the nature 
of an invariant, must al/ be identical with the corresponding invariants of (A) if 
iz (x) be substituted for &. 

This condition is also sufficient; for transform (A) into an equation (C) in 
£ and y by means of the substitution = a(x). The invariants of (C) are now 
identical with those of (B); and we may easily show that (C) and (B) are equiv- 
alent under a transformation y =” (x) 7 = 4 (&) 7 of the dependent variable alone. 


To prove this, reduce both to the canonical form. Now = dé and 6 dé are 
2 


both absolute invariants ; this may be shown as in the work preceding (31) ; hence, 
choosing C,, C;, and c the same for each (see (36)), M is identically the same 
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for (C) as for (B). J, J, K are the products of absolute invariants and expres- 
sions of the form 


1 
r being either 2 or 4, and are therefore also the same for (C) and (B). Thus 
(C) and (B) are reduced to identically the same equation by transforma- 
tions which agree so far as the independent variable is concerned ; they are 
equivalent under a transformation of the dependent variable alone ; (A) is trans- 
formed into (B) by the substitution of variables & = @ (x), y= A(x) n. 

To apply this test to two equations in x and £, we should equate the abso- 
lute invariants entering into the canonical form of each; if these relations all 
give the same solution for & in terms of x, the two-equations are equivalent. In 
particular, if one has constant coefficients, the absolute invariants of the other 
must reduce to constants. 

Note that the preceding work shows that if the absolute invariants entering 
into the canonical form of the one are carried into the corresponding invariants 
of the other by the transformation § = g@(x), the equations are equivalent, and, 
therefore, this same transformation carries a// the absolute invariants of the one 
into those of the other. Thus the invariants of an equation (2) are completely 
determined by those which enter into the canonical form. 

0; 


Remembering that one invariant entering into the canonical form is 8. dz, 


it will at once be seen that the equivalence condition may be given in the fol- 
lowing form: 


A(z), 
&(@), 6 @), 


the invariants on the left-hand side of each equation being formed for the equa- 
tion in &, those on the right for the equation in a. 
We have assumed here that 0,0, i. e., that a canonical form is possible ; 
we shall not in this paper attempt the discussion of the case 0,= 0. 
3. If 6, vanishes identically, (2) breaks up into two linear equations of the 
second order. 
49 
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4. If 6, = 6, = 6, = 0, (2) is the square of a linear equation of the second 
order ; (2) then has no invariants. For if 6. = 0,= 0, 


P, P; 0, 
the form (38) reduces to 
= 0. 


Form (38) also gives us a binomial form 


ay 
to which (2) is reducible in case 6, = 0, = 0. 
5. Appell, in the article already referred to, has developed the condition 
that (2) should have for its general solution 
y = hu, + hku, + 


hand & being arbitrary constants, and u,, w., us linearly independent solutions. 
The conditions he develops are K= C, J= C? + 4CI, C being a constant. One 
of these conditions may be replaced by the relation 6 + 0, = 0. 


UNIVERSITY OF CALIFORNIA, BERKELEY: 
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Surfaces of Constant Mean Curvature. 


By L. P. 


Cosserat has established the following theorem :* 
Let p be any function of two variables u and v ; if z denotes any solution of the 


equation 
Oudv a Oudv dz _ 
Ou dv 
the formule 
( 
Ou dv 


give the cartesian coordinates x, y, 2 of a surface for which the parametric lines are 
of length zero; and the square of the linear element is 


Oz _ 
__\du dv dv dude. (3) 


dp 
Ou dv 


= 


This method for the determination of a surface lends itself particularly to sur- 
faces of constant mean curvature. We find that for this class of surfaces 
the function @ satisfies a partial differential equation of the fourth order, 
and that when a particular integral is found, the further determination of the 
corresponding surface requires quadratures only. Several particular integrals 
can be found; in some of these cases the surface is imaginary. 


* Comptes Rendus, 125, pp. 159-162. 
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From (8) we have 


Oz 


Ou dv 
|) 


Differentiating the first of these expressions with respect to uw, we have 


Ox Oa 


Associate with this the identity 


where X, Y, Z denote the direction cosines of the normal to the surface, then we 
have the relations 
oy Oz 
Ou _ Ou 


In consequence of (4) we have 


and hence if we adopt the notation 


Dos 2X D = 
the above identity gives 
2 
(5) 


in like manner it can be shown that 


== (5655) (8) 


| | 
Ox 
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Substituting for a, y, z their expressions from (2) and making use of (1), we get 


Op dz dp dz dp 
ra 


The expression for the mean curvature takes the simple form* 


1 1 D! 
— j= — —., 8 
} =) (8) 
where p, and p, are the principal radii of curvature ; hence for surfaces of con- 


stant mean curvature x, we have 
D! 
= 


Substituting D’ and F their expressions from (7) and (4), we have 


__ du dp 
Ou dv Qu dv dv du 

Since the sign of the mean curvature of a surface is determined by the 

assigned positive direction of the normal, it is evident that there is no loss of 
generality if we write the above expression as follows: 


Op _ (dz dp dz Ap 
~\du dv dv dul’ (9) 


By retracing the steps in the above development, we find that the converse 
of this result is true. Hence, the necessary and sufficient condition that formule 
(2) define a surface of constant mean curvature x is that @ and z satisfy equations 
(1) and (9) simultaneously. 

When x =0, that is, when the surface is minimal, equations (9) and (1) 
reduce to 


* Bianchi, Lezioni, p. 104. 
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hence 
= O1+ U, + 


where U, and U, are functions of wu alone, V, and V, are functions of v alone. Sub- 
stituting these expressions for @ and z in-(2), we find the well-known property 
of minimal surfaces, namely, that their cartesian coordinates are expressible as a 
sum of two functions, each of one of the parameters of its lines of length zero. 
That this is a characteristic property can be seen from (9). For, in order that 


2 
ad be zero, it is necessary that x be zero; otherwise 


Ou dv 
ap ap _, 
du dv dv du’ 


that is, z is expressible as a function of @ and likewise w and y, and conse- 
quently the formulz (2) would define a curve and nota surface. We will not 
discuss any further the case where x =0, but in what follows it will be under- 
stood that x $0. 

From (9) we see that if @ is a function of u alone or a function of v alone, 
the above equation holds, and consequently the surface reduces to a curve. 
Hence ¢ is a function of both w and v. 

Eliminating z between equations (1) and (9), we find that for equations (2) 
to define a surface of constant mean curvature x, the function @ must satisfy the 
following partial differential equation of the fourth order: 


ep 
ap _[ du, , (ud , ay 
Ov Ou ov 
du dv 


It is of interest to note that this equation does not involve x, and hence the 
general solution leads to surfaces of any constant mean curvature whatever. 


Solve equation (9) for . 


and substitute its expression in (1); then, by a 
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quadrature, we find 


op 

ae. 1 du dv 

Ou 


where U is a function of w alone, whose form is perfectly determinate for a value 
of @, as we shall see in a moment. Ina similar way we find 


Ov aw 4) 


where V is a determinate function of vy alone. Since — + 0, the condition of 
v 


(12) 


integrability of the ex~m «ssions (11) and (12) reduces to 


udv/ , v 
du \dv Ou du dv 


If this equation be differentiated with respect to wu and », the resulting equation 
can be brought to the form (10). Hence, for every particular integral @ of (10) | 
the sum of the first three terms of (13) reduces to the sum of a function of wu alone 
and a function of v alone. Thus, given an integral @,, we, find that the sum of 
the first three terms reduces to U,+ V,, where U, and JV, are readily found. Then 
from (13) we have 
U=U,+e, V=—VJV,+e, 

and, consequently, U and Vare known. Therefore, having found an integral of 
(10) and the corresponding function U and V by means of (13), we get the z 
coordinate of the corresponding surface of mean curvature x by the quadrature 


(ons) 


du \dv 


387 
i 


388 EIsENHART: Surfaces of Constant Mean Curvature. 


From the form of equation (10) we see that an integral is determined only 
to within a constant factor, and we shall find that this factor fixes the magnitude 
of the mean curvature. Consider an integral @ of (10) which does not involve 
a constant factor, and in (2) and (14) replace @ by cp, where c is a constant. In 
place of U and V we must put U/e and V/c in consequence of (13). From this 
we see that the quantity under the integral sign does not vary with c. By 


means of (14) the expression for x —iy can be put in the form aa ®, where ® 


is a function independent of c and x. Consider now two surfaces, of coordinates 
1, Y1, % and x, Y2, 2, corresponding to the same function @ and the values c, 
and c, of the constant c. It is evident that the mean curvatures of the two sur- 
faces are unequal; call them x, and x,. Then we get from (2) 


Ly +4 a 
(ty — iyn) = (ary — ie), 
1 2 


from which it follows that 
= 


Hence, by choosing a suitable unit we can put c= = . We have then the fol- 


lowing theorem: 
Given an integral @ of equation (10) which does not involve a constant factor ; 


the formule 
Gr) dv, (15) 


xetiy=o/x, 


and (14) define a surface of constant mean curvature x. 


However, all surfaces defined by these formule and corresponding to the 
same integral @ are homothetic to one another, and consequently, for the further 
discussion, there will be no lack of generality if we put x = 1 in (15). 

Suppose we put w= U, and v= Vz, where U, and V, are any functions 
whatever of new parameters u, and », respectively, defined in this manner, and 
denote by ¢, the result of replacing u and v in > by wu, and » respectively. It is 
evident that if $ is an integral of equation (10), , is an integral of the equation 


4 
i 
4 
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obtained from (10) by replacing u and vw by uw, and v,; we shall refer to this equa- 
tion as (10’). From the above we have 


_ 29, _ 09, 
Ou, Ow dv, ov 


are 


where the primes denote differentiation. If these values for fa, °°" Ce 


substituted in equation (10’), we find, after some easy reductions, 
09, Og, J 09, dg, J Ou? dv 


Ou av ou dv 
09, du dv 
Ou dv Ou dv 


Comparing this with (10), we have the result: Given any function 9 (u, v) satis- 
Sying equation (10), then @(U, V) is an integral, where U and V any functions of 
uand v, respectively. 

In the same way it can be shown that equation (13) takes the form 


u Ov Ou dv u ov 
+ U,=0. 
Ou Ou dv 


Hence, the functions U, and V, corresponding to the solution $, of equation (10) 
are gotten from those corresponding to the solution @ by replacing u and v by 
U and V. Ina similar manner it can be shown that the expressions for «— iy 
and z corresponding to the solution ¢, are gotten from the corresponding ones 
for the solution @ by the same substitution. However, since a change of param- 
eters doesn’t affect the surface, and since the same lines are parametric when u 
is replaced by a function of w and v by a function of v, it is evident that all func- 
tions @ which can be brought to the same form by such a change determine the 
same surface. 

We shall consider now the surfaces corresponding to several evident inte- 
grals of equation (10) and several which are readily found indirectly. 
50 
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A particular solution of equation (10) is given by 
p= ww. 
When this expression for > is substituted in (13), the latter reduces to 
U—V=0, 
hence 
where a is a constant. Putting these values for @, U and V in (14) and (15), we 


get 
=u, — 2 log ), 


z= 4 + (17) 


Eliminating u and v, we get the following equation of the surface 
wy)]’, (18) 


Hence, unless a is zero, the surface is imaginary. When a = 0, equation (18) 
reduces to 

a =+4, 
that is, the surface is a right circular cylinder. Recalling the preceding results, 
we have that the cylinder of revolution is the only real surface of constant mean cur- 
vature corresponding to the function ¢= UV, where U and V are any functions 


whatever of u and v respectively. 
Another evident integral of equation (10) is 


| 
(19) 


As in the preceding case, equation (13) for this expression of reduces to 
U—V=0, 
hence, 


When these expressions for @, U and V are substituted in (14) and (15), they 


give 
_ 4uv+ 2a(u—v) — a? _v—uta 


ly 


1 
uty’ 


q 
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If these values for @ and z are put in the expressions (7) for D and D”, we get 
= 0, 
that is, the lines of length zero are asymptotic lines for the surface. Hence S is 


a sphere.* In fact, this is readily seen by eliminating u and v from the expres- 
sions (20). If we introduce parameters w and », defined by 


the expressions (20) become 


UW + 


and by elimination 
vol. 


a Y the surface is a sphere. 
We propose now to find all integrals of equation (10) which are functions of 
u+v. If we denote by accents derivatives with respect to u + v, we find that 


equation (10) reduces to the total differential equation 


Hence, for any function > of the form 


gv — =o, 


Put y= q’, p=", then upon substitution and reduction the above equation 
becomes 
If this equation is satisfied by p= 0, we have 
g=c(utr), 


where c is a constant, which, as we have seen, is the case of minimal surfaces. 
We exclude this case and introduce two new functions, z and r defined by 


ymed. 


* Bulletin of the Amer. Math. Soc., March, 1902, p. 241. 
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Then the above equation reduces to 
dz dz 


An integral of this equation is z= const., say c; then, from the above we 


have 
= 2g"e, 
whence, by two quadratures, 
(ut+v)’ 


which, as we have seen, leads to the sphere. 
We exclude this case now and put 


then the above equation becomes 
at +i+2=—0, 
dz 


which, upon integration, gives 


Retracing the steps in the above substitutions, we get 


y tan (21) 


where a, 8, y, 6 are arbitrary constants. By a translation of the surface and a 
change of parameters, this expression for @ can be given the form 


tan(u+ v). (21') 


The equation (13) reduces to 


Y 


from which we have 
4v — 28 


’ 


Y Y 


= 
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where 6 is a constant. From (14) and (15) we find 


z= (u—v + 4) tan (u+ v), 


When a surface is referred to its lines of length zero, the directions of the 
lines of curvature are given by* 


D dv? — D' dv’ = 0. (23) 
If the values of D and D” for the surface given by (21’) and (22) are calculated 


by means of (7), we get for (23) 
du’ — dv? = 0. 


Hence, if we put U—v=W, 


u, and v, are the real parameters of the lines of curvature such that the linear 
element takes the form 
ds* = A (dui + dvi). 


The cartesian coordinates have the following expressions : 
= tan — 4 sin 2u, — vj tan |, w, tan 


from which it follows that the surface is imaginary. Combining the above 
results with the theorem which we established just before the discussion of these 
particular integrals, we have the theorem : 


Minimal surfaces and the sphere are the only real surfaces of constant mean cur- 
vature for which > is a function of the sum of any function of u and any function 
of v. 

Again we seek the integrals of equation (10) which are a function of wv. 
If we denote by accents the derivatives with respect to wv, equation (10) 
becomes 

uv + — + 3uv — 4uv = 0. 


Put 9’ =e’, loguv =r; then this equation becomes 


Gt dt dt_ 
dr adr dr dr 


* Bianchi, Lezioni, p. 99. 
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An integral of this equation is given by ¢= const.; in this case 


cur, 
which case has been considered before. Excluding this case from what follows, 


we make the substitution = = 6, and find that 6 satisfies the equation 


dO 
This equation also is satisfied by 6 const., say c; then 


= = ae* =a, (uv)’. 


But this is reducible by a translation of the surface to the general form @ = UV, 
and hence belongs to the first class considered. We make an exception of this 


case and put “E =p; the equation in p is 


and consequently, 


where a is a constant. From this we get 


dr = 
P+ 20+a° 


Three cases arise according as a is greater, equal to or less than unity. 


1°..a>1. In this case 


where 8 is a constant. Retracing the steps, it is readily found that 


a — 1 (log uv + 8) 
+5. 


tan 
1 


(log u + Va—1 (logy + 
2 2 2 

by v and 6 by zero, this expression for @ becomes the same as (21’). Hence this 

case is the same as the general case where @¢ is a function of U+ V. 


If we replace y by 


dp 
é—1=0, 
| 
| 
| 
tan—} 
/a—1 
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2.a=—1. Now 


and, consequently, 


By a suitable choice of parameters this becomes 


which has the sphere for the corresponding surface. 


3°. a<1. Then 


From this it is found that @ takes the form 


By a convenient choice of parameters and a translation, this can be written 


Equation (13) becomes 
2loguv+ U—V=0, 
and, consequently, 


U=—2(logu+5), V=2(logv—d), 
where 6 is a constant. From (14) and (15) we get 
log (uv +1) + 28 
2 (uv — 1) 


—iy=—i| we + 2 log w + (wv + 1) log? — 


((we + 1) log ~ + 28 ) 


w—l1 
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In this case it is found that the equation of the lines of curvature is 


du? dy” _ 


Hence if we put 
logu+logy=u,, logu—logv=wm, 


u, and y, are the real parameters of the lines of curvature. The cartesian coor- 
dinates have then the following expressions: 


1 ’ 2 (e% — 1) 


From this we see that the surface is imaginary. Since ¢= log UV belongs to 
the above class and leads to the minimal surfaces, we have the following theorem : 


Minimal surfaces, the sphere and cylinders of revolution are the only real sur- 
faces of constant mean curvature corresponding to the case where > is a function of 
the product of any function of u by any function of v. 
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